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- IBOMCTBEHHBIN pEIICHUS 3aa4H O
IIOTOKE MUHUMAJIbHON CTOUMOCTH
351—353

- JIEeMKCTpBI pelieHus 3a1a4u O
KpaT4allleM IyTH MEXKIY IBYMs
3aJJaHHBIMH BEPIIMHAMU S U t C
HEOTPULIATEIILHON MaTpULIEH
BecoB 174—183

- Kpackana noctpoenust kparyanuuiero
octoBa rpaga 160—162

- HaIPABJICHHOT'O IPEBOBUHOTO
MIOMCKA JJIS 337]a4U O P-MEIUaHe

138
- - TIOMCKA JUIS 3aJ1a4M O P-MeAHaHe
139—144

- HaXOKJeHHsI a0COIOTHOTO B-IIEHTPa
114, 115

- OCHOBHOM JJIs 33J1a4H O TIOTOKE
MUHHUMAJILHOM cToMMOCTH 339—
342

- TIOUCKA, UCTIOJIB3YIOIIETO IEPEBO
pElIeHUi AJIs 3aJa4H O
KOMMHBOsKEpe 285—295

- IpUOIMKEHHBIN 7S 33714 O -
Mmeanane 139—141

- [Iprma mocTpoeHust KpaT4anIlero
ocroBa rpaga 162—163

- PacCTaHOBKH IMOMETOK B 3ajaue O
MaKkcUMaibHOM noToke 314—315

- pelIeHus 3a1a4i KUTacKoro
nmoutanaboHa 331, 332

- - - 0 KpaTyalmx MyTAX MEXKIY JBYyMs
3aJlaHHBIMU BepiurHamu 195, 196

- - - - KpaT4alIIeM IMyTHd MEXKIY JBYMs
3a/IaHHBIMU BEPIIUHAMU S U t C
oOmei Mmatpuriei BecoB 183—
189

- - - - Ha3HayeHus 405

----- MaTpuyHas popma 406, 407

- - - - HaubobIIeM TapOCOYETAHUU
(BHIIC) 381—, 383

- - - - HauMmeHbIeM nokpeiTun (3HIT),
WCIIOJIB3YIOIIUHI AEPEBO MTOUCKA
55

- - - - HOKPBITUHM HaUMEHBIIEeH
momrHoctu (3HIIM) 416

----- pazouenuu (3HP) 55

- - - - IOTOKE MEXY KaXXJI0W mapou
BepiuuH 331—334

- - - - pacKpacKe U UCTIOIb30BaHUEM
nepesa nmoucka 88—90

- PobGeptca n ®dnopeca mopoxaeHus
raMuJIbTOHOBA MK 249—253

- ®nepu MOCTPOCHUS dilIepoBa 1HUKIIA
230

- @nola penieHus 3a1a4u o
KpaT4yalIiieM MyTH MEXy BCEMU
napamu BepiiuH 189—190

- XaKuMu HaxXOXJIeHUS a0COIFOTHOTO
uentpa 104, 105

- - MonudunmpoBanueiii 107—110

- mTpadoBaHus BEPIIUH AJIS 3aJa4H
KOMMHBOsDKepa 285—295

AATOpUTMBI TPUOIMKEHHBIE PELICHUS
3aja4a o packpacke 90—91

AHntnOa3a [contrabasis] 38

basza [basis] 37—40

- cuibHas [power] 39

Bynesckoe (Jornueckoe) BrIpakeHue
64

Bepimuna [vertex] 11

- BHemHsIs [outer] 374—378

- BHyTpeHHsis [inner]| 374—375

- koHeyHas [final] 11

- KoHIIeBas [terminal] 11

- HavanbpHag [initial] 11

BepmnHa HecymiecTBeHHas,
n30bITOuHad [inessential] 33

- IPOITyCKHasl CIOCOOHOCTH 326

- CYIIECTBEHHAs, HEOThEMIIEMast
[essential] 33

- SKCIoHUpoBaHHas [exposed] 371

Bremne ycToiunBO€ MHOXKECTBO CM.
JloMuHUpYIOII€e MHOKECTBO
BepiuH 40

BuyTpennee npousBeieHHE BEPIIUH
245

Br16op Mecta m1s ckinaga 129



- mpoekTa 45

['unoresa yeTbipex Kpacok 79

I'pad [graph] 11

- aHTUcUMMeTpryeckuid 20

- B3BCILICHHBIN 15

- IByAOJdbHBIN [bipartite] 21, 405, 412

- - HEOpUEHTUPOBaHHBIN 21

- - OPMEHTUPOBaHHBIN 21

- lonojaHeHue 46

- HIHKpEeMEeHTaNbHbIH [incremental] 321,
339, 350, 352, 360

- Kyparosckoro 23

- Myna- Mosepa 70

- HeopueHTHUpoBaHHbIH [nondirected] 11

- - IBOMHUK 11

- HeTIaHapHeIi [nonplanar] 23

- HecBs13HBIH [disconnected] 23

- OJJHOCTOPOHHE CBS3HBIN WU
OJTHOCTOpPOHHUH [unilateral] 23

- opueHTupoBaHHbIH [directed] 11

- OCTOBOB [tree graph] 157

- TuTaHapHkbIH [planar] 22, 79

- moJHBIN [complete] 19

- - aHTUCUMMeTpuyeckui 20

- - cummeTpuyeckuit 20

- peGepHbIii [line] 237

- peayuupoBanHsIii [reduced] 254

- I-XpOMaTH4YeCKHii [r-chromatic] 75

- CUJIbHO CBSI3HBIA WJIM CHJIbHBIN
[strong] 23

- CUMMeTpHu4Yeckuii [simmetric] 20

- c1abo CBS3HBINM WU cnabbii [weak] 23

- CO B3BEIICHHBIMU BEpIIMHAMM [Vertex-
weighted] 15

- - - myramu [arc-weighted] 15

- TpaH3UTHUBHBIN [transitive] 33

- YHUTapHBIH [unitary] 323

I'ycroTa cm. KnukoBoe umncio 43

Hepeso [tree] 145—172

- anbTepHupytrouiee 374

- ayrMeHTaiabpHoe [augmenting] 375

- BeHrepckoe 380—382

- opueHTHpoBanHOE [directed] 145—
147, 240

- ocToBHOE [spanning tree] (cm. OcToB)
145—224

- - unHHenmee 163

- - mpoueaypa nopoxjaenus 149—157

- - pacmeruienue [division] 153

- pemeHus Uil moucka [search tree]
422—427

- - BeTBIcHUE 422, 424

- - TpaHuIlbl 426

- - 7 TIOMCKa 1o TyOuHe 425

----- upune 425

- - BUCAYas BepuinHa 423

- - pazOueHnue 424

- - ¢yHKIMYU BeTBIeHUS 426—427

- cpamBanue [merging] 153

- ueryiee [blossomed] 376

- llITeiinepa naukparyaiimee 167—169

- 3JIEeMEHTapHOE MpeoOpa3oBanue 149

Huametp rpada 11, 125

JloMuHUpYIO1Iee MHOXKECTBO BEPIIIHH
40

- - - MUHUMaJbHOE [minimal] 50

- - - HauMeHbIIee [minimum] 50

JocTmxrMoe MHOXKECTBO 29

HoctmxumocTts [reachability] 23

Hyra [arc] 11

- Bec [weight] ([Jnmuna [length],
CTOMMOCTb WJIH 1IeHa [cost] 15,
201

- HaJiexkHOCTH [reliability] 201

- HIKHSS TpaHulla notoka yepes 310

- obparnas 313, 356

- TIOTOK, BXOISIIHH B 354

- - BRIXOOAIUH n3 354

- IpoIyCKHas crocobHocTh 202, 282,
313

- npsimast 313, 356

3amaya rocyapCcTBEHHOTO
patiorupoanms [political
districting] 65

- 00 ocTOoBHOM Tpade ¢
MPEINUCAaHHBIMU CTETICHSIMHU
[degree-constrained partial graph
problem] 368, 411—414



- KATalCKOro noyrainboHa 231—237

- Haxoxaenus: JIOITYCTUMOTI'O
MMOTOKa MUHUMAIBHON CTOUMOCTH
310

- 0 IOCTaBKE MOJIOKA WJIA MTOYTHI
[delivery of post] 231

- - Kénurcbeprckux mocrax 228

- - KommuBosKepe 242—309

- - - MUHUMaKcHas 244

- - - MUHUCYMMHas 244

- - - HIDKHSIS TPaHUIIa U3 3372491 O
Kpartyaiiiem octoBe 266, 279

-------- Ha3Ha4YCHHAX 265, 297—
303

- - KpaT4alIIuX MyTIX MEXTy TBYMs
3a/laHHBIMU BepuiuHamu 195

- - KpaT4auIeM Iy TH MEKITY
3aJJaHHBIMH BEPIIMHAMU S U t
175—189

—————————— C HEOTpHIIATEIHHOU
MaTpuuen BecoB 177—183

- - (pep3sax Ha maxmaTHOM mocke 70

- - MAKCHMaJIbHOM [apOCOYETaHUU
(3MII) 368—371

- - - motoke (0T s k t) 310—325

- - MuHUMaNbHOM okpeiTun (3HITO)
369

- - MHOTOTIPOTYKTOBOM MOTOKE
[multicommodity] 311, 325

- - HazHavyenusix (3H) [assignment
problem] 284, 404—411

- - HauOoJIbIIEM TAPOCOYETAHUH
(BHIIC) 370, 375

- - HAUMEHBIIIEM MOKPbITUU 43, 53—68

- - - - BBIYMCJICHUE HUKHEHN TpaHulibl 60

- - - - IpuJIoKeHus 63—68

- - - - ympoienue 54

- - IOKPBITUH HaUMEHBIIIEH MOIIIHOCTH
(3ITHM) [minimum cardinality
covering problem] 370, 416

- - TOTOKE MUHUMAJIBHON CTOMMOCTH OT
skt310,339

- - IOTOKax ¢ Bbiurpeimamu 311, 353—

364

- - packpacke 375

- - - pelIeHne METOIOM TUHAMUYECKOTO
nporpamMmmupoBanus 80—=84

————— nporpammupoBanus, 1, 84—46

- - - ceenenue k 3HIT 86—88

- - pacnpeneseHnu pecypcoB 94

- pa3menieHuss MUHUMakcHas 98, 127

- - MUHHCYMMHas 98, 127

- CETEeBOTO TUIAHUPOBaHUS [network
planning] 65

- CHHXPOHU3AIUH JITHUU COOPKHU
[assembly line balancing] 65

- Teopuu pacnucanuii 94

- tpancnoptHas (T3) 371, 412—416

3anaua llTeitnepa 166—169

- - eBKIIMIOBa 167

- - nuHenHas 169

- - Ha rpadax 166, 167

WNudopmannonnslii mouck [retrieval
information] 63

HccnenoBanue CTpyKTypsl
opranuzanuu 39

Hctounuk [source] 310

Knuka rpada [clique] 46

KimukoBoe uucio [clique number] 43

KommnoneHTa rpada omHocTopoHHss 24

- - cunbHag 24, 33—36

- - cnabas 24

Komrpeccust [compression] MaTpHIlsI
297

KoHcTaHTa «IPOHUKHOBEHUS
[penetration] 114

KoHTpagocTkxumMoe MHOKECTBO
[reaching set] 30

Kontyp cm. Opruienb 3aMKHYyTas
npoctas 17

- ramuibTOHOB 17, 157, 237, 242—309

- - anredpanvecKuii MeTo/1 HaXOXKACHUS
245—249

- He3aBHCcHMBIH [independent] 218

Kopewns [root] nepesa 374

- OpPUEHTUPOBAHHOTO JiepeBa 146

- - - 3ameHa 193

Konukmnomarmyeckoe ynuciio 218



Kpatnbie nientpsl [multiple centres] 111

Kparuaiimee nepeso Ll teiinepa 166—
167

Kparuaiimmii octoB rpada [shortest
spanning tree] 158—161

Kputnueckwii myTs [critical path] 197—
200

\lambda-ontumansHocTs 140—141

MakcuManbHBINA TTOJTHBIN oATpad cM.
Kinuka 46

MapmpyT [chain] 4

- ayrMeHTaJbHbIN [augmenting] 356

- - ”HKpEMEHTaJIbHAS POy CKHAs
crmocoOHOCTH [incremental
capacity] 356

- BRIMIphIL 356

- 3aMKHYTHIH [cycle] 17

- - aKTUBHBII [active cycle] 358—364

MapuipyThl 10JIETOB CaMOJIETOB 64

Martpuna goctuxumocteit [reachability
matrix] 29, 30, 31

- MHIIMACHIMH [incidence matrix] 26,
148, 155, 170, 226, 239, 379

- KOHTpsAocTIkuMocTeil [reaching] 30,
31

- OTPAaHUYCHHBIX JOCTHXKUMOCTEHN 33

- penymnupoBanHas 406

- cmexxHocTd [adjacency matrix] 25

- - MopudunrpoBanHas 245

Menuana [median] 98, 127—143

- abcomrotHas 130

- BHemH:AA 128

- BHEILIHE-BHYTpeHHs:A 129

- BHYTpeHHss 128

- KpaTHas cM. p-menuasa 129

Merton kputnueckoro mytu (MKIT)
[critical path method] 197

Haumensbliee noMuHMpyoliee
MHOECTBO pedep cM.
Haumenbiiee nokpeitue 66, 67

HesaBrucumoe MHOKECTBO BEPILHH
[independent vertex set] 44

- - - MakcuMasibHOe [maximal] 44—48,
80, 86, 87

- - - HanbopmIee [maximum] 45, 65

- - peodep [independent link set] 66

- - - Haubonb1Iee 66

Ob6nacts 114

O6xon mabupunra 240

Opuens cM. Llens opuentupoBanHas 14

- 3aMKHyTas 17

- - mpocTas [elementary circuit] 17

OcroB [spanning tree] 145, 224

- yucino 148

OTtobOpaxenue [mapping] 11

[Tapocoueranue [matching] 66, 368—
420

- MakcuMalibHOe [maximal] 389

- HanOoIIee [maximum] 66, 368

- coBepieHHoe [perfect] 389

[Tepenarodnoe yucio [transmission
number] 127—128

- - BHemHee [out] 128

- - BHyTpeHHee [in] 128

ITEPT 197

[Tetns [loop] ? 6

[TnotHocTh cM. KinkoBoe uncio 43

[Toarpad [partial subgraph] 19

- MaKCUMaJIbHBIN [maximal subgraph]
23,24

- OCTOBHBIH [partial graph] 18

- MOPOXACHHBIH [subgraph] 18

[ToxpeiTHE [cOVering] 66, 67, 369

- MUHUMAaJIbHOE [minimal] 369

- HaMMEHbIIee [minimum] 66, 67

[Tonyctenens 3axona [indegree] 18

- ucxona [outdegree] 18

ITomeTka npenmectBoBanus 153

- - i3meHenue 153

ITotox [flow] 310

- ayrMeHTajbHas nemnsb [flow-
augmenting chain] 313

- B rpadax ¢ BeIUTpHIIIaMHU 356

————— B BepiuHax 364

- - - - MHOTUMH UCTOYHHKAMH H
cTtokamu 325

- - - - IPOIYCKHBIMHU CIIOCOOHOCTSIMU
JyT 1 BepuIinH 326



- nomryctumsiii [feasible flow] 310,
353—358

- - MaKCUMaJbHBIN 354

- - ONTUMAJIbHO-MaKCUMAJIbHBIN 354

- - onTUMAaJbHBIN 354

- koH(opmanbHsbIii [conformal] 325

[ToTokoBas sxkBUBaIEeHTHOCTH 330

[TpoBepka AIEeKTPUIECKUX,
TeIeOHHBIX WITH
JKEJIE3HOJOPOXKHBIX JIMHUM 231

[TcemoBepmuna [pseudovertex] 375

[TycToe mHOXkecTBO 11

[lyTs [path] 13

- Bec, JUIMHA WK cTouMocTh [length] 15

- JUTMHA WU MOITHOCTH [cardinality] 16

- 3aMKHYTHIH [path] 16

- - DJIeMEHTapHbIN 17

- kpaTuaitmmii 173, 189—193

- HagexxHocth 201, 202

- otBeTBiIeHUE [deviation] 195

- IPOMYCKHAsi CIOCOOHOCTH 202

- caMbIi qIUHHBIH 198

- ¢ HauOoJbIIEH TPUBEIEHHOM
MIPOIMYCKHOM CITIOCOOHOCTHIO
206—211

P-KpaTHBIM BHEUTHUM LIEHTP [p-
outcentre] 112

- BHYTpPEeHHHUI 1eHTp [p-incentre] 112

p-menuana 129

- abcomotHas 130

- BaemHssA 130

- BHyTpeHHs1s 130

- 00oOmennas 132, 139

p-uieHTp (KpatHbIi nieHTp) 41, 111, 112

- abcomotHeIi 112, 113

- - gaxoxnaenue 113—123

Paguyc 101

- abcomtoTHbIHM BHemHui 103

- - BHyTpeHHui 101

- BHEUIHEe-BHYTpeHHMI 102

- BaemHM 101

Pannyc BuyTpennuii 101

Paznenenue [separation] 99—101

- BHemHee [out] 100

- BHyTpeHHee [in] 100

Pasmemenue [location] 98

- aBapUHHBIX CITy>KO M ITyHKTOB
obciyxuanus 101—102, 106,
107

- HECKOJIbKUM HEHTPOB OOCITYKHUBAHUS
112

- meHtpoB 51, 52, 98—125

Paspes [cut-set] 221—225, 312, 313

- BenunHa 312

- JUIE OPUEHTHPOBAHHOTO Tpada 223,
224

- IpaBWIbHBIN [proper] 222, 223

- pynnamenrtanpHbii 224, 225

- - Matpuna 225, 226, 239

Packpacka [colouring] 75—96

- ontuMaibHasg He3saBucumas 80, 84

Pe6po [link] 11

- ICKyCCTBEHHOE 232

r-noarpag 80

- MakcuMaibHbIN 80—84

Cwmexuble ayru 14

- BepuIMHbI 14

CootBerctBue 11

- obparnoe 13

CrnenyayibHBI OCTOBHBIN mToArpad
[equally partial] 391

Crenens Bepuuusbl [degree] 18

- - k-mmaroBas 91

Ctporoe nepeceuenue (SI) [strict
intersection] 117—118

Croxk [sink] 310

(s-t)-pazpes 202, 206

Teopema Kenura 418

- -u Xomna 417

- 0 MAaKCUMaJIbHOM TIOTOKE U
MUHUMaJIbHOM pa3pese 312, 313

- - IATH Kpackax 79

Touka ITeiinepa 168, 169

Tpan3utuBHOE 3amMbIKaHue Tpada 33

Typnup [tournament] 21

XpomaTtudeckoe unuciio [chromatic
number] 75

- - BepXHsiA OlleHKa 78



- - HIDKHSA o1teHka 77, 78

I{BeTok [blossom] 375—379

- KpaiiHuii [outermost] 375

- cpesanue [shrinking] 375—379

Hentp rpada 98, 103

[lens anbrepHupytomias [alternating
path] 371

- ayrMeHTanbHas [augmenting path]
372,372

- OpHEHTHUPOBaHHAA (Oplenb) [simple
path] 14

- mpocras [elementary path] 14

- linepoBa cM. Ditnepos nuki 227, 240

Hukn ramunsToHOB 17, 242—309

- OPMEHTHUPOBAHHBIN (opuuki) 17

- - Matpuua 225, 239

- - MyJITULIETTHON METO] HAXO0KICHUS
253,259

- - CpaBHEHHE METOJIOB TIOUCKa 259—
262

- pynnamenrtanpHbiii 220, 221

- silnepoB 227—240

[ukmomaruyeckoe uncio [cyclomatic
number] 217, 218

Yucno berru cMm. [{uknomaruyeckoe
gucio 217,218

- BHelHero pasaenenus 100

- BHyTpeHHero pasaenenus 100

- IOMUHUPOBaHUA 43

- He3aBHCcUMOCTH [independence
number] 43, 44



NMpenncnosue pepnaxTopa nepesoaa

3a mocieanne AeCATH-NATHAANATH J€T NOABUIOCH TPOMAHOe KOJH-
9eCTBO paoT, B KOTOPHX AEMOHCTPHDPYIOTCA BOSMOKHOCTH SA3HKA
H MEeTOJO0B TeOPHH rpaioB He TOJHKO B MATEMATHKE M TPATUIEOBHKIX
IPHJIOKEHHAX B XHMHH ¥ 3JIOKTPOTeXHHMKe, HO M B COIHOJIOTAH, JHHT-
BHCTHKEe, 9KOHOMHKe, reHermke. HaraamgHocTh TeopeTHKo-rpadoBHX
CTPYKTYP H AOXONYHBOCTH ASHKE TEOPHH IpadoB mO3BOJIAIT CAEJIATH
ROCTYIHEHIMH /I ITAPOKOTO KPYTa IATaTeNed B fOPMYITRPOBKHA JOBOAB~
HO CJOKHBIX OPHKJIafHHX 33flad, H BeChMa TOHKHE METORH HX
pemeHHA.

Eme B nepmop cTaHOBIeHHsA TeopHH rpadgoB B Hell BO3HHKAIO
HeMaJo TAKHX 3a7a4, PemeHHe KOTOPHX IPeAN0Jarajo IOCTPOCHH®
HEKOTOPHX aJTOPHTMOB ({OCTATOYHO BCIOMHHTH, HampaMep, 3ajavy
o x8anrcGeprckaEx mMocrax m ocoGemno samavy I'ammasToHA 06 0GXOfE
BepmmH JoxeKasnpa). Ilpm aroM, kKak mpaBmio, He HaKJIaAHBAJIOCH
HAKAKHX OrDaHWYEHHH HA CIOKHOCTH AJITOPHTMOB, & JWIIL PaccMaT-
pHBAJCA BONPOC MX CYImECTBOBAHWA. BHeApeHHe BHYHCIHTEILHOH
TeXHHKH IOCTABHIO H Nepel BCeil MaTeMaTHKOH, H IepeR Teopmeit
rpadoB mpoGaeMy HaXOKACHAA He IPOM3BOJBHKX AJTOPUTMOB, IO3BO-
JAIOMHAX PemaTh Te MJIN WHHE KJacCH 3a/ad9, a TAKHX AJTOPHTMOB,
KOTOpHe JonycKaad OH IPaKTHIECKYI0 pealH3anui0 C HCI0Jb30Ba-
HAEM COBDEMEHHHX BHYUHMCINTENHHHX ycTpoiicrB. Tak BosHEKIA
mpofieMa IpPaKTHYeCKOdl paspemmMMOCTH 8afau: HaiitTm s¢PderTuBHLIR
gaE xorss GH AOCTATOYHO IPOCTOH B NPAKTHYECKH BAKHHX CIYIaaX
anArOpATM pemeBHs 3ajaud. HiacCHQUMKANAA TAKAX AJATOPHTMOB
X METOOB HX HOCTPOGHHA He MOKeT OHTh mcuepnmBalomeit. OnEaKo
BCAKOE IIOCJAef[0BATENILHOE, CHCTEMATHYECKO® HBJIOMeHWe Hamboaee
AIPKEX M HEHHHX &JTOPATMOB, B 9&CTHOCTH AJTOPHETMOB «Ha rpagaxy,
N OPHEMOB HX NOJYYEHHA ABJACTCA NOJE3HHM U JazKe HeoOGXOTUMBIM
IiA OPERIAATHEKOB. B 2Toi cBASE MOKHO ynoMamyTh kmmram Xy [1],
Hop6yra n ®mukeapmreima [2], Iloa u I{xasa [3].

B mpeanaraemoli BEAMaHWIO YATATENA KHATC NPeNOPHHATA BeChMa
yAauHas HNONHTKA NO3HAKOMHTH TeX, KTO HHTepecyeTCA NPUKIaXHOR
Teopmeil rpadoB, ¢ BaKHHMH M NEePCHIEKTHBHHME &JITOPHTMHYECKHMH
meToRaMu Teopmm rpadoB. Hmmra mmeer sApKO BHpasKeHHHH HpH-
KJagHOll Xapakrep. ABTOpP 0€060 BHAeNsAeT B Heil BHYACIHTONHHHE
H aJTOPETMHYECKHEe aCHOKTH Teopmm rpafoB. «Umcroli»y Teopmm rpa-



(] IIPEQUCJIOBHE PEJAKTOPA IIEPEBOJA

$oB B xmmre mano. OcoOWil mMHTEpeC NpPeACTABIAIOT IJIABH, LOCBA-
IMeHHHe Pa3sMEemeHHI0 NEeHTPOoB M megmaH (ria. 5 m 6), 3agaue Komma-
poszxepa (ra. 10) m mapocoveranmuam (ra. 12).

ABrop mcnoan3oBaa TepmuHoJoruoo Bepsxa [4]. Mu cowrm 6xa-
ropasyMHHM B PAJE MECT HOJb30BaThCA TepMEHojormeii Xapapm [5].

[1] Xy T., llenrouncrennoe mporpaMMIpOBaEAE U IOTOKH B CETHAX,
M., «Mup», 1974.

[2) Kop6yr A. A. u ®urkexsmreitn 0. I0., duckpernoe mpo-
rpammupoBarme, M., «Hayxra», 1969.

[3] Ioit C. m I[xaii C. M., [Iprknanuan reopas rpados, Anma-ATa,
«Hayxa», 1971.

[4] Bepx K., Teopus rpagos m ee nmpumenenas, M., WJI, 1962.

[5} Xapapm ®., Teopus rpagos, M., «Map», 1973.

I'. T'aspuaos
1978 r.



Yacro 6mBaeT LoJesEO H HATAARHO H3o6pamarb HEKOTODPYIO
CHTYaIyi0 B BHJIE PHCYHKA, COCTOAINEro M8 TO4YeK (BepmmdH), Impej-
CTABJIAKIIAX OCHOBHHE DJIEMEHTH CHTyaIHH, ® jaHEi# (pebep), coeqn-
HAMEAX ONPefeeHHNEe NAPH 3TEX BeDIIEH ¥ NPEJCTABIAIONIAX CBA3H
Me;xny HEmE. Takme pHCYHKH H3BeCTHH RO o0ImIuM HA3BaHBEM
2pagios, U 3TA KHHETa NOCBAIEHA HX H3ydeHHI0. I'padu BeTpewanTCa
BO MBOTHX 06/1aCTAX IOJ PAa3HHME HABBAHAAMU: ¢CTPYKTYPH» B Tpask-
HAQHCKOM CTPOHTENBCTBE, (CETHE® B SMCKTPOTOXHHKS, ¢COMEOTPaMMbI»
B COIHOJOTHA ¥ 9KOHOMHKE, ¢MOJEKYIADHHE CTPYKTYPH» B XHMHH,
«IOPOKHHE KADPTH», 3JEKTPHYECKHEe HJIM Ta30BHE «PACIPeReIHTeNb-
HHE CeTH» H TaK jajee.

Baarogapsa cBoeMy IEPOKOMY UPHMEHEHHI0 TeopHA rpados B mo-
clefHHe TONH HHTeHCHBHO pa3BHBaercaA. B Goabmoit Mepe sTOMY
cmoco6CTBYeT TaKxke nporpecc B o6nacTe passaTusa Goapmmx GHCTpo-
JleCTBYIOIMUX BHIECAATOABHNX MammH. HemocpeacTeerHoe ¥ feTanb-
HOE HIpeNCTaBJeHHe NpPaKTAIECKHX CHCTeM, TAKAX, KaK pacmpejgeinn-
TeJLHEE® CeTH M CHCTEeMH CBSi3M, IPHBORHET K rpadam Goabmoro pas-
Mepa, yCHeINHHHA AHAJH3 KOTOPHX 3aBHCHT B DaBHOM CTeNEHH KaK
0T CYImECTBOBAHHA «XOPOImEX» 3JrOPHTMOB, TAK M OT BO3MO:KHOCTH
HCHONb3OBANHA OGHCTPONEHCTBYIOIHX BHYHCAATONPHHX MAIIWH.
IToatoMy B HacTOAIEl KHHIe OCHOBEOe BHHMAHHEe COCPEROTOYCHO
Ha paspaloTKe ¥ ONMCAHHHA &JTOPATMOB aHaxmsa rpados, Xors HpH
9TOM YACTO YINOMHHAIOTCH OGMACTH MX NPHJIOKEHHS, YTO IO3BOJAET
MAKCHMAAbHO OPHGIMSATH TORCT KHMIH K PeHIeHHAM HPaRTHIECKHX
sanau. Hagerocs, 9o Gaaronapa aToMy yaTaTenao Gymer Jerde cBA3aTh
H3J0/KeHHHE B KHAre OCHOBHHE HOHATAA CO CBOG 06JIaCThIO IeATeNb-
HOCTH M OPAMOHATH HX K pa3paGoTKe HOBHX METONOB PeImIeHHS CBOHX
cnequPHISCKNX 3amad.

Xora Boo6me cumTaeTcA, 90 3PHeKTHBHOCTH AJITOPHTMOB HMeeT
caMoe Ba)KHO® BHaUYeHHEe, ABTOP He CBOJHT CBOI0 KHATY K COPABOYHAKY
9¢perTHBENX aaropurMoB. JacTO MeTOJ pacCMATPHBAGTCHA M IO Tolf
IpHYAHe, ITO0 OH TECHO CBASAH C TONHKO YTO BBOJCHHKNMH NOHATHAME
(21M DONydYeH M3 HHX) H eMy OTAAETCS HPeRUOYTEeHHe, XOTH HMEIOTCH
H RpyrHe aJITOPATMH, CTOJIb Ke (EiIu gake mopod HeCKoAbKO Goxee)
aspfeKTHBHEe.



8 IMPEQACIIOBUE

Onpeges0mMuM 1A HAMEro H3JI0KEHHA ABUIOCH JKeJaHue co3aTh
Yy YMTATENA LEAbHOE W JOIMYECKH CTPOiHOE npejcTaBieEue 06 ajaro-
puTMAX aHajausa rpados.

Haapauune «Teopusi rpadoB» Ha camoM Jesne He MoOKeT HOAXORUTH
HE K KaKOMY ORHOTOMHOMY M3[aHuio, 60 B TakOM OTrpaHHMIEHHOM
o6pene HeNnp3A JaTh CKOJbKO-HNOYIbh HONHOTO IpeAcTaBIeHUA 00 3TOM
opexavere. HacToamasa KHura He ABIAETCA MCKJIIYEHHEM, ee COIep-
FKaHpe OTPaKaeT, KaK 3TO M JOMMKHO OHITh, MHTEPECH aBTOpa U €ro
paGoTe B 06JaCTM HCCIAENOBARHUA ONEpalMil M B BHYACJIHUTEIHHOM
MareMaTMKe H TEOPHH YIpPaBJeHHUA.

B raase 2 06cympaloTcAd OCHOBHEIE CBOMCTBA JOCTHKHMOCTH
u cBA3HOCTM TrpadoB, BONPOCH NOCTPOCHHA CMJBHEIX KOMIOHEHT
n 6a3 um mX OpuaoMeHHe K O00Pa30BAHHI0 TPYUNMPOBOK IIpaBJie-
HHEA W KOAQJIMUAHX B OpraHm3aIusx.

B runase 3 paccmarpuBaloTCs [(Be 3ajaud, CBA3aHHHE C BHOGOpOM
9KCTPeMaJJbHHX MHOECTB BePIIAH ¢ 3aJaHHHMH cBoiicTBamu. O6cym-
maimorcA cmoco6e pemeHust 3agad o6 onpeeNeHEW MAaKCHMAaJbHEIX
HE33aBHCUMHX ¥ MEHMMAJIBHNX HOMWHUPYIONUX MHOMECTB, IOCAENHAA
o6o6maerca [0 3ajau¥ O HNOKPHBAKMEX MHOMKECTBaX. PaccmaTpm-
BAIOTCA NPHJIOKEHAs 33aU¥ O HOKPHIBAIMMX MHOKECTBaX K COCTaB-
JeHAI0 PACIACAHAHN BHIJIETA CaM0JIEeTOB W pabOTH TpaHCHOpTa, K 3afade
06 wnopManEOHEHOM IOMCKe, 00CY;KNAIOTCA BONPOCH CBeNéHMA APY-
TAX 3ajad¥ Teop:mu rpadoB K 3ajave O NOKPHBAIOMIUX MHOMKECTBAX.

B rnase 4 3agaga o packpacke BepmmuH pacCMaTpHBAaeTCA KAK 0CO-
Onit caywad 3ajai¥ 0 DOKPHBAIOIIAX MHOMKECTBAX, H3yyaBINelcsH
B Tpefnaymed riase. [[aBW NpPHJIOKEHUA 3aJa9¥ pPACKpamMBaHAA
K COCTaBJIEHMI0 paclucaHmil, pa3MemeHui0 pecypcoB, a TaKiKe ee
0606menna Ha 3aJaYy NOCTABKH.

Caenyiomue nBe riaBH IOCBAMEHH 3ajavaM pDa3MeIEHHs B rpa-
¢dax. B riase 5 paccMarpuBaercs 3ajada pasMemeHHs MYJbTUUEHTPOB
B rpade m ee mpEMeHeHUMe K NpolieMaM pasMEmEHMA HA CETH JOPOT
BCEBO3MOMKHHX CIYK0O, TAKMX, KAK II0KapHEeE KOMAHIHN, nHoanueicKkue
y9aCTKH, CTaHIAA CKOpoil momomu. B rimase 6 obcyxpmaerca 3agaua
pasMemeHAs MyJbTHMequHaH B rpade m ee npuaoeHme x npobremam
pa3MenmeRHA TAaKuUX eJyKG, KaK CKJIAAW WX TepeKJodaTeibHbIE
OYHKTH B CHCTEMaX NOCTABKY TOBAPOB MJIM B CeTAX cBA3M. I'nama S
HMeeT [Iej10 ¢ MUAMMAKCHOM, a raBa 6 — ¢ MMHEMCYMMHOHA 3afavaMm
pas3MemeHuA.

B rmaBe 7 paccmaTpmBalpTCA 3ajaul O JepeBbAX, KpaTYaRmIMX
ocTroBaXx m 3agada IlreitHepa, a Tak)Ke IpHAOKeHHA 3THX 3aaad
K OPOEKTHPOBAaHMI0 DJIEKTPHYECKMX W Tra30BHX pacmpefae HTeJbHBIX
cerei.

B ruaase 8 pa3buparnorcsa 3ajava mOUCKAa KpaTdaiimeil nemd MeXAY
napaMyn BepIIMH M ee IIPUJIOKEHHA K 3aflavaM Bhfopa Mapmpyra Iis
MAaKCMMHM3aIMH OPONYCKHOH CHOCOGHOCTH MJIM HafeKHOCTH, K CIe-
nuaapHoMy caydalo cereit IEPT n x anann3ay kpuTHuecKux Mapmpy-



NPENHCTIOBAE 9

toB. B 3T0ii jKe riaBe BBOAHMTCA NOHATHE NHKJA OTPHIATEJBHOTO Beca
U JeMOHCTPHPYETCA HPHMEHeHHe 3TOT0 IOHATHAA AJA PeeHAsa pPAAa
3ayiaq TeopuH rpagos. Kpome Toro, npHBOAATCA NOPAKOK BHIHUCIEHMIE
BTODHX, TPETbHX M TaK Aajee KpaTdadmux nemel.

JlBe cregyromue IraaBH HOCBAMEHH 3ajia9aM OOMCKA IHKJIOB B Ipa-
dax. B raase 9 paccmaTpmBaloTCs 06IIEe NUKJIK H paspesH. 37ech ke
pasGEpaloTCA 3afad9a MOMCKA 3HIEPOBHX IMKAOB M 38894 KHTAHCKOro
I0YTAJbLOHA C €6 IPHI0KeHAAME K c60pKe Mycopa, K JOCTABKe MOJIOKA
UM NOYTH M K MHCHEKTHPOBAHNI CHCTOM C PACHpefjefleHHHMH Iapa-
merpamr. I'nasa 10 cocTomT M3 xByx wacrteii. B mepsoit paccmarpm-
BAETCA 8aa9a HAXOKACHHA raMAJIBTOHOBA IHKJA B HOIOJHOM rpade
4 ee NPHIOEHEe K MAIIMHHOMY IUIaHApoBaHMWI0. Bropasa wacTs aroi
rIaBH IOCBAMEHA 3ajaye NOMCKA KpaTJaiimero raMHJbTOHOBA IHKJIA,
MHAPOKO H3BECTHOrO IIOA, Ha3BaHWeM «3a7a9a KOMMHBOSKEpa», M €e
OPUIO/KEHAAM K BHGODY TPaHCHOPTHHX MAapHIPYTOB.

B raase 11 mccaeayores MaxkcuMaJbHHE HOTOKE M MHHHMAJLHHE
CTOMMOCTH — 33/1a9¥ 0 MAKCHMAJbHHX IOTOKaX B rpadax, ayramM
KOTOPHX NPHOHCAHH NPONYCKHHE CHOCOGHOCTA M CTOHMOCTH. 3ajgaqu
0 MOTOKax B rpadax, y KOTOPHX AyraM OPHOACAHH BHETPHIIHA, BCTpe-
9aj0TCA IOPH PACCMOTPEHHHM MAaTeMaTHUeCKHX Mojened apGarpaka,
AKTHBHHX JJEKTPHIECKHX Iemeif M T. . 3afaud 0 TAKHX LOTOKAX
TaKKe OOCYHIAIOTCA 3HECh.

B raase 12 peun mieT 0 BHYHCJIEHMHM MAKCHMAJIbHHX HAPOCOTETA-
HEi rpadoB u omucHBaeTcsi 0G0O0mMEHHHIE BeHIepCKHWHl AaJTOPHTM.
IToapoGHO aaropETM pasoGpaH AasA ABYAOABHNX rpados, Jasd caydaeB
TPAHCHOPTHOX 3afayM M 387aY¥ O Ha3HAYeHWH, Mrpalmex Goaburyio
POAb B HMCCHEOBAHHH ONEPanMil ¢ NPHIOKEHHAMA K HASHAYCHHIO
Jiofielt Ha paboTy, pa3MemeHHMI0 BCHOMOTATeAbHHX CIY#kO6, cocraBie-
HHI0O MAapIpPYTOB CAMOJETOB M T. . BaamMoCBASH MeXQIY IriIaBaME
9TOM XHHIM mpefcTaBieHa rpagmueckm (cM. crp. 10).

Yacrp 370if XEHrm Onja HanmcaHA NpH QEHAHCOBOM mOAIEPKKe
HaygHoro mcciegoBaTeabCKOTo COBETA IO BONPOCAM MATEMATHIECKOIro
OpPOrpaMMADOBAHHAA, KOTOPOMY f OYeHb HPH3HATEJeH 38 OKa3aH-
HOe cofieiicTBMe. B IOAroTOBKe HBJAHWA 3TOH KHATH MHE NOMOTJIH
ouenr MmHorme. fI ocobGemno Gaaromapen mpogeccopy Camy Jitmony,
pyxoBopmresqio OTnena HayuHOro ympamienda Mumepmaa koinemska,
ITurepy Bmoaxe, Mxeddy Conbm, Ilnrepy Bpyxepy u Comy Kopmany.
fl Taxme xowy mobaaromapmrs mpodeccopa Joransna Kayra, mpoun-
TABIIEro HepBHi BapHaHT PYKOIHCH M YK&3aBIIero Ha HeCKOJBKO OIA-
6ox. f1 B noary mepep r-:xoii Mapraper Xammen, Bagpmed ma cebsa
TAKEJAHA TPYA 00 mepenedaTke pyKonncH. fl [oiKeH oTMETHTH Heoxe-
HAMYIO TOMOIb CBOEH KEHH, KOTOpasg He TOJLKO (6eapomoTHO Tepme-
7a MOI0 IOCTOAHHYIO paGoTy Haj KHEroif mo BedepaM, HO TaKke IO-
MOraJjia IpH YTeHHH KOPPEKTYp.

Huxoc Kpucmogudec

Oxrabps 1973
Jlonnon
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Fnasa 1

BBEAEHUE

1. I'pa¢put. Onpenenenne

I'pag G 3apjaeTcA MHOKECTBOM TOYCK WM GEPULUH Ty, gy + « oy Ty
(koTopoe oGosHauaeTca 4epes X) M MHOMKECTBOM JHHHA HMIE pebep
a,, @y, ..., Gy (KoTOPOE 0GO3HAYAETCA CHMBOJOM A), COCNUHAIIIAX
MesRny coGoil Bce mam gacTh 3THX ToYeK. Taxkmm ofpasom, rpad G
nmonHEOCTHI0 8agaercsa (m oGosHauaerca) mapoit (X, A4).

Ecam peGpa ms mHOKecTBa A OpPHeHTHPOBAHH, YT0 OGKYHO MOKa-
BHIBAETCA CTPEJKOHA, TO OHH HABHBAIOTCA Jyzamu, W rpad C TAKHMH
pe6paMm HaSHBAeTCA opuenmuposanHbix rpagom (pmc. 1.1(a)). Ecan
pe6pa He MMEIOT OpEEHTALMH, TO rpad HABHBAGTCA HEOPUCHMUDOSAH-
xwum (pme. 1.1(6)). B cayqae korga G = (X, A) ABasercsa OpHEHTH-
pPOBaHHEM TrpafioM W MH XOTHM npeHeGpeduh HANPABIEHHOCTHIO YT
H3 MHOKecTBa A, TO HeOPDHEHTHPOBAHHHI rpad, coorsercTyomui G,
6ynem oGosmadarp Kak ') G = (X, A).

B a1o0it KEHre, kKorga ayra o6o3magaercs yHmopAROIeHHOH mapoif,
COCTOSAMIC M3 HAYAAbHOU W KOHewHol BepmHH (T. €. ABYMA KOHYEGHMU
BePIIAHAME JAYTH), ee HAaNpaBJeHHe HPANOJATaeTcHA 3afaHHHM OT
mepBoif BepmuHH Ko BTopoi %). Tak, Hampumep, ma pumc. 1.1(a) o6o-
sHavueHue (r,, Z,) OTHOCHTCA K Ayre a,, a (z,, z;) — K Ayre a,.

Hpyroe, ymorpeGisemoe dame ONMCAHHe OPMOHTHPOBAHHOTO Ipa-
¢a G cocTomT B 3ajaEMM MHOKecTBa BepmmH X ® coomeemcmeus T,
KOTOpOe MOKA3HBAET, KAK MEXAY co0oil cBa3ann Bepmmun. CooTBeT-
creue I' RasuBaercs omo6paxcenuex muoxecrsa X B X, a rpa¢ B sroM
cayuae oGosHagaerca mapoit G = (X, I).

Jasa rpada Ba puc. 1.1(a) ameem I (z,) = {z,, s}, T. 6. BepmAEN
Z, ¥ Z5 ABAANTCA KOHOUHHMHA BePIIEHAME YT, Y KOTOPHX HaYalbHON
BePIIMHOM ABJAETCA I,

[ (z3) ={z4, 23},

T (z3) ={z:}

I’ (x) = & —nycroe MmHOeCTBO,
T (z5) ={z}.

1) Tpap G Mu Gynem HASHBATH KHeopuenmuposaknum Oybauxamox (unad
neopuenmuposanrik deolinuxox) rpada G.— Hpux. ped.
%) EcaE z; B z, — KOHI|eBHe BepIIMHH AYTH 4, TO T'OBOPAT, 9TO BODIIHEH
H z4 um%uaenmnu Ayre a (HAE 9TO AYTA G UKYudewmHa BePIIHHAM Z; H Zg).—
puM. ped.
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X3

(a)

(6)
X2

Xy X3

Xy X4

ae
(8)

Pre. 1.1. (a) OpnenTupoBananii rpad. (6) HeopuerTupopamauit rpad. (8) Cae-
magENi rpad.

B caywae HeopuenTupoBanHoro rpada mam rpada, cofiep:Ramero
¥ AyTH, ¥ HEOpUERTHPOBaHHHe pe6pa (cM., Hampamep, rpadur, naobpa-
xennue Ha prc. 1.1(6)  1.1(s)), npeanonaraercs, 9To cooTBeTCTBEE I
3alaeT TaKofi OKBHBAJEHTHHH OPMEHTHPOBAHHWH rpad, KOTOPHI
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HOJNy4aeTcsa M8 HCXONHOrO rpada 3aMeHOH Ka)IOro HEOPHEeRTHPO-
BAHHOTO pefpa RByMA HPOTHBOLOJOKHO HANPABIGHHHME NyTaMH,
COeMIMHAIIUMA Te ke caMble BepmEEN. Tak, Hampamep, AiaA rpada,
npuBefieaHoro Ha puc. 1.1(6), mmeem I (z5) = {zy, 25, 2.}, T (7)) =
= {z5} = T. 1.

Ilockonsky I (z;) mpencrapiser coGoit MHOMKECTBO TAKHX BepIIEH
z; € X, nas xoropux B rpade G cymectsyer Ayra (z;, z;), To 9epes
I'! (z;) ecrecTBeHHO 0608HATHTE MHOKECTBO BEPIIMH Zy, I KOTOPHX
B G cymecTtsyer nyra (z, z;). OrRomenme I'-! (z,) npaHATO HasWBATH
o6pamnum coomeemcmeuem. Jlna rpada, mHsoGpamemHOro Ha

puc 1.1(a), mmeem
I () ={z3, 75},

T (2) = {4}
H T. X
Bnoane oveBnnHO, 9TO N5 HeopHeHTHpOBaHHOTrO rpada I'! (z,) =
=T (z;) ana Becex z; € X.
Korza oto6pamenne I' neiicTeyer He Ha OfHY BepmEHY, 8 Ha MHO-
secTBo BepmEE X, = {z;, Z,, . . ., Zg}, To mox I (X,;) mommmaror

obrenmECHHE
TF'@)UT(z) U...UT (z),

T. o. I' (X,) ABnAeTCA MHOKECTBOM TaKEX BepmmE z; € X, uro niA
RasK/I0d M3 HEX CymecTByer fyra (r;, z;) B G, rae z; € X,. laa rpa-
¢a, npmsenesoro Ha pmc. 1.1(a), I ({z,, z}) = {2,, 75, 2} =
I ({z), 24}) = {24, 75, 21)-

Orobpamenne I' (T’ (z;)) samucuBaerca kak I (z;). Amamormumo
srpoiinoe» orobpaxenmme I (T (I' (z;))) sanmmcusaerca xakx I'® (z,)
m 1. A. aa rpada, mokasamHoro Ha pmc. 1.1(a), mmeem:

2 (2q) =T(T' (z)) =T ({3, 2s}) = {24, Z3, 7},
I3 (zg) =T (I (z,)) =T ({24, 23 7}) = {4, 73, 25}
* TAi;normno nosmManTca oGosmavemma I'-? (z;), I'?(z;) m T. n

2. Hyta ® mapmpyrm

Tymex (mnm opuenmuposanntn Mapupymom) OpPEEHTAPOBAHHOIO
rpada HasHBAeTCA IIOCIEXOBATENAHHOCTh AYT, B KOTOPOH KOHEUHAA
BePHIFHA BCAKOK Nyrm, OTAWYHOR OT mociHefHel, ABIAETCA HAYAD-
HOi BepmHHOH caegyomeit.

Tak, Ba pEc. 1.2 nocrenoBaTeIbHOCTH KyT

-Ggy Qgy A9y G, @y, (1'1)
@y, ae, a5, 4y, 1.2)
a;, Qg Ay, Gy, Q190 Qg O (i 3)

ABIANOTCA OYTAMH.
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Xa

X5

Prc. 1.2.

Hyra a = (z;, z;), ; 7 z;, AMeomae o6MHEe KOHNEeBhIe BePIIAHAI,
Ha3HBAIOTCA CMEHHHMU. [Be BODIIAHH T; A Z; HABHBAIOTCA CMEHCHUMU,
ecam kaxkaA-EuOyns m8 aByx Ayr (z;, z;) ® (r;, z;) mam obe onmo-
BPEMEHHO mpucyTcTByloT B rpade. Tax, Hanpmmep, Ha puc. 1.2 nyrm
ay, Qyy, Q3 ¥ Qg, KAK ¥ BePDWIHHH I5 I T3, ABAAITCA CMEXKHHMH, B TO
BpeMs KaK NYI'M @, U as W BePUIAHH I, X Z, He ABIAIOTCA CMEKHEIMH.

Opuenmuposannoti yenvio ') (mam, Kopoye, opyendio) Ha3HBaAETCA
TAKOH IyTh, B KOTOPOM Ka’KAas Ayra HCUOJb3yeTCA He Goabnre ofHOro
pasa. Tax, sanpumep, npusefesune sume nyta (1.1) o (1.2) apasor-
ca opunensaMd, a nyTs (1.3) He ABIsETCA TaKEM, IOCKOIBKY Ayra dg
B HEM HCIOJb3YeTCH HBA7KMIHL.

ITpocmoii opyenvio ?) HaguBaeTCA TAKOH IyTh, B KOTOPOM Kamaas
BepUIAHA MCHOOAB3yeTcH He Goaee ognoro pasa. Hanpumep, myTs (1.2)
ABJxsercs mpocroil opmenbw, a nytu (1.1) m (1.3) — mer. Ouenmpno,
9TO DPOCTAs OPIENb HBIAETCA TAKMKE OPIENbI0, HO ofpaTHOE yTBEp-
maeaue Hepepro. Hanpmmep, nyts (1.1) ssaserca opmemsio, HO HE
npocToit opuenso, nyTth (1.2) ABaseTCH OPIENHI0 W NPOCTOR OPUENBIO,
a nyrs (1.3) He sBIAeTcA HM OpPHENBIO, HE OPOCTOH OpPHENBIO.
Mapwpym ecth HeOPHEHTHPOBAHHNHN «ABOMHHMK» IYTH, M 3TO HOHATHE
paccMaTpUBAaeTCH B TEX Cay9asdX, KOTZa MOKHO mpepe6pedb Hampas-

1) B OpuMrEHAJNe HCOOAb3YEeTCH TePMHH «mpocroli myTe».— IIpux. ped.
?) B opuruEane NpEMERASTCA TEPMHH ¢3JleMeHTApHHEA nyTbs.— [Ipux. ped.
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AeHHOCTHIO AYT B rpade. Tarmm o6pasom, xapwpym eCTh HOCHAEROBA-
TeIbHOCTs DPE6Ep Gy, 3y, - . -, Gg, B KOTOPOH Kammoe pebpo ay,
3a MCKJIIOYGHHeM, BO3MOKHO, MePBOTO M HOCTefHero pe6ep, CBA3AHO
¢ Pe6paME a;_; H G;4, CBOMMYE JABYMs KOHLeBHMHA BepmmHamu. [locie-
IOBATOALHOCTE AYT

Zz, Eh ;8’ 5107 (1'4)

82, G, Gg, G4, By (1.5)
: ¢

zios_aﬂ Zh 289 Eﬂ Ez (1.6)

B rpade, masoGpaskeHHOM Ha pHC. 1.2, ABAAIOTCA MapmMpyTaMn; Jepra
HaJ{l CEMBOJIOM JYI'H 03HAUaeT, 4TO ee OpMeHTamued mpeHeGperaiot,
T. . [[yra pacCMaTPHBAGTCA KAK HEOPHEeHTHPOBaHHO® pebpo.

To4HO TAK K6, KAK MH ONpPeJeJHIH OpPIeNH M IPOCTHE OPIeNH,
MOKHO ompefeanmrs nen® !) m npocrme memm ®). Tak, mampmmep,
mapmpyt (1.4) ectp mems ® mpocras memb, Mapmpyt (1.5) — mems,
HO He IpocTasa memb, a mapmpyr (1.6) He ABIAercA HE menbo, HH
IIPOCTOH Hembio.

IIyrs mam MapmpyT MOKHO H306pakaTh TaKAke HOCIEN0BATENb-
HOCTBI0O BepmHH, 9T0 MH ¥ Gynem mcmoanaoBats. Ilyre (1.1) mommO
IPeACTABETL TaK/Ke HOCTeOBATEALHOCTHIO BEPIIAH Tg, ZTs, Ty Tg,
Zs, Tg B TAKO® IPEACTABIEHHE® YacTO OKasnBaeTcA Gojiee IOIE3HHIM
B TeX CIy4asaX, KOIRA OCYIIECTBJAETCA NOMCK NPOCTHX OpIemed HIM
OPOCTHX Iemei.

2.1. Beca m jamEa OyTH

Huorpa nyram rpaga G comocTaBaARTCA (IPHOACHBAITCA) THC-
aa — ayre (z;, Z;) CTAaBHTCA B COOTBETCTBHE HEKOTOPOe THCJIO Cyj,
HasHBAGMO® 6eCOM, HIE OJAurol, BMIm cmoumocmdvlo (yerou) KyTH.
Torna rpad G HasuBaercs 2pagom co essewennumu dyeamu. UBorna
Beca (YACAAa V;) OPANECHBAKTCA BepmIHHAM I; Tpada, H TOrna IOXY-
qaerca rpad co essewennumu eepwuranu. Ecam B rpade Beca mpH-
OHCAHH H AYraM, B BePIIMHAM, TO OH HA3HBAEGTCA WPOCTO 636EULEH~-

3
Hux 3).
IIpm paccMoTpeHME IyTH K, OPENCTABIACHHOrO IOCIEOBATENBHO-
¢TI0 AYT (a5, G4, . . ., @g), 32 €ro sec (MIM JAUNY, HIH CTIOUMOCTLD)

nprEEMaeTcA gEcao ! (i), paBHOe CyMMe BecoB BcexX AyT ¢), BxomAmmx

1) B opHraHAle HCHOALSYETCA TOPMHH «IpoCTOX MapmpyT».— IIpux. ped.
?) B opETHEANe DPHMOHAETCA TEPMHH ¢dJIeMeHTAPEHN MapmpyTr.— Hpux.

ped.
s 3) Yame esecwenntin HA3HBANT IPad co sssewennunu sepuunanu.— Hpux.

ped.
4) Karpgas Ayra paccMAaTPHBAGTCS CTONBKO Pas, CKOJLKO OHA BCTpeYaecTCA

B RaBEHOM OyTH.— ITpux. ped.
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B U, T.e.

lw=_%

(Ii' x,)Eu
Taxum o0pa3om, KOrjga cJOBa (IJANHAY, «CTOMMOCTEL», (IEHAa»
H «Bec» IPAMEHAIOTCA K IyraM, TO OHN dKBHBAJEHTHH II0 COAep/KaHUIO,
H B KaX[OM KOHKDETHOM cJiydae BHIOMpaeTCi Takoe CJOBO, KOTOPOE

X2

Prc. 1.3.

61msKe MOXOAT 10 CMKICTY B COBIA/IAeT C IPHHATHM B aaTeparype 1).
Haunoil (mam MowHocmblo) IYTH Y HA3HBAETCHA YHCIO AYT, BXOXA-
MEX B Hero 2).

3. Ileram, opueHTAPOBAHHBIE LBRILI M IWKJIbI

Ilemaeii HasnBaeTca Ayra, HaYaAbHAS A KOHEYHAS BEDPIIMHH KOTO-
pod coBunapnalor. Ha pme. 1.3, Hanpumep, nyru a, ¥ as ABIAOTCA HeT-
JAMA.

Ilyte a4, ay, ..., @; Ba3HBaeTCA 3AMKHYmMbM, €CAE B HeM
HadYaJbHAA BeDIIAHA AYTHA 4; COBUafaeT ¢ KOHeYHOH BePIIMHOA KYTH a,,.

1) B namHOM mEpeBOAe MH NPHMEHSAEM TePMHAH «JJIAHA» TOALKO B TOM Ciydae,
XOTjia BCe AYTH, BXOZAIMe B OyTh |4, AMEIOT Beca, paBHHe 1, T. 6. KOrjfa Bec NyTH
coBrajiaeT ¢ ero daunoi (mowymocmvwo).— IIpum. ped.

2) Ka)kmaa Ayra CYATaeTCA CTOJNBKO pa3, CKOJLKO OHA BXOIAT B JAHHKIH

nyth.— IIpux. ped.
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Tax, manpamep, B rpade, npuBefeRHEOM Ha pumc. 1.3, mocaenosa-
1eJBHOCTA AYT

2 L T (1.7
Gq1y 83y Gy Q7 B4y Q42¢ Gy, (1.8)
@3y G4y Q7 Qoo gy B4y (1.9)

ABAAWTCA SAMKHYTHMH IYyTAMHA.

Hyra (1.7) 1 (1.9) ABAMOTCA 3aMKHYTHMH HPOCTHMH OPHENSMA
(xonmypaxu, BIE NRPOCMBMU OPYUKAAMUL), TOCKONBKY B HHEX OfHA
& Ta ’Ré BePIIHHA HCHIOJAb3YeTCH TOALKO ORHH pas (38 HCKIIOYGHHEM
HAYAJNbBOH M KOHEYHOH BePHIHH, KOTOpPHE coBHmagamwTt), a myrs (1.8)
He ABJAGTCA KOKWMYPOM, TAK KAK BePIIMHA Z, HMCOOJB3YeTCA B HEM
xsaxau '). KorTyp, mpoxonamuit wepes Bce BepmmHH rpada, mmeer
oco6oe 3HAYEHEE M HASHBAGTCA 2aMU4bMOKocuM KouTypoM ). Homew-
no, He Bce rpadu o0najalT raMEJABTOBOBHMH KOHTYypaMH. Tak,
aappamep, KonTyp (1.9) ABAAeTCA raMEIBTOBOBHM KOHRTYpOM rpada,
npaBefieHHOro Ha puc. 1.3, a rpad Ba puc. 1.2 He EMeeT raMEABTOHO-
BHX KOHTYPOB, HOCKOJBRY He CYMECTBYeT TAKOM AYrH, JAA KOTOPOil
z, 6una O6n KOBEeYHOH BEPMHHOH.

Samxrnymuil mapupym sABAAETCA HEOPHEHTHPOBARHHM ABOAHAKOM
saMKREYTOro myTH. Takum o6pasoM, 3@MKHYTHH MapmMpyT ABAAOTCA
MAPMPYTOM &y, g, - . -, Tq» B KOTOPOM COBHANAKT HAYA/JbHAN
# KOHOYHAS BOPWIHHH, T. ©. B KOTOPOM I, = Z,.

Ha pmc. 1.3 mapmpyTH

- -~ - w

G4y Q43 Q9 (1.10)

840+ Bgy A3y Qs A7, B4y Gy (1.11)

ABIAAIOTCA SAMKHYTHMH MapuIpyTaMA.

1) 3aurEyTHl TyTH, B KOTOPOM HOT O/fHEAKOBHX RYT, HO, Boobme TOBOpA,
MOTYT STIOBTOPATHLCAS BAYTPEHHA® BOPIIMHN MYTH (A e TONLKO WOpBasg M MOCHeN-
HfA BOPIIEHN), T. 6. 3AMRHYTAas ODUENb, B OPHTHHANG NAHAOX KHATH HASHBAEGTCSH
npocmus saxxkymus myreM. EciE jKe B SAMKHYTOM IYTH HET HE OXMHAKOBHX
AYT, HE ONMHAROBHX BOPIIHH (KpoMe mepBof W mocmenmei), To TaKok myTs aBTOp
HASHBAGT 4eXEHMAPHEK saMNIymux TyTeM. B HameM uepsesone mi Gynem uasu-
BaTh SAMREYTYN OpHENb OPUENMUPOSGHKNM YursoMm (AAH, KOPOUS, OPYURAOX),
.U mmm:pmi SAMREYTHE HYTb — RPOCMEMN OPYUKAOM, HIE EOHMYPOX.—

pum. ped.

%) AHaJOrEYHO ONPENONACTCA 2aMuALMONOs YUKA: DTO HPOCTOS LEKA, colep-
/ame# nco BepmmEn rpada. Korna Her onacHOCTH BOSEWNRHOBEHEA HOOpasyMe-
Enfl, MH HCIONB8YOM TEPMHUE ¢TAMENLTOHOB [(HRI» ¥ B CAY980 OPHPHTEPOBAHHLX
rpadoB.— Ipux. ped.
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4. CreneHm BepmIAHEI

Ymeao [yr, KOTOPHE AMEIT BePIHEHY Z; CBOEH HAYaJALHOH BEepPIIH-
HO#, Ha3HBAGTCA NOAYCMENEHbI0 UCT00a BEPIIWHH Z;, H, AHAJOTHYHO,
g@Cca0 AYT, KOTOPhIE HMEIOT Z; CBOeH KOHeTHOH BePIIMHOHN, Ha3KHBaeTCA
noaycmenenvio 3aroda BEPNIHHH Zy.

Taxam o6pasom, Ha puc. 1.3 momycremerr MCXofa BepPMMEHH Zg,
obosmauaeman wepea d, (zg), paBma |I (z¢) | = 2, m moaycrememn
8axofia BePIIEEH Zg, 0603HauaeMan gepes d; (zq), paBra | '~ (z5) | =

CoBepmeHHEO OYeBHIHO, YTO CYMMa NOJyCTeneHed 3aXxopma Bcex
BepmuH rpada, a TaKKe CyMMa HOJyCTeneHed WCXOHA BCeX BEepIIMH

paBER ofmemy udcay Ayr rpada G, T. e.

S do(@)= () =m, (1.12

rqe n — YACIO BEPIIME B m — 9YACIO Ayr rpada G.

Has weopmerTHpoBauHOTO rpada G = (X, ) cmenenv pepmusan
I; ompefenAeTCA 4HAJNOTMYHO — C IOMONBI) COOTHOmMeEHMS d (z;) =
= |I'(z;) |, 2 Korna He MoKeT BOBHHKHYTL HEOPA3YMEHHH, MK

6yneM 00o3HavaTh cTemeHb BePHIMHW I; Yepes d;.

5. Hoarpadpm

Iycre nam rpad G = (X, 4). Ocmosnuix nodepagom ') G, rpa-
¢a G sasuBaerca rpad (X, A;), nna xoroporo A, — A. Taxmm obpa-
80M, OCTOBEHE mOATpad MMeeT TO Ke CaMoe MHOMeCTBO BepPMMH, 9TO
u rpad G, BO MHOKecTBO Ayr noarpada G, ABnsAETCA NOAMHEOKECTBOM
MHOKECTBa AYI HCXOJHOTO Tpada.

I'pa¢ ra pme. 1.4(6) — ocrosmwii moxrpad G, rpada G, maobpa-
aengrOTO Ha pre. 1.4(a).

ITycrs mam rpad G = (X, I'). Hopoxdennum nodzpagom 2 G,
masnBaerca rpad (X,, I',), ana xoroporo X, — X m maa kKampoi
pepmmaan z; € X,, [, (z;) =T (z;) N X,. Taxum o6pasom, nopox-
MeHHN# moarpad COCTOMT M3 MOAMHOMKECTBA BepmuH X, MHOKECTBA
BOPIINH HCXOXHOro rpada M Bcex TAKHX AYT rpaga G, y KOTOPHX
KOHEYHHE M HayaJbHLHe BOPIMHHH UPHHAMJIEKAT TOAMHOMKECTBY X,.
Yacro 6uBaer ynobmo ob6osmauats moxarpad (G, mpocTo CHMBOIOM
(X,); mu 6ymemM B fanpHeHmeM RBCOOAB30BATh Takoe oGosHaveHme,
ecld HeT ONACHOCTE BHECeHHS NYTaHALH.

Ha puc. 1.4(s) noxasan nopomaensnit noxrpad rpagda, npaBeseH-
HOro Ha pmc. 1.4(a), comeprammil TOJBKO BepIEHK Z;, Ty, T3 U T,
B JYyTH, KOTODHE HX CBABHBAIOT.

1) ABTOp IpHEMEHAET TePMEH €uacmuxhuil zpagy.— ITpux. ped.
2) ABTOp McuoTEBYeT TepMAH «IoRTpads.— Hpum. ped,



6. THIIHI TPA®OB 19

X3
X
X3
Xg
)
X, X2
X x X
X 3 1 3
Xg Xy
(®) (2)

Puc. 1.4. (a) I'pad. (6) Ocrosmmii moarpad.
(8) Hopoxnernnit moarpad. (r) Moarpad.

CoenunAsa NpHBeJIeHHNE BHINE XBA ONpefeJeHHA, MOKHO cHopMy-
AApPOBATH onpepesenue nodzpaga ). I'pad, nokasananit va pre. 1.4(r),
asagerca moarpadom rpada, mpmsemenHoro Ha pmc. 1.4(a). -

PaccMoTpEM rpad, BePIMHAHH KOTOPOTO HPEACTABJANT COTPYAHH-
KOB HOKOTOPOTO YUPe:RAEBHSA, & AYI'E — JHHAHE CBASH MEKAY COTPYA-
EaxaMB. Torpma rpad, mpexncraBasmmmit TOJNBEXO HAaRGOJEe BAYKRHIE
KaHAJH CBASH JaHHOIO YYPEKACHHsA, ABAAETCA OCTOBHNM moarpadom;
rpad, XoTopHii mOXPo6GHO LpEACTABAAET JAHAHM CBASH TOJBKO KaKol-
TO YACTH BTOTO YUPERACHAsA (RANPHEMED, OTAeJNICHUA), ABAACTCA NOPOK-
ReHHNM moarpadom, a rpad, KOTOpHH NPEACTABIAET TOABKO BajKHNE
JWHEEME CBASH B Opefe]axX OTHAENeHHs, ABIACTCA DOATpadomM.

6. Taum rpados

I'padp G = (X, A) HaBHPAKT nOAHHNM, eCAHE Aaa aw6ok napw
BepIIEH z; ® z; B X cymectByer pebpo (r;, z5) B G = (X, A), 1. e.
A Kaxcnoi mapw BepmuH rpada G oMKEA CymeCTBOBATE IO Kpaki-

1) B opErmnaze HCHOAL3YeTCA TEPMEH vacmusiil nodspage.— Mpux. ped.
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(a)

7
&

(8) (2)

Pre. 1.5, (a) Cammerpuaeckait rpad. (6) ArTacaMmerpmaeckuit rpad. () MNomauil
cammerpaueckait rpad. (r) Ilommwit asracEMmerpwdeckmd rpad.

Heit Mepe ogHa Ryra, coex@uaioman uX. [loJHNE HeopreRTAPOBAHHENIM
rpad, mocTpoeHHHWH Ha n BepmmHAX, oGoamazaerca ueped K,.

Tpad (X, A) masmBaercs cummempuueckum, CIH B MHOMKECTBE
Ayr A puas mobo# Ryrm (z;, Z;) CYymMECTBYOT TAKKe OPOTHBONONOKHO
OpDHeHTAPOBAHHAA Ryra (z;, Z;).

Anmucummxempuneckun rpadom !) masmsaercs takoit rpad, ans
KOTOPOTO COPaBeNIABO CJefyilomee ycaosme: ecnm (2, z;) € 4,
TO B MHO)KecTBeé A HeET NIPOTUBONOJOCHKHO OPHGHTHPOBAHHOW NYTH,
1. o. (z;, ;) 4 A. OueBanEO, ITO B AHTACEMMETDHISCKOM Trpade Her
oeTelb.

Ha pmc. 1.5(a) noxasan cammerpagecknit rpad, a ma puc. 1.5 (6) —
AHTHCAMMETDHYeCKAA rpad.

PaccMoTpaM clegylOmuid puMep: MHOKECTBO BepmEH rpada apen-
CTaBJaseT TPyNNy JOfed, Ayra, HAUPABJGHHAA OT BePMHAHH Z; K Bep-
WAHe Z;, 03HAYAET, UTO I; ABIAGTCA APYIOM HJAZ DOACTBEHEAKOM Zj;
Toria AaHEHA rpad gomen OmThL cummerpuueckmm. C gpyroit cro-
JPOHEI, ecJIW 1yTa, HaNpaBJIeHEHAN OT Z; K Z;, 03Ha9aeT, 9T0 BOPIIARA Z,
NofYEHEEHA BEDMMHe I;, TO TAKOH rpad nA0MeR OHTb aHTUCUMMET-
PpAYEeCKHM.

1) MlpuMeHAETCH TAKKO TODMUH ¢sanpasaennuil rpads.~— Tpux. ped.
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Kom0uEEpYs npHBefleHHHe BHINe ONpE[elI6HAs, MOKHO JATh
OIpe/ieNIeHHsl NOAHO020 CuMMempukeckozo rpada (mpumep Taxoro rpada
cM. Ha puc. 1.5(8)) ®m noamozo ammucummempuxeckozo rpada (omHB
78 TAKEX rpados moxasad ma pmc. 1.5(r)). I'pad mocaepmero Tmma
YaCTO HABHBAKT TAKIKO mypuupo.u.

HeopmenTupoBanuwit rpap G = (X, A) nasuBaoT JeydosvHbiK,
eCilH MHOJKECTBO €T0 BEDIIHH X wmosker OHTH pasbBTO HA TAKHE XBA
UOJIMHOKECTBA X% m X°, wro wmemmoe pe6po HMeeT OfH Kosen B X%,
a mpyroi 3 X°. Opnenmponanmm rpad G HasuBaercs aeyao.abnux,

€CJIR Or0 HeOPHOHTEPOBAHHHNIH ABOMHEK G — AByHOABHEE rpad. Jler-
KO MOKA3aTh CJAeyiomee yTBEPIKIeHHO.

Teopema 1. Heopuenmuposannwii 2pagp G seasemes 06ydosvHum
mozda u moavko mozda, Ko20a on e codepicum Yukaoe HewemHol
daunnl,

Hoxasameavcmeo, Heo6zoau.uocmb. HNockonsxy X pasbusaercsa
Ha ABe uactE X° m X°, 10

X*yX*=X =z X°nX’=g. (1.13)
Ilycrs cymecTByer HuKA HEYeTHOM IMMHH Z;, Tiy - - o Ty iy
u, 6es noTepu o6mHEOCTH, fOMyCTEM, ITO Z;, € X°. IlocKonBRY (comae—
HO OIPEMeJIEHAI) OXHA M3 ABYX CASAYIOIIHX APYT 38 APYIoM BEepPIIAR
STOTO IMKJIA JOUKHA HPHEAJIERATH X%, a ppyraa X°, To HMeem
zy, € Xxt, Zy, € X% m 1. n. Caenosarexnsno, z;, € X°, ecan k — HeYer-
HO®, W Iy, 6 X, ecim k — wersoe. MH NpeJONOKENE, 9TO JMEHA
neKae HeweTHasA. IloaroMy W8 COOTHOIIEHHESA y, € X° caxepyer, uTo
zy, € X®. 910 mpormsopeunr (1.13), mockomrky X° ) X’ = &
a ;{epnmna He MOKeT O[(HOBPEMEHHO NpHHAMNeXKATh Kak X°, Taw
H .

Hocmamourocmy. Ilpegmonoxum, aro B rpade G me cymecTByer
OUKAA HEYeTHOH AiauHH. BuHbepeM ofHY uW8 BepIIMH, HAIpHEMEp Z;,
A IOMeTHEM ee ILIIOCOM «--». BHmonanmm crefyomyno HTepaqEOHHYM
opouenypy.

Bepem ye mOMeYeHHYI0 BEPIIMHY I; M LOMEYAaeM BCe BOPIIMHE
u8 mEOxecTBa T (z;) 8HAKOM, IPOTHBOMOJOMKEHM TOMY, KOTOPHIA
TIPACBOGH BOPIIMHE ZI;.

BynemM mpomomxarts aTy omepammio 0 TeX LIOp, DOKA HIH

(i) Bce BepmuEN He 6yAyT HOMEYeHH, & 8HAKH, IPUIORCAHHHE HM,
COTJaCOBAHH (MHHIME CJIOBAMH, JI06HE /Be BEePIWHH, COCJNHOHHEE
pe6poM, ImOMEYeHH NPOTHBONIOJOHHMH 3HAKAMH), HIK

(ii) mexoTopas BepmmMEA, HaIpAMEp Z;,, KOTOpas Gua yxe mome-
9eHA KAKHM-TO 3HAKOM (¢-|-» HIH «—»), MOKeT GHTH OMEYeHA Temeph
(co croponn Apyroii BepmWAKR) BHAKOM, IPOTHBOLOJOKHHM NPHNHA-
CaHHOMY BepPIIEHE Z;,, HWIH
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(iii) masA KamAOX mOMedeHHOH BEePIIWHLI Z; BCe BEPIIMHH M3 MHO-
secrsa I (z;) y/Ke momedeHsl, HO CYUIECTBYIOT JpyrHe, eme He IOMe-
YeHHHEe BODIIAHH.

B caygae (i) Bce BepmuHH, HOMEYEHHHE 3HAKOM «-», oTHECeM
K MHOXecTBY X%, a IOMEUYCHHH® 3HAKOM ¢—» — K MHOKECTBY X'.
Ilockonpky Bce pebpa COGXMHAT BEPIIMHH, NOMEYGHHHE MPOTHBO-
IOOJIOKHKMHA 3HAKaMd, TO rpad ABJIAETCA ABYAOIbBHHIM.

B cayuae (ii) pepmmna z;, MoMKHA GHTL MOMEYEHA 3HAKOM --»

Ha HEKOTOPOM MapmpyTe (Hampamep, W), COCTOANEM H3 BOPIIAH
Ty, Tip - . oy Ty, OPAYEM BHAKH «-+» B ¢—)», OPANACKHBAGMHE BTEM

BOPIIMHAM IPHA ABHKEHHHA 110 MAPIPYTY M, (OT BEPIMAK Z; K BepUIH-
He Z;,), NOJUKHE 06pa30BHBATE YE€PEAYIIYIOCH HOCHEROBATENbHOCTI

(Bupa +, —, +, ... mam —, +, —, . ..). ABRJOTHYHO B3HAKOM
«—)» BepIIAHA Z;, IOMEYAETCH BAOJb HEKOTOPOTO MapmpyTa W,. [lycrs

z* — mpennocnenusan (mochefmedl sBiaseTcA z;) obmaa BepmMHA

MapmpyToOB [4; H WU,. Ecim BepmuHa z* nmoMedeHa 3HAKOM «-», TO
y4acTox ot z* 1o z;, MapmpyTa M, KOJKEH OWTL YeTHHM, & yYacToK

oT z* 1o z;, MApmpPYTa K, N0KeH GnTh BeweTHrM. Ecanm ke BepmuEa

z* moMedeHa 3HAKOM «—», TO yYaCTOK MapmpyTa u, Gymer BedeTHHM,
a MapmpyTa p, — deTEHM. CienoBaTesbHO, MUKI, COCTOAIIAN U3 yda-
CTKa MapmpyTa W,, oT z* 10 Z;,, @ COOTBETCTBYIOMEr0 yIacTKa Map-

mPYTA {1,, OT T3, A0 z¥, EMEET HEYETHYW [AWHY. ITO OPOTHBODPEYAT

OPeRN0J0KeHRI0, IT0 I'pad G He CONePIKHT NHKJIOB HEIOTHOW MJIMHE,
W, 3HA9AT, cayvai (ii) HeBo3MoiKeH.

Cnyqait (iii) osHavaer, 9T0 MeKAY UOMEYCHHOH A HE IOMEYOHHOH
BepDIMIAHAMHA He cymecTByer pebpa, T. e. 910 rpad G pacuajgaercda Ea
ABe unA Goapmre JacTed, ¥ KasKNad M3 HEX MOKeT TOIAA PacCMATDPH-
BaThCA OTHEabHO. VTakK, B KOHOe KOHUOB OPAXOAUM XK caydaio (i).
Teopema noxasana.

Ecan mymxHO mOAYEpKHYTH, 4r0 rpad ABAACTCA [MBYHONBHEM, TO
nas rpada mpamensior oboamavemme (X° || X°, A), moppasymesas,
49T0 BHUOMHAITCA Takxke coorHomenws (1.13).

JBynonsEnit rpad G = (X° | X®, A) Ha3HBAIOT NOANHM, ECIH
Aas_ aobmx asyx BepmuE z; € X® m z5 € X® cymecteyer peGpo
(:ci, z)) 3 G = (X, 4). Ecmm | X° l—wncno BepIIAH MHOKECTBA

— PaBHO I' H IX" | = s, TO UOMHWA HEOpPHEHTAPOBAHHHH ABY-
noabEH rpag G = (X°* |J X" A) obozmavaerca 4epes K, ,.

I'pad G = (X, A) Ha3HBACTCH NAQHADHBLM, BCIH OH MOKET ORITH
HAPACQBAH Ha IJIOCKOCTA (mau cepe) Takum 06pa3om, UTP IPOASBOJIb-
HHe /1Be 1yr¥ rpada He mepecekawTcs APyT ¢ Apyrom ). Ha puc. 1.6(a)

1) To ectp eca® TOYKA NIOCKOCTH (AAE cepu) NPEHAANEIKAT HECKOIBKHEM
RyraM x‘pad)a {(nByM mam Gonbmemy 4MCIy), TO OHA He ABJAGTCA BEYTPeHHEH TOI-
wo¥t mmkakoil gyru rpada.— Hpux. ped.
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noxasal moiaHmi rpad Ky, a ma pmc. 1.6(6) — nmonmmit nBymONBHLIK
rpad K, 5, KOTOpHE, KAaX H3BECTHO, ABAAITCA Nenaakaphuwmu (1, 31.

(@ @)
Pmc. 1.6. Henuamapene rpadw Kyparosckoro. (a) K;. (6) K, ,.

91E nBa rpadga ErpaoT BaKHYH POIdh B TODHE IJaHAPHHX rpados
H m3BecTHH Kak rpadu KypartoBcroro.

7. CampBO cBA3Ene rpadnl W KOMIOHEHTH rpagda

OpreETEPOBAHHKLI rpad HASHBACTCH CUALHO CERSHIIM HITH CUALHBN,
eCIH 1A J0GHX ABYX PasIHYHLHX BePIINH Z; B T CYMECTBYeT 0 Kpaii-
Hell Mepe OJIH UyTh, COBAHAIAN Z; C £7. ITO ONPENICICHHe 03HAYALT
TarMe, 3o J06He ABe BePIIMHH TAROrO rpada 63aumio Jocmuncums.

OpueETRpOBAHELI rpad HASHBACTCH 00KOCTNOPONHE CEASHBIM WK
odnocmoporKux, ecad ANA MOGHX NBYX pPasIHYHHX BePIIEH I; H I
CcymecTByeT m0 KpaiimeX Mepe OfHMH IyTh M3 Z; B Z; HWJH H8 Z; B Z;
(mam o6a ORHOBPEMEHHO).

OpHeETHpPOBAHEHI rpad HASHBANT CA460 CERSHHM BIH CAGOBM,
ecJIH s MOGHX ABYX pasIMYHHX BePIIEH rpada cymecTnyer mo Kpai-
Hell Mepe OJJMH MAPIPYT, COCHMBAIONMME KX.

Ecam pna mexoropoil mapu Bepmmu oprpada He cymecTsyeT Mapm-
pyTa, COSRHHAIOMEro MX, To Tako# oprpad BaswBaeTca Kecsaswim [2].

T'pad, npesepennmnik Ha pmc. 1.7(a), Kax Jerxo TpoBepHTH, CHIB-
Ho cBasHml. I'pad, moxasamewi#t ma pmc. 1.7(6), Be ABAseTCA CHIB~
HHM (TAR KaK B HeM HeT OYTH H8 Z; B Z3), HO OZHOCTOPOHHO CBASHHI.
T'pad, msobpamemmmni na puc. 1.7(B), He sBAAercA HE CEIBLHEIM,
HY OXHOCTOPOHEHM, IDOCKONABKY B HOM H CYIRECTBYOT IyTell OT Z4
K Z5 ® OT Z5 K 2. OH — caabo cBasanii. Haromen, rpad, nprsenen-
Huit Ha pmc. 1.7(r), ABARETCA HOCBASHHIM.

IIycrs namo HexoTopoe cBoiicTBo P, KoTopuM Moryr obaagaTth
rpadu. Maxcumasvhum nodzpagpom rpada G OTHOCHTONBHO CBONUCTBA
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P waswBaercs mopoxnessn# nmoarpad (X,) rpada G, ob6raparommit
STHEM CBOMCTBOM M TAKOH, 9TO He CYIEeCTBYeT IPYroro nopoMASHHOTO
nogrpada (X,), y xoroporo X, > X, ® KoTOopmii Taxme obGnamaer
ceoiictBoM P. Tak, Hampumep, ecim B KadecTBe CBoicTBa P B3ATa

X, X, X, Xy
Xg @X" Xs @ Xy
X Xa Xg Xga
(a) (6)
Xy X3 X, X,
x < g }
3 X,
[
Xg X5
X5 s Xs Xy

(e (2)

Prc. 1.7. (a) Canbuo cesa3Eni rpad. (6) OgrocTopoHHe cBA3BMit rpad. (B) Caabo
cesaaani rpad. (r) Hecspammit rpad.

CHJIBHAA CBABHOCTH, TO MAKCHMAJBHHM CHILHLM IOATpadom rpada G
ABNAGTCA CHJILHKE Nojarpad, KOTOPHA He CONepHETCA B MioGoM Hpy-
rom cmasHOM noprpade. Takoit moarpad BaswBaeTCH CUALHOU KOMNO-
rnenmotl rpada G. AHaJOTHYHO, 0OHOCMOPOHMARL KOMROHEHMA UPef.-
craBaseT co60¥ ORHOCTOPDOBHEN MAKCEMAaNbHHA moxarpad, a caabas
KOMNOHEHMAa — MAKCHMAaJNbHHI caabuii mourpad.

Hanpamep, B rpade G, npmBegesnoM Ha pmc. 1.7(6), momrpad
({zy, zi, x5, To}) ABAAETCA CHABHON KoMmnomerroit rpada G. C apy-
roii croposs, moprpadu ({z,, ze}) m ({z;, zs Z¢}) He sBamIOTCH
CHJIBLHHME KOMIOOHEHTAMH (XOTS M ABASIOTCHA CHABENMHA HoArpadamnm),
HOCKOJBKY OHEH cojepmarca B rpade ({z,, zi, zs, Z¢}) =, clenora-
TeJXbHO, He MaKcHMaJbHHE. B rpade, mokasammom Ba pmc. 1.7(B),
poarpad ({z,, z;, zs}) HABNAETCA OQHOCTOPOHHel#l KOMIOHEHTO.
B rpade, npupenensom ma pmc. 1.7(r), ob6a moprpada ({z,, zs, zg})
u {{xy, x5, z,}) ABAAIOTCH crabHMA KOMIOHEHTaMHu, M y 3TOTO rpada
TOJBLKO JBO TAKHE KOMIOHEHTH.
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N3 onpepenenmii cpagy se ciemyer, YT0 ONHOCTOPOHHAEG KOMIO-
HeHTH rpada MOryT mMeTh o6miwe BepmEEH. CHABEASL KOMIOHEHTa
JONI7KEA COlepAaThCA IO KpaliHeH Mepe B ONHON OXHOCTOpPOHHEH KOM-
MOHGHTEe, & OJHOCTOPOHHAA KOMIOHEATA COJNOPKHTCA B HEKOTOPOI)
cnaboit xommonmenTe mammoro rpada G.

8. Marpnunnie OpexCTABICHUA

Ilna aare6pamueckoro samanmsa rpadoB yno6HO HCHONL3OBATH
C/NCAYIOME® MATPHIH.

8.1. Marpana cmesxsocTa

Iycts nae rpad G, ero xampuya cuexncrocmu 06osHavaeTCs Yepes
A = lay] = onmpepenserca cmenyrommm o6pasom:

a;;=1, ecam B G cymecryer ayra (z;, z;),
a;;=0, ecam B G mer nyrm (z;,'z;).

Taxmm ofpasom, MaTpEna CMEeKHOCTH Trpada, H306pakeHHOTO
Ha pmc. 1.8, mmeer BER

X, X, X3 X, X5 Xg

x|/0 1t 1 0 0 0
x23/0 1 0 0 1 o
A_%f0 0 0 0 0 0
xJ]0 0 1 0 0 0
xs|! 0 0 1 0 o
x|t 0 o0 o0 1 1

MaTpEna cmemHOCTH mONMHOCTBIO oOmpefeNseT CTPYKTYPY rpada.
HaoprMep, cymma BCEX 9JIeMEHTOB CTPOKE Z; MATPHIM HAST HOXY-
CTeneHb MCXOJla BEPIIMHH Z;, 8 CYMMA 9JIeMeHTOB cToabma z; — moxy-
CTemeHb 3aX0/la BePIMAHH ;. MHEOKecTBO cTon6mOB, EMeIlomEX 1 B cTpoO-
Ke z;, ecTb MHOKecTBO I' (z;), 8 MHOJRECTBO CTPOK, KOTOpPHe HMelT 1
s cronbne z;, comapmaer ¢ MHOMecTBoM I'-! (z,).

BosseneM MaTpany cmeRHOCTE B KBajgpar. IIycrs saement aff
marpEOn A? ompemensercs mo ¢opmyae

afy) =;§1 Qi (1.14)

Crnaraemoe B ypasHenmnm (1.14) pasmo 1 rorma ® Tommko Torma,
xorma o6a YMCHa a;; U @y PABHH 1, B nporWBHOM caydae 0HO paBHO 0.
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IlockonbKy M8 PaBEHCTB Gy =ay, = 1 caegyer cymecTBOBaHEe myTH
AJEEH 2 ¥3 BOPMEHH Z; K BOPIIHHe I, IPOXONAMEro 16pes BepIHERY
Z;, TOo af}) paBHO YACHY DyTeH AJWHH 2, HAYIEX M3 Z; B Zy.

Prc. 1.8.

ANaJOTHYHO ecam asl;‘) ABIAGTCA 2JeMeHTOM MatpEnou AP, TO
a{f) paBHO wACHy myTeil (He 06A3aTe]bHO OpHeNeH MIM IPOCTHX OpIe-
Oe#) IAAHEH p, BRYIEX OT I3 K Tpe

8.2. Marpana mEqEAeEnmik

ITycrs nam rpag G ¢ n BepmmHamm ® m ayrama. Mampuya unyu-
denyuil rpada G obosmavaercs gepes B = [b;] m aBnserca marpanek
paaMepHOCTE n X m, ONpefeiAeMOH CJeRyommaM obpasoM:

by = 1, ecnim z; ABAAeTCA HaYANbHOH BOPMHMHOE AYrE ay,

by = —1, ecnim z;, ABNAETCA KOHEYHOHX BEPIMEON AYTH ay,

byy = 0, ecnm z; He ABNAETCA KOHIEBOK BOPMHEHOK AYrR a; AIA
eCJIH a; ABJIACTCA HOTJOH.

Mas rpada, npmeepgensoro Ba pmc. 1.8, marpuua mEnEReROAR
EMeeT BHJ

a a aya, a; a3 a, ag ay ay,

x| 1 1 00 0 0 0 -1 -10
3 |-1 0 01 0 0 0 0 00
g_%| 0 -1 00 -1 0 0 0 00
x| 0 0o o0 1 -1 0 0 00
xx] 0 0 0-1 0 1 -1 1 00
] 0 0 00 0 O 1 0 ‘10

Ilockonbky kakmas Ayra EHOEAEHTHA ABYM DA3IHYHHM BEpPIIAHAM,
3a HCKJIIOYOHHEM TOT0 CIydas, KOorga ayra o6pasyer meTI, TO KaiK-
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nauik cronGery muGo COXEP/KET ORME JJ6MeHT, pDaBHNI 1, m ogmm —
paBEnil —1, aEG0 Bce snemenTH cToabma paBEH 0.

Ecan G aBaserca HeOPHEHTHPOBAHHHM rpafoM, TO ero MaTpHEIA
MHEOERCHIOHEN ONpefeAseTcs TAK Ke, KAK H BHIIe, 832 HCKIIUOHHOM
TOTrO, 9TO BCe JJEMOHTH, paBHNe —1, samemawTca Ha +1.

9. 3apgaun

Xy

Xs s sz

x“ < xs

Pac. 1.9,

1. lan rpada, npmeemennoro ma pmc. 1.9, makTh

T (z,), d ;
® T8, (@ dren
() I'* (z,), () MaTpEmy CMexHOCTH A,
(r) T2 (z,), (3) MaTpany mEmumenmmi B.

2. Nan rpada G = (X, A), msobpamernsoro Ha pHc. 1.9, ommcats
(a) mopomnenmuit monrpad ({z;, zs, zi, zs}),
(6) ocroBmmit moxrpad (X, A’), rae (z;, z;) € A’ Torma u Toan-
KO TOraa, Koria i - j HEYeTHO,
(B) ocroBmHI moxgrpad monrpada ms (a), onpenexeHHLl TaK e,
xar B myHkre (6).

3. lna meopmenTEpoBaHHOro rpada AOKAasaTh, ITO B HOM THCIO
BepmMH C HeueTHO# cremeHbio verHO. (Hyns — werHO® wmCHO.)

4. Tloxasath, wro aw60i moiAHNE cEMMeTpEHYecKmE rpad comep-
MHET TAMEJABLTOHOB IHKJI.
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5. Ilokasare, 9TO paEr MaTpENH MENuAeHnE#d B cBasHoro rpade
¢ n BepmmHaMm paBeE n — 1; 3aTeM H0KasaTh, YTO PAHT MATPHIL
uanunerned B rpaga ¢ P (cnra6umm) Kommomentamm paBed n — P.

6. JlokasaTh, 9TO HEODHEHTHPOBAHEWH CBASHHEA rpad ocraercs
CBA3HHM IOC]e yAaJeHHs HeKOToporo pe6pa TOrfa ® TOJNBKO TOTAA,
KOTZla 3T0 pe6po NpHHA/JIeRAT KAKOMY-HAGYb MUKy RaHHOTO rpada.

7. JlokasaTh, 9TO HEODHEHTHPOBAHHWHA rpad ¢ n BepmEHAME
(a) comepxnT mo kpaiimeir mepe n — 1 peGep,
(6) ecim copepxmr Goaee, wem n — 1 pe6ep, TO mMeeT mo
KpaiHe# Mepe ONHH IUKII.
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AOCTUXUMOCTb U CBA3HOCTD

1. Beegenme

B mpegmpymei#t raaBe oTMedasoch, YTO CHCTEMY CBA3H di06oi
OpPraHMSamUH MOKHO HHTOPIPETHPOBATH KaK rpad, B KOTOPOM JIORH
Ope/iCTaBIeHN BODIMHEHAMH, a KAHAJIH CBA3W AyraM. EcTecTBeHHO
OpH DACCMOTPEHHA TAKOH CHCTeMH IOCTABHTH BOIPOC, MOKET JI
napopManus OT OQHOTO aENmAa Ir; GHTL mepefaHa APYroMy JALY Zj,
1. @, CymeCTBYeT JH OyTh, HAYMHE OT BOPIEHH r; K BOpPIIAHE I
Ecam taro myrs cymecTByeT, TO TOBOPAT, UTO BepmmHa Z; docmu-
acuma @8 ry. Mo:KHO HATEpECOBATHCA NOCTHAKEMOCTHIO BOPIINHH Ij
43 BEPIEHH Z; TOABKO H& TAKHX IYTAX, AJHHH KOTODHX HE IIPeBOC-
XONMAT 3ajaEHOHd BeqHIMHH. [leanio arToff raaBm aBiaserca obcysxme-
HAe HeKOTOPHX (pyHAAMEHTaJbHHX HOHATHH, KacaloMAXCHA KOCTHKH-
MOCTH M CBOMCTB CBASHOCTH rpafioB, a TaK/Ke BBe[eHR® PsANa BECHMA
BAKHEX aJATOPHTMOB.

Ha asuke rpagos, mpemcraBisiomux OpraHH3aNHuE, B HaCTOAMeIl
€l1aBe@ PACCMATPHBAIOTCA CJXYIONEEe BOLIPOCH:

(i) KaxoBo HamMeHBImIee 9HCHO COTPYAHHEKOB, NI KOTOPHX Kas-
IN@A APYToil COTPYAHEK B 9TO# OPraHM3AaUHH MOMKET GHTH TOCTHRAM?

(ii) KaxoBo mamGonbmee 9HCIO COTPYRHHKOB, KOTOPHE B3aMMHO
AOCTHREMBI?

(iii) Kax mexny coGoii casanu Bompocu (i) m (ii)?

2. Marpagst gocTH:KHMOCTEM M KOHTPAROCTR:KAMOCTEi

Marpana pocrmxummocreit R = [ry;] ompemensierca caemyiomum
obpasoM:

{ 1, €CJd BeplIHHa z; JOCTHKEMA U3 I,
r =
y 0 B IPDOTHBHOM Clyudae

MnoxectBo Bepmur R (z;) rpada G, ROCTHKUMBIX N3 SafaHHOI
BOPIITHKL I;, COCTOHT M3 TaKMX 3JeMENTOB I;, MIA KoTopwux (i, j)-ii
371eMeHT B MATpHIe RocTmKEMocTeil pasen 1. Ouemngro, aro Bee
NHAroHaJbHHE djeMeHTH B MaTpune R paBuul 1, nockoanky xaskmas
BepmuHa ToCTHHAMA B3 ceba camoil ¢ moMompio myru aanew 0,
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Ilockoavky I (z;) ABAAeTcA MHOMECTBOM TAKHX BepIIHH ZIj,
KOTODHE [OCTHKMME HM3 Z; ¢ HCHOJB30BaHHeM myTedt AnmEH 1 (T. e.
I (z;) — Taxoe MHOKECTBO BepIIHH, AJA KOTODHX B rpade cyme-
CTBYIOT AYTHE (Z;, Z;)) ¥ DOCKOABKY I (z;) ABASAETCA MHOKECTBOM Bep-
HIEH, JOCTEKAMHEX M3 I; C IOMOMBIO IyTed MIMEH 1, To MHOMeCTBO
T (T (z,)) = I'? (z;) cocTouT B3 BepmMH, JOCTAMKHEMEX U8 Z; C HCIOJIb-
30BaHHEM IyTel AamBH 2. ABasoruqno I'? (z;) ABIAETCA MHOMKECTBOM
BEepPIIAH, KOTODHE JOCTHKMMH M3 I; C HOMOINbIO IyTeld NIBHE p.

Tar xax no6asa BepmuHa rpada G, xoTopasg ROCTHIKEMA M8 IZ;,
nosskHEA OHTH AOCTHKEMA C HCIOJbH3OBAHHEM NYTH (BJIE OyTeH) man-
e O, mam 1, mum 2, ..., wiu p (¢ HEKOTOPHM KOHEYHKM, HO, BO3-
MOKHO, AOCTATOYHO GOABIIEM 3HAYEHHEM p), TO MHOKECTBO BEpPIIHH,
DNOCTHKHMEIX M3 Z;, MOMKHO IDEACTABATL B BHJE

R(z)={z}UT(z)UT2(z:) U ... UTP (). (2.1)

Taxam oGpasom, MEOkecTBO R (r;) MOKeT GHTb DOJYYeHO IOCIENOBA-
TEJILHHM BHIOJHeHEeM (CI6Ba HampaBo) omepammit obpeMHEHHSA
B coorHOmen®H (2.1), Ko Tex mop, MOKA «TeKymee» MHOKECTBO He mepe-
CTaHET yBEJHMYMBATHCA NO pasMepy NpH OYepefBoil omepandu obmne-
pruenas. C sToro MoMeHTa mocJexyomme ouepanmd He OyayT naBaTh
HOBHIX YJIeHOB MHOKeCTBYy H, TakuM obGpasom, Gymer ob6pasoBaHo
RocTHKEMOe MHOkecTBO R (z;). Umcao o6bemEeBui, KOTOPO® HYMXKHO
BHIOJHATh, 3aBACAT OT rpada, HO, 0YEBHAHO, 9TO YHUCJO p MEHbINe
g@cia BEPIIEH B rpade.

MarTpuny RocTH:KEMOCTEH MOKHO HOCTPOHTH Tak. Haxommm nmocrm-
mumMue MBoxecTBa R (z;) nis Bcex BepmmE z; € X cnocoGom, npuse-
nenaum Bume. onoxem ry; = 1, ecau z; € R (z,), m ry; = 0 B npo-
tusEOM caydae. Ilosygsemras takuM obGpasoM Marpmma R sBisgercs
MaTpuanei JOCTHKEMOCTEH.

Marprna komTpapocTmxmEmocrei ') Q = [g;] oupenenserca cue-
ayomam obpasom:

1, ecIM M3 BeDNHMBH Z; MOKHO AOCTHTHYTH BEPMIEHY Z;,
9= 1 0 » npormemoM cryuae.

KouTtpagocrmxumum mHOKecTBOM ( (z;) rpada G sBAAGTCA MHOKE-
CTBO TAKHX BepIIHMH, 9TO 3 1060l BEPITAHK 3TOT0 MHOKECTBA MOK-
HO JAOCTUTHYTh BEPIIMHY ;. AHAJOTEYHO LHOCTPOGHHIO MOCTHKUMOTIO
muokecTBa R (z;) Ha ocHOBe cooTHOomenms (2.1) mommHO «cdopmmpo-
BaTE» MHOKeCTBO Q (Z;), HCIONB3YA CJeAyIOmee BHpArKeHHE:

Qz) ={z}UT () UT2(z)U ... UT P (z1), (2.2)
rge I'2(2))=T"1(T"1(z;)) = 7. 1.

1} B opmrumane DpEMEHAGTCA TOPMEH Sreaching matrize. Mu Gyaem mcmomas-
80BATh TAKIKE® TEDMEH «mampuya oSpamnur Jdocmuxumocmeildr.— lpum. ped.
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Onepanae BHIOOJHAKTCA CleBa HAIPABO O TeX IOP, MOKA OYepeHAas
onepamus 00BeNHHEHES He NEPECTAHET MSMOHATDH (TORYMIES» MHOK3-
c1Bo Q (z)).

Hs ompenenenmit owesmaHO, uT0 cToNGen z; MaTpEnm Q (B Korto-
poM g4y = 1, ecam z; € Q (), ® ¢;; = O B npoTMBHOM Cayuae) coBna-
naer co crpokodi z; marpanu R, 1.e. Q = R%, rne R* — maTpuna,
TPAHCIOHHMPOBRHHAA K MaTpmme HaocTEmEMocresr R.

2.1. Ilpamep

Haiite MaTpEOH [OCTEIKEMOCTEX ® o6paTHHMX ROCTEMREMOCTelH
nas rpada G, npEBepiensoro Ha puc. 2.1. Marpuna cuemmocTn rpags

Xy

G mMeer BHR

xx [o 1 0o o 1 o o]
3 /0 1. 0 1 0 0 o
x3 16 0 0o 1 o o o0
A=x, [0 0 0o o 1 0 o
x |0 0 0 0 1 0 ©
x [0 0 1 0 o0 o0 1
x23 10 0 0 1 0 1 O]

MnuoxecTea ROCTEKEMOCTeH HAXOAATCA € DOMOIBIO COOTHOME-
Hug (2.1):

R () = {24} U {2, 25} U {x3, Ta» Z5} U (%2 2s, 75} =
= {Zyy Z3, T4y Ts),
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R (z5) = {22} U {22, T} U {22, Zas T5} U {220 70, 25} =
= {zZs L7y 15}1

R (z3) ={zs} U {z} U {zs} U {z5} =
={Z3» Zus s}

R(z))={z}U{zs} U{zs} =
={z;, s}

R (z3) ={zs} U {zs} =
={zs},

R (z6) = {Zs} U {Z3, T2} U {24, Za} U {Z3, @5, 21} U {Z., Z5, Ze} =
= {Z3, Zy, Ts, Ty T7},

R(z7) = {z7} U {zs, z6} U {23, Ts, 20} U {20 5, T} =
= {z3, s, 5, Zg, 27}

CienoBaTe bHO, MAaTPHALA JOCTMKEMOCTEH AMeeT BHJ

X, X, X3 X, X5 Xg X

- -0 0 =00
Pt ek et Pt Pk b et
- - - -]
- — 0 0 0o o o

©C O O O O = =
gt O et et ek e

X
S = = O = = X
OO0~ =~ 0O~ O
OO = - OO
OO0~ =0 0 o
oo —~0o0 oo
- - O O
N T =

®
~
=)

Crenyer oTMETHTH, YTO IOCKOJBLKY Bce aaemenrn matpmiy R n Q
paBeH 1 mam 0, TO KamKAYI0 CTPOKY MOIKHO NPAHHTH B JBOHMUIIOIN
jpopme, ®enoandya opHO (mmm OGosabmie) MamBEAWX cI0B. Takam
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o6pasoM, HaxoeEme MaTpu R m Q ¢ BHYMCAHTENBHOH TOYKE 3pe-
HEA ABAAGTCA NOBOABHO NPOCTOH 3afadveil, MOCKOALKY o6BnegmHeHRme
MHOJKECTB B COOTBETCTBEE ¢ BHpasmenmamu (2.1) m (2.2) m cpaBrenme
«TeKYITHX» MHOKECTB HOCJ® KaA0oro o6'beHHeHAS, NPOBOXEMOE IS
BHACHEHHA He06XOAMOCTH NPONOMKEHAA NPONECCa MOCTPOCHES COOT-
BETCTBYIOIEX MHO’KeCTB,— BCe 2T0 MO)KHO OCYmecTBRTh Ha IBM
¢ TOMOINBIO ONHOM JOTHYeCKOd omepamum ).

Tak rax R (z;,) ABAAeTCA MHOMKECTBOM BEDIIHH, AOCTEKEMHX
a3 Z;, a Q (z;) — MHOMKeCTBOM BepPIIHH, M3 KOTOPHX MOKHO [OCTAT-
BYTs 3, 10 R (2;) N Q (z;) — MBOMKeCTBO TAKHX BOPHIME, KayKAaf
H3 KOTOPHX NPHHANNEKHT OO KpaiHeidl Mepe OXHOMY myTH, HAYIEMY
OT Z; K Z;. ITH BepIIMEN Ha3HBAITCA CYMECTBeHHKMY HJIH HEOM beM-
AEMBMU OTHOCHTEIBHO NBYX KOHLEBHX BepmEH z; u z; [7]. Bce
ocranbHEe BepmHEH I ¢ R (z;)  Q (z;) HaswmBaloTcsa HecymecTBeH-
HEIMH HIE USORMOYKNMU, IOCKOJBLKY HX yAaJeHHe He BIHAET Ha myTH
oT Z; K Zj.

Matpaoe mocTRHMOCTeH M OGPATHHX AOCTHKEMOCTEIR, ompeqe-
JeHHHE BHIIE, ABJAITCA HOJHKMH B TOM CMHCIE, U4TO Ha NJAHHH
nyTel OT z; K T5 Hé HAKJIAXWBAJIACH HAKakme orpannyenns. C xpyroi
CTOPOHH, MOKHO ONPEAEJATH MATPHOH 02DAHUNEHHHT NOCTHRAMOCTE
H KOHTPAROCTHKEMOCTEH — HaN0 HOTPe6oBAaTh, YTOGH JJIMHH IyTei
He OpPeBHINAJH HEKOTOPOTO 3aJaHHOI0 YACIAA. ITH OrPAHHAYCHHHE
MATPHIH TOKe MOTYT 6HTh HOCTPOCHH C HOMOIHI0 COOTHOmMeHm (2.1)
m (2.2) — Hajo NeiicTBOBATH TOYHO TAK, K&K PaHbINE, IPH HAXOMKIE-
HHH «HEOTPAHHICHHHX» MATPHL, HO TONBKO Temeps p Gymer Bepxmed
TpaHANEHd IMHH JXONYCTEMHX NYTei.

I'pad masuBalor mparsumusHuM, €CIA H3 CYmMECTBOBAHHA XYT
(x4 z5) B (x5, zx) caepyer cymecTBoBamme nyru (z;, z). Tpanau-
muskbtix samwukanuexn rpada G = (X, A) sasuserca rpad Gy =
=(X, AU4’), rne A’ saBAAeTCA MAHAMAJBLHO BO3MOKHHM MHOKe-
CTBOM JyT, HeOGXOMEMHEX A TOro, 906N rpad G, 6Hn TpaHIHTHB-
HHM. Tak Kak IyTh OT Z; K Z; B rpade G 0JKEH COOTBETCTBOBATE yTe
(rs, z;) B Gy, TO COBOPIIEHHO OYOBHAHO, UTO MATPHIA NOCTHMKHEMO-
creit i{ rpaga G DOYTH WMOJHOCTHIO COBHARAGT ¢ MATDRIEH CMemK-
HocTH A rpada Gy, — Halo TOJBKO B MATPHNE A IOCTABATh HA IJaB-
Ho# RWAroHAJH ONMHHIH,

3. Haxoxienme CHILHHX KOMDOHEHT

Caarnas xommomenra (CK) rpada G 6muaa onpemenens B mpems-
Aymell raaBe KAK MAKCHMAaJbHHI CEALHO CBASHHI nofrpad rpada G.
[fockombky B CEABHO cBasHOM rpaje DPOHSBOJILHASA BepIIAHA I
mocTmKAMA B3 J060i Apyro#t BePNIMAH z;, TO B OPHEHTHPOBAHHOM

1) B ra. 7, nocBAMEHHON H3YYCHHK depesves, IPHBOAATCA ApyrEe crnoco0H
mocTpoenns MEOeCTB R (z;) m Q (2;). 9TE cmoco6u Gasupymrcs Ha mpomexype
PacCTaHOBKH IOMETOK B BePITHHAX rpada (IOMETKHE CTABAT HAYKHAS C BOPIIEEN z;).
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rpade cymectByer onHa m Toabko opHa CH, comep:kamasn mammyio
BepImImMHY z;. B caMoM fexe, eciim Gu BepmimHa z; DPAHAMIEKANA IBYM
win GonpmieMy 4YHCAY CUJIBHRIX KOMIOHEHT, TO CYMECTBOBAJ OH
nyth u3 ni6oif BepmmEn ogHoii CH B mpoussoabhyw Bepmmay
npyroit CH m, cremoBarenpHO, 00beMHEHAO 3THX CHJIbLHEIX KOMIO-
HeHT OHJIO Obl CHABHO CBA3HEIM FpaoM, YTO HPOTHBOPEYAT OINpe-
neaenmio CH.

Ecnn BepmmEa z; OTHOBPEMEHHO ABAAETCH HAYaJbHON M KOHEYHOMR
BEPIIMHOM IYTH, TO MHOKECTBO BOPIIMH, CYDIECTBEHHHX OTHOCHTEIb-
HO BTHX ABYX HAeBTHYHHX KOHIOB (T. €. MHOKECTBO BEDPIIMHE HEKO-
TOPOro HAKIA, COAePKAIero I;), COBIafgaer ¢ nepecedenmeM R (z;)
N Q (z;). llockoapky BCce aTH CyIMECTBEHHHE BEPIIHHE JOCTHAKHMEL
H3 Z; W, KPOMe TOT0, M3 KaKIOH TaKoHi BepIIMHEI NOCTH:KHMA Bep-
IMAA Z;, TO BCe OBM B3aMMHO JOCTMIKUMEI. DBodee TOro, eciu Her
Apyroil BepIIMHE, CYMECTBEHHOH OTHOCHTEJBHO KOHIOB X; H I,
to MHOMKecTBO R (z;) N Q (z;), xoTopoe MoKeT OHTE HOCTPOEHO
¢ mcmoxan3osanmeM cooTHomeRmi (2.1) m (2.2), ogmosnagno oupepe-
aser CKR rpada G, comepmamyrn sepmmry z;.

Ecam srm BepmmaH ymaamtsk u3 rpadga G = (X, I), 1o B ocras-
memcHa mopoxpeHHoM moarpade G = (X — R (z;) N O (z;)) Mox=O
TakEM ke cmocobom Buaennts HoBylo CH, comepxamymno z; € X —
— R (z;) N Q (z;). 3Ty mpouenypy MOXKHO HOBTOPATH A0 TeX IOP,
moka Bce BepmuHs rpada G He 6yAYT CrPYOONPOBAHK B COOTBETCTBYIO-
mue CH. Iocne 3aBepmerma 310#t mpouenypn rpad G 6yner pasbum
Ha CBOM CHJIbHBIE KOMIOHEHTH [3].

T'pap G* = (X*, I'*) onpeneaserca Tak: Ka;kgas ero BepOIMHA
OpefcTaBifAeT MHOKECTBO BEPINNH HEKOTOPOH CHJIBHOM KOMIOHEHTH 1)
rpada G, myra (2f, zJ) cymectByer B G* TOTAa H TOJBKO TOTAA,
Koraa B G cymecrByeT ayra (z;, r;), TaKad. 9TO I; IPHHATIEIKAT KOM-
HOHeHTE, COOTBETCTBYIOINeH BepIIEHEe If, a Z; — KOMIOHEHTE, COOT-
BeTcTBywomeit Bepmmae zi. I'pad G* masmBawT Kondencayueii rTpa-
¢a G.

CoBepmeHHO 09eBHAHO, YTO KoHAeHcauusa G* He COHEPKMT IUK-
710B, OCKOJIBKY HAJIAYAE IHKJIA O3HAYAET, 9TO NOGHE BEPIIAHK 3TOTO
I[AKJa B3aEMHO NOCTHKHEMEI, a TOJITOMY COBOKYNHOCTh BCEX BEePIIHH
naki1a npuEagie;xur Hekoropoit CH B G* m, ciegosatennHo, comep-
muarca B CH rpaga G, 9to npoTEBOpeIMT ompefe eHHI0 KOHIEHCALINH,
B CHNy KoToporo BepmuHu E3 G* coorsercrsyior CH B G.

3.1. Mpumep

Hdna rpada G, npmBeneHHOro Ha pmc. 2.2, HAWTH CAJIbLHHE KOM-
[MOHEHTH H IOCTPOMTH KOHAeHcAmmio G*.
Haiinem CH B G, comepxamyio BepmmuHy I,.

1) Pa3HuM KOMIIOHERTAM W3 G COOTBETCTBYIOT pasHHe BePMHAHW B rpade
G*.— IIpux. ped.
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X, Xg Xo X
X3
Xs
% Xs X1
X7
X3 .
Xs
Prc. 2.2. Fpad G.
X_I‘S{xlr X2y X5 xi X:‘{X‘, xlo}
1 ‘ X3={xns X120 X3}
L¥ —— T
x3={x3} X$={Xe, X7, X}

Puc. 2.3. G* — Kompencanus rpada G.

N coormomenmi (2.1) m (2.2) momyuaem

R (z)) = {z1, 24, 24, Z5, Zsy 7, Tg, Zo, Zy0}

Q (zl) = {zls Zg, Tgy Ts, 1'3)-
Caeposarensno, CK, conepxamas Bepmmry z,, ABIAETCA MOPOKIOH-
HHM noprpadom
(R (24) N Q (20)) = ({4, 23, 5, Zo}).
Ananormuro, CH, conepramas BepmEHY s, €cTs IOPOKACHHKIR
moxrpad ({zs, z0}),CH comepmaman z, — momrpad ({zi, z;, zo}),
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CH, comepmamasn z,,—moarpad ({z,,, Z;,, 2,3}’ 1 CH, comepmxamas
zy,—mnoarpad ({z;}). Crenyer ormermts, uwro mocaeguaas CK co-
CTOAT H3 eJMHCTBOHHOH BepmEHH rpada G.

Kormpgencamua G* upmsegeHa Ha pmc. 2.3.

IIpomenypy, omMCaHHYI BHIIe U CBA3aHHYIO ¢ Haxoxaenmem CH
rpaga, MOKHO ceaars 6oaee yno6Hol, ec.im HeNOCPEACTBEHHO ICIOTb-
3oBath MaTpuOH R m Q, ompeneneEHHe B mpeamecTBYIOMEM pasjee.
Mycte sanmce R® Q o3Hagaer mosmeMeHTHOE YMHOMEHHE BTHX
MaTPHI; TOTa CPa3y BEAHO, ITO CTPoKa z; MaTpEuK R ® Q copepmut
eUHHIIEl TOABKO B T€X CT0JA6LAX Z;, JIAA KOTOPHX BHIIOIHAETCH YCI0-
BIe: BeDIIMHL Z; M Z; BBARMHO JOCTH;KUME; B APYIHX MeCTaX CTPOKH
z; croar Hyan. Takmm 06pa3oM, [Be BePMIOHHI HAXOAATCH B ONHOH
a Toit ;ke CH Torma u ToapKO TOrga, KOrga COOTBETCTBYIONIEE UM CTPO-
ku (maa cronbun) B marpane R ® Q mpewrmann. Bepmusm, koto-
PHIM COOTBETCTBYIOT CTPOKH, cofiep:xamme 1 B croubue z;, oGpasyior
muOKkecTBo BepmuH CH, copmepskameit z;. Orciooma MUHOBEHHO clie-
nyer, uro Matpany R ® Q mosxuo npeo6pasoBaTs myTeM TPaHCIOHH-
POBaHHEA CTPOK H CTONGNOB B GI0YHO-{AATOHAIBHYIO ; KaMKIadA M3 HHa-
TOHAJbHHX HOAMATPHI 3To# Matpmpou coorserctByer CH rpajda G
H COOEep:KAT TOJBKO eIHHHTHHIE 3JIEMEeHTH; BCe OCTAJbHEIE 3JIE€MEHTH
6/109HO-IHAroHAJbHOA MATPULH DPABHH Hyaw. J[1A OpuBegeHHOrO
paHee mpmmepa Marpuua R ® Q, npeo6pa3oBaHHAA COOTBETCTBYIO-
muM o0pasoM, mMeeT BHL

Xy X3 X5 Xg Xg Xyg X4 Xy Xg Xy Xy5 Xi3 Xy

x| 1 1 1 1
NIRRT B Y R . 6 .
X 1 1 1 1
xg |11 1 1
x 1 1

R®Q="*° 0 0 0
X0 1 1
X, 111
X, 0 0 |1 1 1 0 0
X, 111
X1y 1 1 1
X, 0 0 0 1 1 1o
Xy3 1 1 1
Xy 0 0 0 0 1
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4. Basnl

Basa ') B rpada ectp MHOKECTBO BEPIIHH, H3 KOTOPOTO NOCTH-
sROMa Ji00asg BepmmHA rpada M KOTOpoe ABJIAETCA MHHAMAJLHEIM
B TOM CMEICJIe, YTO He CymecTByeT coGCTBeHHOro MOMMHOKecTBa B B,
o61afaomero TAKAM CBOHCTBOM RocTHREMOCTH. Ecam MH oGosHaumMm
yepea R (B) MHOMecTBO BepmHH, AOCTHKMMHX H3 BePIIHH MHO-
mecrsa B, T. e.

R(B)= x,l'éBR (1), (2.3)

10 B saBaserca 6asoif TOTA@ W TOJBKO TOTAA, KOTAA
R(B)=X H VS < B (R (S)+# X). (2.4)

Bropoe ycaosme (R (S) = X VS — B) B coorHomennn (2.4) sKBH-
BaJIeHTHO yTBepkAeHHIO: z; ¢ R (z7) mna a06HX ABYX pasiIEYHHX
zy, z; € B, T. e. BepmeEHa H3 B He focTHkEMa m8 aioboit Apyroi
BepmMHEHH B. 3ra sKBUBAaJGHTHOCTH MOKer GHTH 060CHOBAHA CIAEAYIO-
muM o6pasoM. Tlockoasky maa awbux nsyx muomecrs H m H' <= H
mu uneeM, uto R (H')= R (H), T0o ycaosme R(S)s= X VS c B
9KBHBaJEHTHO cooTHomeHHI0 R (B — {z;}) = X naa Bcex z; € B;
ApyruME choBamH, R (z;) € R (B — {z;}). Iocaenmee yciaoBme
MOkeT OHTh BHIOJHEHO TOTAA M TOJABLKO TOTAA, Korma z; § R (B —
— {z;}), T. e. Torma m TOABKO ToOrHa, Korma z; & R (z;) AnA an6HX
Ty Xy E B.

Nrak, Gasoit aBaseTca Takoe MHO:KecTBO B Bepmum rpada G,
KOTOPOe YAOBIETBOPAET CJAEAYIOMHM ABYM YCJAOBHAM:

(i) xampas BepmuHa rpada G mocTmskEMa XxoTA O M3 OxHOU Bep-
mMEHH MHOKeCTBA B m

(ii) B B HeT BepIMHH, KOTOPaA AOCTH/KHMA M8 APYTOH BepMUHH
MHOKecTBa B.

N3 atax ABYX yCA0BHH MTHOBEHHO NOJYYAIOTCA ClAeAyIOImuEe yTBEp-
KACHHA:

(a) B8 MHOKecTBé B HeT ABYX BepMIMH, KOTOPHE IpPHHAAJIEKAT
ogHoi z Toit ke CH rpada G,

(6) B x106om rpade Ges HEKIOB cymecTByer egmHCTBeHHas (asza;
OHA COCTOHT M3 BCeX TARMX BepmEH rpada, NONYCTENeHH 3aX0Aa
KOoTOpHX paBHH 0.

JloxasaTeabCTBA 3THX ABYX YTBepKAEHHH OPOCTHE M Hemocpep-
CTBeHHO ciefyloT m3 ompepmeixenmit. (Cm. sagaum 2.3 m 2.4.)

Taxum oGpasoM, B cuny yTRep:xpaeHml (a) m (6) Gasa B* kompeH-
canud G* rpada G cocTonT M3 TAaKUX BepmHH rpaga G*, moaycreneHm

1) Uam eepwunnas Gasa.— Mdpum. ped.
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saxona kKotopmx paBHH 0. CremoBatennno, 6asm rpadga G MoxEO
crpomth tak: m3 kaxpoid CH rpada G, coorBercreyromeit Bepmmme
6asm B* xompencanwm G* Hajo B3ATH N0 OQHOH# BepImIEHE, T. €. €CIH
B* = {S§,, Sg, ..., Sy}, TAe m — 49HCIO0 BEPMKH-MHOKECTB Sy
B 6ase B* rpada G*, To 6azoit B aBaserca NPOR3BOJBHOE MHOKECTBO
{zi), iy -+ s x,m}, e z;, € §;.

4.1. Tpnamep

Has rpada G, upusenennoro Ha puc. 2.2, KormeHcaums G* moxa-
3aHa Ha puc. 2.3. Basoit rpaga G* asaserca muomecrso {z}, z%},
HOCKOJBKY Zi M I3 — eIMHCTBeHHHE BEPMHHHN B G* ¢ mOJycTeneHaMa
saxona, pasaumm 0. Basamm rpada G ssasorca {zj, x,.}, {3, 5}
B {T3, Zy5}.

IloraTme, nBoficTBeRHOE MOHATHIO Gaah, MOMKHO AATh CJIONYIOM{HM
ofpasoM Ha A3WKe KOHTDaJOCTHKMMEX MHOMecTB Q ().

Anmubasa B ectb mEOKecTBO BepmuH rpaga G = (X, I'), Takmx,
910

QB)= U Q(z)=X
xieB

(2.5)
VS = B, Q(S)+ X,

T. 6. B ecTh Takoe MHHEMAIBHO BO3MOMKHOE MHOMKECTBO BepHIRH,
4TO KAKOBA OB HE OHlIa BepmuHa rpada G, U3 Hee JOCTHKUMA HEKO-

Topad BepmuHa B B. CBoiicrBa anTm6a3 aHanoruvHh cBoiicTBaMm 6as,
HAJ0 TOJBKO (IPAMbIE» NOHATHA 3aMEHHTHh Ha JBoicrTBeHHue. Hanpu-
Mep, COOTHOMERHA (2.5) 3KBHBAJIEHTHH ABYM YCIOBHAM, NOLo6HEM (i)

u (ii), nDpuBeneHHHM BHIIe, HeoOXOAMMO JHAINL 3aMeHHTh B ma B
¥ CAeJaTe APYrue «ABOHCTBeHHHE» upeoGpasoBamma 1).

Takmm o6pasom, antu6asa kougencamuu G* eCTb MHOKECTBO Bep-
muH B G*, moxycrenenn mCXofa KoTopux pasHs 0, m anTE6Ga3H camo-
ro rpaga G crposarca u3 aHTHGa3W rpada G* mytem BHGOpa MO OXHOM

BepmIMHE B KaKI0H BepmmHe-MHOMecTBe aHTHGasw B* — momo6-
HO TOMY, KakK 3TO [eJaJoch paHbme AJxs 6as.

B npmmepe ¢ rpadom G, m3obpaskeHHHM Ha pHC. 2.2, KOHIEHCALHS
G* (pmc. 2.3) comepXHET TONBKO OfHY BepmAHY Z§ € HOJYCTeNEeHbIO
mcxona, pasHo#t 0. Takmm oGpasom, anrm6asa rpaga G* ecrs {z3},
a autmbasamu rpada G asaawTca MHOKectBa {z;}, {z;} ¥ {zq}.

1) Vcnosue, poiictsenHoe yemosuio (i), $opmyampyeTcs, HanpEMep, Tak:

u3 moboii BepmuEH rpada G gocTAKEMa XOTA GH 0JHA BepmMIEBA MHOKeCTea B.—
IIpum. pead.
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4.2. llpumeneHNEe K HCCACROBAHHI0 CTPYKTYPH opraHmaammi

Ecam rpa¢ G mpencraBiser CTPYKTYPY DPYKOBOACTBA HJH BJIHSA-
HAA HEKOTOpPO# OpraEMsammm, TO WIeHH KaKIOH CHIBHOH KOMIO-
HeHTH rpaga G HWMel0T paBHYIO BJACTh WJIH PaBHOE BIHAHHE APYT
HA APYra, KaK 3T0 MoKeT OHTH, HampEMep; ANA CAyJas KOMHTETA.
Basy rpada G M0KHO MHTePIPETHPOBATh KAK «KOAJHIHION, BKII0YAI0-
My HAEMEHbIIee 9HCJO JHN, o0JAaal0mEX BJACTHI0 HAN KaXKIRM
ganesom oprammsamax [2, 3.

Ilycts Ha MHOMKECTBe BepHIAH, IPEACTABIAIIIAX WJICGHOB TOH e
caMoif OpraEA3amEA, HOCTPOeH HOBA rpad G', oToGpaxalonuit Kana-
AH CBA3H, TAK YTO KaKAasa Ayra (z;, z;) 03HAUaeT, 9TO Z; MOKET CBA-
auBaTtheA ¢ ;. I'pad G', KoBewHO, KaKHM-TO 0fpasom cBAsaH ¢ rpa-
dom G, HO coBceM He oueBHAHHM oGpasoM. HammeHbmee wamcio JHN,
KOTOPHE 3HAIOT MJIH MOTYT IOJYYATH BCe CBefileHHs o6 opramMsamuH,
obpasyer ogny ns antm6a3 rpada G’'. MoxkmHO yTBep:KmaTh, 9TO
asppeKkTHBHAA QA yupaBJeHAS 3TOM OopraHm3ammeil Koaammua Gyaer
MHORecTBOM Jamn H, ompepmeiaseMHM ClIefyOINEM COOTHOINEHHEM:

H=B(G)UB(@©), (2.6)

rae B (G) u B (G') — onna n3 6a3 rpada G = ogna u3 anTEGa3 rpaga
G’, subGpagHne Tak, uTo6H |H |—umcao aomeit B H —Guiao MHHE-
MaJBHBM.

IlpuBenennoe BHIE ONHMCAHHe OPraHH3AIMHA C HCIOJIb30BaHHEM
fA3HKAa TeopHmE rpadoB sBAAETCA, KOHETHO, CHIBHO YIPOIMEHHHM.
OnuH M3 HETOCTATKOB, KOTOPHH cpasy Gpocaerca B riasa, COCTOHT
B TOM, 4TO He;KeJaTeJdLHO, YTOOH JaHI0, He BXogamee B B, nmeao 6H
BJACTH HAJ JHOOM H3 B.

CnenoBaTebHO, MOKHO OHDPENGNHTh CUAbHYI0 6asy ') Kak Takoe
MHOKecTBO BepmmE By,= X, uro

RB) =X, Q(B) =8, (2.7a)
- §
R(S)#<X  VScB,. (2.76)

Bropas gacte ycuoBma (2.7a) BupaskaeT ToT (QAKT, ITO TOJBKO
Jgnua B3 B, MOTYT MMeTh BJIAacTh Haj APYTHMH JHIAMHA, TAKMKe IPH-
Hajgne:xamuMn By, u MokeT GHTH 3aMEHEHO 9KBHBAJICHTHHM YCIOBHEM
R(X — Bp) N BP,, = (. 310 ycloBHE 03HAYAeT, YTO €CAM BepIIHHA
n3 CH rpaga G Bxonut B B,, T0 H KakfafA BEPIIHHA H3 TOH 3Ke caMoi
CK nomxnma Bxonurs B By. IlockonbKy 6asa B G* ecTs MHOMKECTBO
TAKEX BeDMHH, IOJYCTENeHH 3aX0fa KOTOPHX paBHH 0, T. . HH ofiHa
W3 9THX BepImIHEH He JOCTHKEMA HH H3 KaKOHi Apyroi BepmuHH rpada,
T0 cuasHas 6a3a B G ecTh 06befMHOHEe MHOKECTB BepmmH 6asH rpa-

1) B opmrunaixe spower-basiss.— Hpux. ped.
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da G*, T. e.
B,= U S, (2.8)

S,6B*

Has rpada, npusenenroro B npumepe 4.1 (puc. 2.2 m 2.3), cnab-
mas 6asa G ecrb {T3, Ty, &1y, T13}. MOKHO OTMETHTH, 9TO, €CIH ITOT
rpad DpeNcTaBIAET OPraHKM3alAIO, TO T3 MOKHO PACCMATPUBAThL KAaK
PYKOBOANTENA, 06J1a0a0MeEro BAACTHI0 HAJ BCEMH MHOMKECTBAMII JIHIY
z%, z5 m z§, B TO BpeMA KaK {Zy), Zy,, &,3} MOKHO paccMaTpHBaTh
KaK KOMHTET, MMEIOHmAH BJACTh Haj ABYMA MHOMECTBAMH JHMI[ I3
u z3.

5. 3apaum, CBA3aHHBIE C OrPAHMYEHHOH NOCTH;KMMOCTBHIO

B npepmaymem pasgene npu onpegeneHuy 6a3n ME HCXORHIM
3 HeOTPAHUYEHHHX JOCTHRMMHIX MHOKeCTB. EC;IM pacCMaTpHBATH
OTPAaHHIEHHYI0 HOCTH;KAMOCTE, T. €. MCHOJB30BATH OYTH OrPaHNYEH-
HO#l NAuHH (KaK yIOMHHAJOCH paHee B pa3i. 2), m ompeieasTs, orpa-
HMYIeHHYI0 a3y, omupasch Ha OTPAHMYEHHYIO AOCTHAMMOCTH, TO BO3-
HHKaJOT OCJIO0KHEHAA JABYX THOOB.

(a) IlorATHA CHJIBHOI KOMIIOHEHTH M KOHAEHCAUMM, KOTODHIE
yOpOIAOT pemeHue 3ajadd onpeneseHds 6a3 B cJydae HEOTDPAHII-
9eHHOH NOCTHKMMOCTH, Telephb MCIO0Jb30OBaTBCA He MOTYT. Pacmpo-
CTpaHeBUe ITHUX IOHATHHA HA CJHY4Yail OrPAHMYEHHOI TOCTHRIIMOCTH
He /laeT CYMIECTBEHHOTO YUPOIEHAA 3ajadu.

B cnydae xorma moCTMKMMOCTH OrpaHMYEHA NYTAMH EINHIYHOI
IIMHH (OpOCTO AYramMu), orpaHWYeHHHE $a3kl HABKIBAKT MUHUMAAL-
HolMU Jomunupyroujumu muoxecmsamu. Mp nomgpoGHo paccmarpn-
BaeM HX B Ia1. 3. B caydae xorga nocTH;HUMOCTL OTpaHMUeHa, CKaxeM,
g nyramn '), rpad G’ momer GWTH onpeneneH Kak rpad, MHOMeCTBO
BEepIIMH KOTOPOTO TO e camoe, uto ¥ y rpada G, a ayra (x;, z;)
cymectsyer B G’ Torga ¥ TOJBKO TOTHA, Korga B G HaiiieTcs nyTh
Me)KIy BepIIMEaMU Z; M I; ZJIHMHH, He Goabme deM g (CM. COOTHome-
aue 2.1). OrpanuvenHas MaTpmua jgocTu:kuMocreidi rpaga G coot-
BeTCTBYeT TOTa MaTpulie cMmekHoctn rpada G'; rpad G’ momer GLTH
Ha3BaH OTPAHHYEHHKIM TDAaH3UTHBHHIM 3aMbIKaHueM rpada G (8 cooT-
BETCTBHM C OIIPe/leIeHAeM TPAaH3NTHBHOTO 3aMHEIKAHHA, IPUBENEHHBIM
B pa3n. 2). 3ajmava ompefeneHus OrpaHAYeHHHIX 6a3 rpada G sxBu-
BaJIeHTHa 3aflade HaXOKIEHWA MWHMMAJLHHX JIOMHAHDPYIOMHX MHO-
mectB rpaga G'.

(6) B mHeorpanudeHHOM clydae pa3JBYHEE 0a3sl HMEWT OJHO
H TO ke YACNO 3JEeMEeHTOB; OHO PABHO YMCJY TAKMX BEPIIMH B KOHIEH-
canmn rpaga, KOTOphe MMET HyJeBHe moiycTenenu 3axona. B orpa-

1 To ecTp paccCMATPHBAIOTCA TOABKO HYTH, JIMHH KOTODHX He HPEBOCXONAT
q.— ITpum. peod.
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HAYCHHOM ClIy4ae, OfHaKo, pasHHe 0a3H MOTYT MMeTb pPasIHIHOe
YHCJAO 2JIEMOHTOB, H TOTAA BO3HHKAET, B YACTHOCTH, 88Jla98 HAXOMK-
geHdss 0a3H ¢ HaHMEHBIDEM YHCJIOM 3JeMeHToB. Eme omme nmonxox:
eCJIH He HAJO0KeHO OrPDAHAYeHHEe Ha JOCTM/KAMOCTH, TO MOKHO HCKATH
TAKYX0 OTPaHHYeHHYI0 6a3dy, KOTOpas CONep/KHT, HAmpPUMep, POBHO
p BePIIHH B, KPOMe TOTO, H3 BEPIIHH 3Toii a3k BCe OCTAJLHHE Bep-
muEH rpadga G MOryT GHTH JOCTHTHYTH ¢ MHHAMAJBHO BOSMOKHOI
OTPaEMYEeHHOCTHI0 JOCTHKHMOCTH. JTH 3a[]a4M TECHO CBA3AHH C 3aja-
geit nazox«nemm p-yenmpa m Golee HETAJBHO PaCCMATPHBAIOTCA
B ra. 4.

6. 3agaum

1. Nas rpada, npuBefeHHOT0 Ha puC. 2.4, HaliTH MATPHOH J0CTH-
FKEMOCTE W KOHTPAJOCTHRKHMOCTE.

2. Ilna rpada, npuBefeHHOro Ha pHC. 2.4, HAATH CHABHHE KOM-
DOHEeHTH, HAYEPTATh KOHAEHCANHMI0 M IOCTPOMTHL BCE ero GasH.

3. Hloxasats, 9T0 B aioboMm rpade G Kaxnasa ero Gasa comepKmT
BCe BEDIMHH, HMeIOMHMe HYJeBHE IOJYCTeIeHH 3aXOJa.

4. lokasaTth, uTo B JdI06GoM rpage Ges MHKIOB HMMEETCH TOJBKO
onua 6asa. OHa COCTOMT M3 BCeX BEPIIMH C HYJEBHMHE IOJYCTeIEHAMH
3axofa.

5. IloxasaTs, uro Jdio6He aBe 6asn rpada G MMEIOT OJHO M TO Ke
9HCA0 BEepIIHH.

6. JoxasaTh, 4TO BepmHMHA I; OPHHAMIEKHT OXHOBPEMEHHO

6ase B n anTn6ase B rpada G Tormna m TOJBKO TOTAA, KOTAA CHIbLHAA
KOMIIOHEHTa, CORep;Kamas Z;, COOTBETCTBYeT H30JHPOBAHHOMK Bep-
meEHe B KOHAeHCanuu G¥*.

X, XZ

Xs

Prc. 2.4.
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7. llokasaTp, 4TO ecim z; ecThb TaKada BepmuHa rpada (X, A),
Ha KOTOPOH JOCTHIaeTCs
max | R (z;)],
x.€EX
1
TO r; OIpUHANJIeRUT Gase.

8. Ilyecre Bce apudmermueckue omepaumy, paccMaTPHBaEMHe
nume, apagiorca Gynesckumu (1.e. 040 =0, 041 =140 =1,
1+1=1, 0.0=01=0 u 11 =1). Ilokasars, uTO ecam
paccMaTpUBaTh NOCTIKMMOCTh TOJBKO HAa IYTAX NJIUHH He 6oJbine
weM g, To MATpuna R, orpasmuenHmlX mocTmwmumocreit maerca ¢op-
MyJaoit

Ri=I14+A+A%2+ .. +A=(1+A),
rae 1 — epunnanas (n X n)-MaTpuua.

9. Tloxasars, 9ro anement ri? matpuust R? pasen wncay Bepmmun
B CILTbHOH KOMIOOHEHTe, COJlep;Kamell BepUIMHY I;.
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Fnasa 3

HE3ABUCUMDBIE U LOMUHUPYIOLLUE

MHOXECTBA. 3AAYA
O NMOKPLIBAIOLWIUX MHOXECTBAX

1. Beepenne

Hycrs gam rpad G = (X, T'). JoBoabHO wacTo Bo3HEKaeT 3ajava
IOMCKA TAKHX IOAMHOKEeCTB MHOKecTBa BepmmH X rpada G, KoTopHe
o6ramaloT onpefejleHHANM, HamepeR 3afaHHLM cBoiticTBoM. Hanpmmep,
KAaKOBa MAKCHMAJBLHO BO3MOKHASA MOIIHOCTH TAKOT0 HOAMHOKECTBA
S = X, paa xoroporo nopo;xmeHnni moarpad (S) ABiseTcH NOAHEM?
M xakoBa MaKCEMAaJbHAsA MOIHOCTh HOAMHOKECTBA S, TAKOTO, 4TO
rpad (S) — Bomonme HecBasEmWA? OTBeT Ha IepPBHI BOOpPOC Aaer
TaK Ba3HBaeMoe Kiukosoe uucso rpada G, a Ha BTOpPO# — xucao Hesa-
eucumocmu ). Eme ogHa 3agaga. OHa COCTOMT B HAXOKIACHHH MAHH-
MaJbHO BOSMOKHOM MOIIHOCTA TAKHX MOAMHOKecTB S MHOMKecTBa X,
qro m06as BepmmEa 3 X — S goCTHKEMA M3 S C HOMOmMBKI IyTei
eqMHEIHOA mamEH. Pemenme 3To#f 8ajaudm NAaeTCA TAK Ha3HBaEMHIM
wucaom domuruposarus rpada G.

ITH 9ACia B CBA3AHHLE C HAMYU MOJMHOKECTBA BePIIAH OHMCHBAIOT
Ba)KHHE CTPYKTYDHHE CBOMCTBA rpada u EMeloT pasHooGpasHne HEHO-
CpeACTBeHHNEe HPMIOKEHHSA NP BeNeHHH HPOEKTHOTO IIAHWPOBAHHSA
uccaenosarensckux pabor [3], B kiacrepEoM amanmse m UACIEHHHIX
meTonax TakcoHommm [36, 2], mapannenpEnx Bwumcaenmax ma IBM
[17), npu pasmemennu mpeAnpHATHiI 0GCAYKEBAHEA, & TaKMKe HCTOY-
HAKOB H morpe6Gmrened B sHeprocmcreMax [66, 56].

B macroamei riaBe HPEBOXATCA AJTOPUTMH ONpPENEJGHHAA YKa-
3aHHHX BHMEe YACeJ H OOCY:RTAIOTCA HEKOTOPHE HX NPHJIOKOHHS.
KpoMe Toro, paccMaTpHBaeTcsa 3ada¥a 0 HAUMEHbULEM NOKDHMUL,
KoTopasa aABiafercA 06GobmeHnmeM 3afaud 0 HAXOMAEHHH YHCHA NOMH-
HAPOBAaHAA rpada, W H3JIAraeTcsi HEKOTOPHH MOTOA € pemeHHs.
Ilocnenasas 3agada OYeHp Ba;KHA HE TOJBKO IOTOMY, YTO OHA HMMEeT
6oJbOI0@ IMCI0 NPAMHX OPHJIOKeHH, HO B B CBASH C TeM, UTO OHA
9acTO BO3HHKAeT KaK IOA3ajaya B pAAe pasfenoB TeopHHE rpados,
KOTOPHe 3aTPOHYTH B 9TOH KHEre. B wacTHocTH, 60JMBmMYI0 POAB OHA
HrpaeT IpH BHYACICHHE XPOMATHIOCKHAX wHCeN (IJI. 4), HAXO:KIEHHH
uentTpoB rpaga (ra. 5) m mapocowerammé (ra. 12).

1) IIpmyeRAOTCA TaKsKe U APYrHe HASBAKHA: 466D WUHKOE LILCAO HE3RELCUMOCTIUY
H 4NUCA0 6Hympenneid ycmotivusocmud.— Ipux, ped.
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2. Heszasncumbie MHO:;KecTBa

PaccmoTpny neopuentuposanunii rpa¢ G = (X, T). Hesasucumoe
MHOHCECME0 6epUUK (M3BECTHO® TAKMKE KAK BHYMPeHHe YCmolnueoe
mroxcecmeo [11]) ects MHoKecTBO Bepmuu rpada G, Takoe, uto J06HE
ABe BEPUINHH B HEM HE CME;KHBI, T. . HUKaKad Iapa BepmuH He COEMIl-
Hena peGpom. Caeromarenwbno, mwGoe MHomectBo S < X, KoTopoe
VIOBIETBOPHET YCJOBHIO

SNr(8)=w, (3.1)

ABJIAETCA HE3aBHCHMBIM MHOKeCTBOM BepmuH. Hanpnmep, nis rpada,
IpABeNeHHOro Ha puc. 3.1, MHOKeCTBa BePMUE {3, Zg, T}, {Z3 Z,},
{1, 75, T,, Z5} — nesasucumuie. Korma He MoTyT BO3HMKHYTH Hego-
Pa3yMeHHs, 3TH MHOMecTBa GyNyT Ha3HBATHCA NMPOCTO HE3ABUCHMBIMHA
MHOKECTBaMH (BMECTO HE3aBHCHMble MHOKECTBA BEepIIHH).

Heaasucnmoe MHOMKECTBO HA3HBAETCA MAKCUMAAbHbM, KOTHA HET
Opye020 HE3aBHCHMOTO MHOKECTBA, B KOTOPOE OHO OB BXOAHJO.
Taxum 06pa3onm, MHOKECTBO S ABIACTCA MAKCUMAABHBM HE3AGUCUMBIM
MHONHCECME0M, €CIM OHO YIOB:IeTBopseT ycaosnio (3.1) u eme TaxkoMmy
YCIOBHIO:

HOATH)* & VH o S. (3.2)

CnepoBarearHo, ana rpada, npmseeHHoro Ha pnc. 3.1, MHOMecTBO
{x;, Zs, 5, T3} ABAACTCA MAKCHMAABHHM, a {Z;, Zs, I,} He ABIsAETCH
TakoBuM. MuOKecTBa {y, x5, 77} m {z;, Ze} TaKKe ABNAIOTCH MAKCH-
MaJpHEIMH HE3aBHCHMLIMA MHOMKECTBAMHM, 11, B3HAYHT, B JaHHOM
rpage Goabme OXHOTO HE3ABMCHMOrO MHos;kecTea. CieflyeT Tarske
OTMETHTh, YTO YNCJO JJTeMEHTOB (BePIOMH) B PA3HBIX MAKCHMA.IbHHX
MHOZKECTBAaX, KaK CJaelyeT N3 NPUBEJEHHOTO BHme mpmMepa, He 06a-
3aTe.JbHO OJMHAKOBOE.

Xy Ao X3

Xa

Xy Xs

Puc. 3.1.
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Ecam Q aABisAeTcs CceMeHCTBOM BCOX HE3aBECHMHX MHOKECTB
rpada G, To wECIO
a[G]=max|S | (3.3)
8eQ

HA3HBAGTCA YUCAOM Hesasucumocmu rpada G, a MEORecTBO S*, Ha
KOTOPOM 3TOT MAKCHAMYM JOCTHIR6TCA, HA3WBAGTCH MHAUGOALULUM
HE3a6UCUMBM MHOKECTBOM.

[aa rpada, npasepernOro Ba puc. 3.1, cemeiicTBO MAKRCHMATLHKX
HEe3aBHCHMHX MHOKECTB TAKOBO:

{zﬂv Z7, zp 35}, {xh Zg, 37}1 {321 z‘v 38}’ {-‘l«'e’ 36}1
{zer x5}, {72, 5y 24}, {21, T}, {%sy 21, 74}

Ham(onbmee B3 3TAX MHOMKECTB MMeeT 4 3JIeMeHTA H, CNOOBATEIBHO,
a [G] = 4. MuoxectBo {25, z7, Z,, 25} ABAsIETCA EAamGOJLIIAM Hesa-
BHCHMHM MHO;KECTBOM.

2.1. TIpamep: BmGop mpoerTa

HNMeerca n npoeKToB, KOTOPHE NOMKHE GHTH BHIOXHEHH, X AOHY-
CTHM, 4TO [JIA BHIOJHEHAA MPOEKTA Z; TpebyeTcsa HEKOTOpOe MOXMHO-
secTBo R; HaNHYHHX pecypcoB m3 MHo:kectBa {1, ..., p}. Jlaxee
OPeAUmOJOKAM, YTO KaKAKM IPOEKT, 3aaBaeMHI COBOKYIHOCTBIO
CpencTB, HeOOXOMAMHX IJIA €ro peajH3anud, MOKeT GHTH BHIOJIHEH
3a OfMH ® TOT Ke HpoMexyToK Bpemenu. Ilocrpomy rpad G, rampmas
BepMIHHA KOTOPOTO COOTBETCTBYEeT HEKOTOPOMY NPOEKTy, a pebpo
(z4, z;) — HamEuImI0 OGMEX CpOACTB 06ECIEYeHHA y IHPOEKTOB Iy
m z; T.e. ycaosmw R; (| R;+* . MakcamManpHOe He3aBHCHMOE
MHOKeCTBO rpada G mpefcraBisieT TOIa MAaKCHMAJBHO® MEOKECTBO
IPOeKTOB, KOTOPO® MOKHO BHIIQJHHTH OXHOBPEMEHHO 3a OQWH H TOT
JKé IOPOMERYTOK BPEMEHH.

B nmEamMmueckoil CHCTOMe NPOHMCXOAHAT HOCTOAHHOE OGHOBJIEHHE
TIPOEKTOB Yepe3 OmpefeJeHHHA MPOMEeKYTOK BPEMEHH, TAK YTO KaiK-
AH# pas HYKHO 3aHOBO LIOBTOPATH NPONEAYPY HOCTPOSHHA MAaKCH-
MaJBbHOTO HEe3aBHCHMOTO MHOMKECTBA B COOTBeTCTBYlOmeM rpade G.
B mpakrmueckmx cmTyammsax GHBaeT BeckMa He HPOCTO BHIIOJHHTH
MHOKECTBO IPOEKTOB, COOTBETCTBYIOIIHX MAKCHMAJILHOMY HE3aBHCH-
MOMY MHOKECTBY HA NaHHOM OTPe3Ke BPEMeHH, IOCKOJIBKY HCIOJHe-
HA® HEKOTOPHX HPOGKTOB MOKET GHTH M0 KAKHM-TO IPHYHHAM OTJIO-
sxego. Torma ayYmmit cmoco6 AeHcTBEA COCTOET B IPHECBOGHHE
Ka)KAOMY IpPOEKTY (BepmHHE) z; HEKOTOpPOro mrpada p;, KOTOPEIX
YBEJIHMIABAETCHA C POCTOM BPEMEHH OTCPOYKH B MCIOJHOHHH IPOGKTA,
H B KOXKIKHA PacIeTHEA MOMGHT BPOMOHH HAN0 BHOHpaTh H3 ceMelicTBa
MAKCHMAJBEHX HOS8aBHCHMHX MHOKECTB TAKOe MHOKECTBO, KOTOPO®
MAaKCHMHASHpPYeT HeKoTOpYI0 $yHRnmI0 mrpadoR Ha BepmmHAX, COAep-
JKamuxcA B BHOPAHHOM MHOMKECTBE.
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2.2. Maxcomanbanle nonnasie noarpadm (KInkm)

TlouaTne, NpoTHBONOJOKHOE MAKCUMAJILHOMY HE3aBHCHMOMY MHO-
JKeCTBY, €CTh MAaKCHMaJbHHHE mnoanbill noarpad. Taxum oGpasom,
MarKcumMasbHul noanwli nodepad (kauxa) rpaga G ecTs HOPOMKACHHKIH
moxrpad, DOCTPOCHHKI HAa DOAMHO;KecTBe S BepIIMH rpaga M ABIAIO-
MmuAcA DOJHWM M MaKCUMaJbHRIM B TOM CMhICIe, 9T0 J000# Apyroit
noarpad rpada G, mocTpoenHH Ha MHOKecTBe BepmuH H, copepska-
mem S, 1. e. H > S, He apasgerca noanum. CiegoBartensHo, B OpPO-
THBOMOJIO0KHOCTH MAKCHMMAJILHOMY HE3aBHCHMOMY MHOKECTBY, B KOTO-
pOM He MOT'YT BCTPETHTBCA JBE CMEMKHEle BEPINNHBI, B KJIHKe BCe
BEePIOWHH TIONApHO cMekHH. COBEPMEHHO 0YeBHJIHO, 9TO MaKCHMAaJb-

HOe He3aBECHMOe MHO:ecTBO rpada G coorBercrByeT Kauke rpada G

m Haobopor, rne G — pmonoanenme rpada G.

Bronse ogeBHAHO Takike, ITO HOHATHE KIMKM JAJA HEOPHEHTHDO-
BaHHOro rpaga mogo6HO HOHATHIO KJIMKM s rpada; OLHAKO 3Ta
anajorms 6olee rayGoxas, 9eM Ta, KOTOPAsl CYMECTBYET MEKAY HOHA-
TAAMHA KJIAKM M CHIBHOH KommoHeHTH (cM. rii. 2). Kumky B peiictsn-
TEeNBHOCTH MOKHO PacCMaTPHMBATH KAK TAKYI0 CHABHYI0 KOMIOHEHTY,
B KOTOpOH JOCTMKEMOCTH OTPaHHWYEHA OYTAMH €JHHAYHON TMHEI
(cm. pasm. 5 B ra. 2).

AHasorm9HO TOMY, KaK OLLIO OUpeleseHO YHCJI0 He3aBHCUMOCTH
rpada, ¢ HoMomb0 CoOoTHOMEHHA (3.3) MBI MOKEM ONPENENHTE KAUKO-
60e uucso Tpada (m3BeCTHOE TAKIKE KAK 2ycmoma UIM naomHocms 1)).
9T0 — MaKCHMaJbHOEe YACJIO0 BEPINMH B KJIMKAax HamHoro rpada. Tor-
na, o6pas3Ho roBOpA, Yy «IJIOTHOre» rpada KJIUKOBOe ducio 6ymer,
BepoATHO, Goabmme, a IMCI0 HE3aBACEMOCTH MEHbINE, B TO BpeMs Kak
y «pa3pe;xepHOro» rpada, oo Bced BepOATHOCTH, Gymer MMETh MECTO
OPOTUBOMOJIOKHO® COOTHOINEHHE MEKAY DTHMH YHCIAMH.

2.3. Nocrpoenre BCeX MAKCAMANBHLIX HE3aBNCHMLIX MHOKECTB

Benencrsue ymomaryTO# BHIIE CBASH MEKAY KJIBRKAME B MaKCH-
MaJbHRIMA HE3aBHCHMHMHA MHOKECTBAMU METOIBl, PACCMATPHBAEMbIe
B JaHHOM pa3fieie M ONMCHIBAEMEIE HA (ASHKE MaKCHMAaJIbHHEX He3a-
BHCHMHEIX MHOJKECTB», MOILYT ORITH HeIOCPeJCTBEHHO HKCUOJb30BaAHK
AJA DOCTPOEHHA KIWK. Ha DepBHHA B3riaAN KameTCA, 9TO HAXOMICHHE
BCEX MAaKCHMaJIbHHX He3aBHUCAMHX MHOMECTB rpada — O9eHb IpO-
cTad 3ajava, KOTODYIO MOKHO PENIMTH IOCJIeL0OBATEIBHHM mepeGoponm
HEe3aBACHMBIX MHOKECTB C OJHOBPEMEHHON HPOBEPKOH KaKIOT0 MHO-
KecTBa HA MAKCHMAaJBHOCTH (IOCHeJHEe OCYIECTBIAETCH NOyTeM
Ao6aB/eHEA K HCCIEAYeMOMY MHOKECTBY AONOJTHMTENbHOH, HE Ipu-
HaJJeamel eMy, BepPIIMHH H BHRIACHEHHA TOLO, COXPAHAETCA JNu

1 B opurmEane — «density».— [Tpun. ped.
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HO3aBHCHMOCTb) H 3aNOMHHAHHEM MAKCHMAJLHHX MHOAecTB. IIpen-
CTaBJIeHHe O IPOCTOTe 3a/]a9N /IeliCTBATENBHO CIPABEJIHBO, HO TOJBKO
1A HeGoapmmx rpados, HampEMep C UMCIOM BEPIIMH, He IPEBOCXO-
mamam 20. OnHAKO ¢ yBeJHIeHHOM YAC/IA BOPIIMH 3TOT METOJ IOMCKA
CTAHOBHATCS ¢ BHYHCIHTEIbHON TOUKE 3peHHs rpomospkmmM. Ho Bce ske
IPOMOBAKOCTD 37leCh He CTOJB BOJMKA, KAK Ka/KeTCA ¢ NepPBOro B3rJA-
xa. Uncao MaKCHMAJNBHHX HE3aBHCHMHX MHOJKECTB YBEJIHYMBAETCH,
HO B Iporecce BHIOJIHeHAA HPONeAYPH GOXbImMOe YHCIO HE3aBHCHMHX
MHOMeCTB opMHpPYeTCH, a 3aTeM BHYEPKHBAETCHA, TAK KAK 00HApyHH-
BAeTCA, YTO OHH CONEP/KATCA B APYTHX, paHee HOJYIOHHHX MHOKe-
CTBaX M IOJTOMY HE ABIAKTCA MAKCEMAJbHHMH.

B srom paspene Gymer ommcaH cmcTeMaTHYeCKHir Meron mepeGopa
Bpona m Kap6oma [14], xoropmit mo3Bonsier 06XOAMTh yKasaHHHE
BHII® TPYAHOCTH. B aTOM MeTORe He HY;KHO BaIOMHEHATH TeHEPHpYe-
MHe He3aBHCHMHE MHOKECTBA A HPOBEPKH HX HA MAKCHMAJbHHOCTH
OyreM CpABHEeHHMA ¢ paHee CPOPMAPOBAHHHME MHOKECTBAMH.

2.3.1. O6ocHopanne axropuTMa. JTOT AJATOPHTM ABIACTCA Cyme-
CTBEHHO YOPOIEHHHM nepeGopoM, MCOOAL3YIOIMM HAEPeBO IOHCKA.
B mponecce moucka — Ha HEKOTOPOM 3Tame kK — He3aBHCHMOE MHOMKe-
CTBO BepmHH S, pacmEpAeTcs myTeM RobGaBleHHA K HEMY HOAXORA-
muaM o6pasoM BHOpaEHON BepmHHH (ITO6H mOJMYYIRIOCH HOBOE Hesa-
BHCHMO® MHOKECTBO Sj44) Ha arame k + 1, m Tak moCTymaior X0 Tex
oop, moKa AoGaBiieHne BePHIHH CTaHET HEBOBMOMKHHM, & HODOKHxae-
MO© MHOKECTBO HO CTAHET MAKCAMAJbHKM He3aBHCHMHM MHOKECTBOM.
IIycts Q) Gymer Ha atame k HambonbLMMM MHOKECTBOM BEPIIMH, JJIS
Koroporo Sy | Qr = &, T. e. mocae foGaBieHEA N060H BEPMHHH
n8 Qj K S) mONyYaeTcs HeBABACHMOE MHOMKECTBO Sj4y. B Hekoropmik
OPOMBBOJNBHKIE MOMEHT PaGOTH AaJArOPETMAa MHOMKECTBO (), COCTOHT
Boobme rosops, M3 BepIHIMH ABYX THIOB: HOAMHOMRecTBa (5 Tex Bep-
IINH, KOTOPHE yiKe HCIOJb30BAJHECH B Impomecce MOMCKA JJIA Pacmm-
PEeHHA MHOMECTB S, I IOAMHOKECTBA () TAKHX BePIIMH, KOTODHeE
eme He HCHOAKL30BANHCH. Torma mainbHeiimee BeTBJIGEHWe B JepeBe
IoMCKa BKIIOYaeT Hpomenypy BuGopa BepmEHH z;, € Ok, nobapienne

ee x S r KJIA HOOCTPOCHHA MHOKeCTBa

Sprs =S U{z1,} (3.4)
B NOPO’KAeHAEe HOBHX MHOMECTB:
Qry1=0r—T(z4,) (3.9)
u
Qi1 =Qk — (T (z1)) U {=s, ) (3.6)

IMar BosBpameHHs aATOPATMA COCTOMT B YAAJeHHH BOPIIAHH Z;
#3 Sp44, ITOGH BOPHYTHCA K Sy, HSBATHH Zy, M3 CTAPOr0 MHOKECTBA
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QF u nobapieHnm z;, K CTapoMy MHOMeCTBY Qf nas GopMHEpOBaHUA

HOBWX MHOMecTB (F u (.

Jlerko 3aMeTHTb, 4TO MHOKECTBO S, HABIAEGTCA MAaKCHMAJIbHEIM
HEe3aBHCHUMBIM MHOKECTBOM TOJBKO TOI[a, KOIZa HEBO3MOKHO ero
AaibHedmee pacmmpen®e, T. e. Korga Qf = . Ecam Qp %% &, 10
HEeMeJITeHHO 38KJII09aeM, 49TO TeKymee MHOXKecTBo S, ObuIo pacmm-
PeHO Ha HEKOTOPOM IpeImecTBYIOIeM 3rame paboTH ajJropuTMa
nyTem fo6aBieHns BepmMAHK B3 Qf, B HO3TOMY OHO He SBJIAETCA MaK-
CHMaJbHHM HE3aBHCHMHIM MHO;KecTBOM. TakmM o6pasom, Heo6Xonm-
MEIM M JOCTATOYHEIM YCJOBHEM TOIO, 9T0 S, — MaKCUMaJbHOe He3a-
BHCHMOE MHOKECTBO, ABIAETCA BHOOJIHEHHWE PABEHCTB

Gi=0Cri=¢g. 3.7

Teneps coBepmerHo 0ueBEIHO, YTO ecam odepeHOil 3Tam paboThHL
aJrOpATMa HACTyDaeT TOIJA, KOrJa CYIMeCTByeT HeKOTOpPAas BepHIMHA
z € Qk, ana woropoit T (z) | Q% = ¥, To Geapa3amumo, Kakas u3
BepImMH, NpHHANJAeKAMuX (Jf, ICOOJIB3YeTca NJIA PaCITHPeHAH Sy,
4 3TO CIPaBeINBO NIPH JK060M UuCiIe JaJbHEeHINHX BeTBJIEHHIl; Bep-
mAHA T He MOKeT OHTH ynaneHa m3 (J; Ha a060M ciaefyiomeM mare
p >k. Takum ofpasom, ycirosue

Jz € Qx, rtakas, uto I'(z)NQt=¢F, (3.8)

ABIAETCA JOCTATOYHBIM [JA OCYMECTBIEHNA IIara BO3BPAINeHHUsd,
HOCKOJBbKY H3 S) NPH BCAKOM AajbHEimeM BeTBICHHH y:Ke He IO.Iy-
YATCA MAaKCHMaJbHOE HE3aBHCHMOE MHOKECTBO.

HKak = Bo BCAKOM MeTone, HCHONB3YIOWEM NepPeBO MOMCKA, 3AECH
BRITOJTHO CTPEMHTBCSH HAYATh INATH BO3BPAIMEHUA KAK MOKHO paHbIIe,
OOCKOJBKY 3TO OTPAaHAYAT «PasMeph» «HEHY;KHOH» TacTH Jepesa
nomcka. CaemoBaTensHO, Nenecoo6pasHO COCPEXOTOYMTH YCHIMA Ha
TOM, 9TOGH BO3MOKHO paHbIIE NOGHTHCHA BHIOIHEHHA ycioBms (3.8)
¢ IOMOIMBI TOAXOAAMEro BHOOpA BEpPIMH, HCIONB3YEMHX OPH pac-
muapesan MHEOMeCTB S),. Ha Kammom ciegyiomem mare IponeAypH
MOKHO BHGEpaTh 1A fAobaBieHus K S mo6yo BepumEy zi, € 0%

Ha mare BO3BPAMEHHA I, Oyner ymanema m3 Q} m BrIwuena B Q.
Ecan Bepmuny z; BH6paTs Tax, 4T06L OHA MPHHAAMTIEKANA MHOKECTBY

I' (z) upm mexoropoit Bepmure z u3 @, To Ha COOTBETCTBYIOMEM IIare
BO3BpAIIEHUA BEJIMIMHA

A(z)=[T(z) N Qx| (3.9)

YMEHBIINTCH Ha e[MHALY (IO CPaBHEHMIO C TeM 3HAYEHHEM, KOTOpOe
6b1710 10 BHOONHEHUA IPAMOrO IMMAra M IIATa BO3BPAINEHHA), TAK 9TO
ycaosme (3.8) Temeps CTaHeT BHIONHATHCHA paHbLIIe.

TaxmM obpasom, olER U3 BO3MOMKHHX crnoco6oB BrGOpa BEPIIAHE
Z;, N7 PaCIIMPeHHA MHOKeCTBA ) COCTOMT, BO-LEPBHIX, B HaXQMKIe-

HEA BepmHEHH z* € (J; C BOSMOKHO MEHLIIAM 3HAYEHUEM BEJEIMHEL
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A (z*) m, Kpome Toro, B BHGOpe BepIIHHH Z;, M3 MHOMKeCTBa
I (z*) N Q%. Takoii BHGOpP BepmEHH zy, GymeT NpUBONHMTHL Ha mare
BO3BPANEHHA K YMEHbIICHMIO BeJWIMHH A (%) — KakAwi pas Ha
eNHHENY — J0 TeX NOp, IOKA BePINHa r* He CTAHET YAOBJETBOPAThH
ycaonio (3.8) npm BHOONHERMH IMara BO3BPAIIEHMSA.

Caexyer OTMETHTB, YTO HOCKOJbKY HA IIAre BO3BPAIMEHMA BePIIAHA
z;, monanaer B (k, TO MOKET OKa3aThCA, ITO IPH 3TOM HOBOM BXOJe
3HAYEHHO BEJHYAMHH A MeHBIIe, YeM 1A paHee PHKCHPOBAHHOH Bep-
mUEH z*. 3HAYMT, HAXO HPOBEPHTH, He YCKOPHUT JM 3Ta HOBASA BEPIIH-
Ha BHIoJHeHHe ycaoBHA (3.8). 310 ocobeHHO BAMKHO B Hagajde BeTBJe-
HHA, Korma Qi = .

2.3.2. Onncanme aaropaTma

Havaavnas yemanoexa

Maz 1. Myers Sy =Qf = &, Q0 = X, k=0.

Opamoii waz

Ilaz 2. BuGpars Bepmmmy zy, € (i, KaK YIOMHHAJIOCH paHee,

n cpopmupoBaTh Sy 44, Or4q B Qf 44, ocTaBIAs @} 1 @} HETPOHYTHMH.
IMonomnrs k =k + 1.

ITposepra

Iaz 3. Ecan ynosaersopsaerca ycuaosme (3.8), To mepeiiTh X ma-
ry 5, WHagYe K mary 4.

IMaz 4. Ecau Qf = Qi = &, TO HAmeYaTaTh MAKCHMAJbHOE He3a-
BHCHMO€ MHOKECTBO S M mepeliTe Kk mary 5. Ecau Qf = &, a Qi 5=
% &, To mepeitrm Kk mary 5. Hmaue mepeiite x mary 2.

a2 eosspawjerus

ITaz 5. Tlonownre k =k — 1. Ypannts Zi, U3 Sp44, TTOGH mOXY-
qutb ;. HcnopaBurs Qf m Qf, yaaans BepmmBy z;, u8 Q3 u nobasus
ee KQy. Ecne k = 0 Q; = &, 10 ocranoBuThea. (K sTOMY MOMeRTY
GyRyT y:Ke HameYaTaHH BCe MAKCHMAJLHHE HESABHCHMHE MHOKe-
crBa.) Wmaue mepeiite k mary 3.

KommenTapuii 10 IpPHMEHEHHIO ONHCAHHOrO BHIIE AJTOPHTMA
npusefex B [14] BMecte ¢ mporpammoit, EanmmcamHO# Ha AJjrome. dTa
nporpamma Guia ompoGoBana Ans Gosbmoro ymciaa rpados (B gacTHO-
cTH, gaa rpagos Myna—Mosepa, cm. sagaqy 10) n 6uto ycranoBaeno,
4T0 BpeMsA, HeOGXOMHMOe IS IOCTPOGHHH MAKCHMAJNBHOTO HE3aBH-
CHMOTO MHO?KeCTBa, IOYTH IIOCTOSAHHO M He 3aBHCHT OT pasamepa rpada.
Bce 3To ‘TOBOpPHT 0 TOM, UTO JaHHHI AJTOPHTM ABAAETCA ONHEM M3
JAy9ImHX.
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3. /loMuHHEpYyIOIMEe MHOKECTBa

Hasa rpada G = (X, T') Oomunupynoujee mHoxecneéo eepwun
(Ha3aniBaeMoOe TAKKe 6newHe ycmolmustim Mmuodxcecrneom (11]) ecrs
MHOKecTBo BepmuH S = X, BHGpaHHOe TaK, UTO QA KaKAOH Bep-
MUHH Z;, He BXONAMEX B S, CymecTByeT Ayra, NAymMas u3 HEKOTOPOi
BepIHUHL MHOKecTBa S B BepIIUHY Z;.

Taxum 06pa3oM, S ecTh JOMAHUpYIOIMEe MHOMKECTBO BepmAH (MR
npocTo GoMUHUDYIOU4ee MHONCECME0, KOTHE HET ONACHOCTH BOSHHK-
HOBEHHA NYTAaHWUOH), €CIH

SUT(S)=X (3.10)

Has rpada, npuBeneEHOro Ha pmc. 3.2, MHOKECTBA BepIIMH
{z1, zy, T}, {Z1y Za}, {3, Ts, Ts} ABAAOICA AOMUHEPYOIMMEMHE MHO-
/KECTBAMH.

JloMuHEpyOIMEe MHOKECTBO HA3HBAGTCA MUHUMAADHNM, €CIH
HET APYroro XOMEHAPYIOINEIO MHOJKECTBA, COAEPKAIMErocH B HEM.

X,

Xq

Pmc. 3.2.

Takam 06pasoM, MHOKECTBO S ABJIACTCA MHHEMAJLHEIM JOMHHH-
PYIOINM MHOJKECTBOM, €CIH OHO yAoBIeTBopser cootHomeHmio (3.10)
M HeT COGCTBEHHOrO NOAMHOXecTBA B S, KQTOPOE YHOBIETBOPSAET
ycaosuo, asanormanomy (3.10). Tak, sanpmmep, naa rpada, npuse-
ReHHOTO Ha pmc. 3.2, MHOKecTBO {Z(, Z,} — MHHEMaJbHOe, a {zy, Z,,
Zg} Her. MEHEMAJIBHERIM JOMAHAPYIOMMAM MHOKECTBOM ABIHAETCA TaK-
e MHOKecTBO {I3, Zs, Tg}, M eme CYMECTBYeT HECKOJIBKO TAKHX
MHOecTB B 3ToM Irpade. CiefoBaTeTbHO, KAK A B ClIydae MaKCHMAJb-
HHIX HE3aBACHAMHIX MHO:KECTB, B rpade Momer OHTH HECKOJbBKO
MHHAMAJbHEX MOMHHHAPYIOMAX MHOMKECTB, M OHH He 06A3aTeJIbHO
COIePIKAT ONMHAKOBOE YHCJO BEpINHH.
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Ecam P — ceMelicTBO BCeX MWHEMAJIBHHX AOMHHHDPYOIHUX MHO-
secTB rpada, TO UHCIO

BIG] = min IS (3.14)

HABHBAGTCA HucsoM Oomunuposanus ') rpada G, a mmomxecrso S*,
HA KOTOPOM JIOCTHT2eTCA MHHEMYM, HABHBAGTCH HAUMEHLULUM NOMA-
HAPYOIEM MHOKECTBOM.

Hasa rpada, mprsenernoro Ha puc. 3.2, HaEMEHBIIEM NOMEHHEPYIO-
ImMEM MHOMKECTBOM ABJIAGTCA MHOKECTBO {Z;, ;) H, CIeXOBATENLHO,

BIG] = 2.

3.1. Ilpamep. Pasuemenne «IeHTPOB»,
NOKPNBAXIIAX SJAEHYI0 06IacTD

damau Takoro THma BecbMa MEHOro. K mmM orHOCATCA:

(a) Pasmemenne TeNeBHSHOHHHX HJIH PagAONePENAIONIAX CTAHIMIE
Ha HEKOTOpOil TeppHTOpHH.

(6) PasmemenHe BoeHHHX (a3, KOBTPOJHPYOIEX RAHHYI Tep-
PHTODHIO.

(s) PasmMemen®e HEHTPOB TOProBiIH, OGCAYKHBAOIEX HEKOTO-
pHii palion.

ITpepnonosxmM, 9T0 TEPPATOPHA, NPEACTABACHHAA GOJNBMEM KBaf-~
patoM Ha pmc. 3.3(a), pasmemeHa Ha 16 pafiomoB, XKak mokxasaHO

1 2 3 4
5 6 7 8
9 10 " 12
13 14 15 16

(a)

Pnc.  3.3.

Ha pmcynke. Ilpemmomaraercs, uTo BoeHHas 6asa, pacmoNO/ReHHAS
B KaKOM-IEG0 pafioHe, MOKET KOHTPOJXAPOBATEH He TOJBKO STOT paiioH,
HO M COCefjHHe, TpaHMYamue ¢ HAM paiioHH. TpeGyerca mHalitTm Ham-

1) B oprrmrane —¢dominance numbers.— IIpux. ped.
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HIOIEN K ®| 7
8 3 | w0 @ 2 |3 | s
@ 6 | 17 19 | 20 @

®

w

18
30 31 32 33 34

6 | 37 | 38 ' a | a | a2
43 a5 | 47 | a8 a9

Puc. 3.4.

®

MeHbIIEée BO3MOKHOe IHCI0 BOHHHX 6a3 U MecTa [ MX pa3MemeHus,
9T06H GHII oGecmedeH KOHTDOJb BCeil TeppHTOpHA.

Ecxm MH mpencraBEM KaIuil paiioH BepmuHoil rpada m peGpamu
COeMHAM TOJBKO Te IDAaPH BePIIAH, KOTOPHE COOTBETCTBYKIOT COCeJl-
HEM paiioHaM, TO mOAy3HTcA rpad, mokasanusit Ba puc. 3.3(6). Torma
3afjaya CBOJHTCA K ONpPeJeJeHUI0 HAMMEHbIIEr0 JOMHHHDYIOUMETO
MHoskecTBa B 3ToM rpade. Uncino P [G] ABnserca HauMenbmuM YHCIOM
6a3, «DOKpHBaIOMEX» BClo Tepparopmio. J{asa rpada, mpHBEXEHHOIO
ga pac. 3.3(6), P [G] = 4 m Gasm caexyer pasmemaTh B KBajgpaTax,
HOMEPa KOTODHX HIpHMHANIe:xKaT mHOMKECTBY {3, 5, 12, 14} mam Mmuo-
wectBy {2, 9, 15, 8}.

ARanormgHo, JJIA TePPUTOPHHM, INOKa3aHHOK Ha puc. 3.4, wucio
JOMHHUDPOBaHHAA COOTBeTCTBYIomero rpada pasno 12 m 6aswm caexyer
pasmemarh B paionax 2, 6, 11, 15, 21, 24, 26, 29, 35, 39, 44, 48.
Tonpko TpH 3aMTPHXOBAHHKX KBalpaTa «3aM(EIEHE» OJHOBPEMEHHO
Tpemsa Ga3zamum.

CBa3b MeXIy NOHATHAMH MOHWMAJNBLHOTO JOMHHHDYIOMEro MHO-
skecTBa M 6asoif rpada mOYTH OUSBHIHA, TAK JKE.KAK MEKIY MHHHA-
MaJIBHHIM JOMHHUDPYIOOIEM MHOKECTBOM M p-IeHTpOM (cM. ra. J).
ITH B3aMMOCBA3HM OGCYKAAJNNCh B Pasf. O Ti. 2, a B TI. 5 aATOPATM
HaXOK/JEHAA HANMEHbINEro IOMAHAPYIOMEro MHOKECTBA WCIOIb=
8YeTCH B Ka4eCTBe OCHOBHOrO mara 6omee o6mero aaropurMa mocTpoe-
HUA p-HEHTPOB.

Hnsa coygas MaKCHMAJBHHIX HE3aBHCHMEIX MHOKECTB MK IPHUBENH
aJITOPHTM, KOTODHIA BHXAeT IOJHLIA CIHCOK BCEX TAKAX MHOIKECTB.
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Cnenano 3T0 GHIO DOTOMY, 9TO TAKHE CHHCKM HYMHHK BO MHOTHX
npaxTHdeckax safavax [36, 3, 2]. daa NOMEBEpPYOmEX MHOMKECTB,
onaako, TpeGyercs OGHYHO HalTH IPOCTO HAMMEHHMOe ROMHHHDYIO-
mee MHOKECTBO, H IO3TOMY MH OTPAHHYHMCA 3[(€Ch ONHECAHHEM AJIro-
PHTMA HOOCTPOERHMA TaKOTO MHOKecTBa. B cuaexyiomeMm pasfene MH
PaccMOTPHM 3aRa9y O HAXOKJEHMH HAMMOHBIIEI0 KOMHHHDYIOMEro
MHOKECTBQ C HECKOJNLKO Golee o6mmx mosmnmif; 3TO IOMOMKET HaM
ray6xe paso6paThCA B BSAMMOCBS3AX MEMAY NOHATHSAMH, PaccMart-
PUBaEMHMH B APYrHX 9&CTAX KHHTH.

4. 3apavya 0 HaEMeHHIIEM NOKPHTHR

HNycrs A' — TpamcnonmpoBanHas MaTpmma cMesxEOcTH Tpada G
C ORMHAFYENME JHATOHAJLHHME 2J6MEHTAMH. 3a[aUa ONpPefeIeHHS
HAHMEHBINETO JOMARMPYIOMEro MHOMeCTBA rpada G SKBHBaJEHTHA
3ajave HAXOKACHHAA TAKOT0 HAEMEHHIIETO MHOMECTBA CTOAGHmOB
B MaTpmme A’, WTo Kampgas CTPOKA MATDHIN CONEP/KET CXEEHIY
xoTA 6H B ofHOM H3 BHGpaEHHRX cToafuoB. D18 mOCAERHAA 3afmaga
0 NOHCKe HAaMMEHBINEro MHOKECTBA CTOJNOLOB, ¢HOKPHBAIOIHEX» BCE
CTPOKH, H3yJajach XOBOJBHO HHTEHCHBHO IIOf HAsBaHHEM sadavu
o naumenvwem noxpwmuu (SHII).

B ob6mei 3HII marpuna, cocrosmas u3 0 m 1, He o6AsaTeabHO
ABngercA KBanpaTHoil. Kpome Toro, xakaomy croabmy j (B mamem
ClIyvae Ka)maoi BepmEHEe Z;) COMOCTABIACTCA HEKOTOPAsA CTOHMOCTb 1)
¢; m TpeGyercs BHOpaTh NOKPHTH® (AIH, B APYTOil TePMAHOJIOTHE —
KiA crydas rpagop — NOMHHEDPYIOINee MHOKECTBO BePIINH) ¢ HaH-
MeHbmed obme# crommocThio 2). IlocKonbKy 8afiaua MOCTPOEHEA Ham-
MEHBIIET0 JXOMAHHPYIOIIET0 MHOMKECTBA BEPIIMH ABIAAECTCA BeChMa
9acTHOH B3ajavell o MOKpwTHH ¢ ¢; = 1 auA Beex j =1, ..., n,
TO Ha NePBHI B3IAAL KasKeTCHA, 9T0 HAXOKAEHMe TAKOTO MHOMKeCTBa
OCYIECTBJIACTCA Ha fejle 3HAYHTEIBHO Ipome, deM pemenme obmeit
3HII. Opsako ato, Boo6me rosops, He Tak. IlosToMy B maEHOM pas-
mexe MH HauyHeM ¢ pemeHus o6meit 3HII.

4.1. TlocTanoBka 3ajaunm
3HII cBomm nasBanmueMm 00s3aHa CIeAyIOIel TeopeTHKO-MHOMKe-

crBeHHOM mETepnperammm. JlaEm MHOMeCTBO R = {ry, ..., Iy}
n cemeiicteo & = {§y, ..., Sy} MmuoRecTB S; = R. JIn6oe mop-
cemeficrBo &’ = {S;, Sj, ..., S;} cemeiictea F, Takoe, uro
R
U §j, =R, (3.12)

i=1

1 Ham, B ngyroﬁ TepMHHOJIOTHH, ¢BeC».— IIpum. ped.
%) B npyro¥ TepMEEONOrEA —4MOKPHTE® HAWMEOHBIIEro Becas.— [Tpum. ped.
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HA3HIBACTCA NOKPHMUEM MHOINHCECMEa R, a mHOMXKecTBa Sji HaA3hKIBAKTCA

noKpuea UMy MHONecmeamu. Eciu B [JomonHeHme X COOTHOIIe-
geE0 (3.12) &' ynmoBieTBOpsAeT YCIOBHIO

SinNSiy=@, Vhyle{l, ..., k}, hl, (3.13)

T. 8. MHOJKecTBa S,-i (i=1, ... k) nomapHo He mepeceKkawTCH, TO
' nasmBaerca pasbuenuem mHoxcecmea R.

Ecnm kampomy S; € f mocraBieHa B COOTBETCTBHE (IONMOMKUTENb-
Has) crommocTh ¢;, To 3HII dopmyampyerca Tak: Ha#TH mOKpHITHE
MHOKecTBa R, mMeomee HAUMEHBIIYI) CTOMMOCTH, IIPHYEM CTOMMOCTD

R

cemeiicrea " = {§;, ..., §;} oupenenserca xax 2 ¢;, AHaxo-
iwai

ragao GopmynumpyercA m 3adana o naumenvwem pasbuenuu (3HP).
B marpunumoit dopme, ymomanryroit paree, korna crpoku (M X N)-
matpans [¢;;], cocrosmei ®3 BEyldell ¥ eQWHND, TOKPHBAOTCA CTONG-
nama, 3HII momer GuTbh cPopMyrTmpoBaHa Kak 3afmada JIMHETHOTO
TIPOTPAMMHADOBAHHAA:
N
MWHMMH3ADOBATE %= 2 c;&;
=1
OpH OTPaEAYEHAAX

N
D>, i=1,2, ..., M, (3.14)
rae ¢; > 0,
1, ecam ;¢
&= {0, ecte  S;¢ 5’
"

{1, ecta r;€Sy,
by = 0, ecam r;¢sS,.
HOna 3HP mepasencrsa (3.14) oGpamaiTcst B paBeHCTBA

N
2 tit=1, i=1,2,..., M. (3.15)
=1

4.2. Ynopomenne sanaum

Bceaencreue ocoGoit mpupoput 3HII yacro yaaerca chaenaTs mpH ee
HCCIIe[[OBAHAA ONpeReJeHHEE, XOPOImIO M3BECTHHE 3apaHee BHBOXH

u yupomenma [6, 26, 27, 28, 30, 50, 51l.

Hanpumep:
(1) ecam mus HekoTOpOrO 37deMeHTa r; M3 R CIpaBeJJidBH COOTHO-
meamA r; § S; Vi =1, ..., N, 10 r; DOKpHTh Henp3sA H, ClIeLOBa-

Te:TbHO, 3aJada He MMEeT pemeHHns;
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(2) ecxm 3Ir; € R, Takoe, uro r; €S, w r; §S; Vis+=k, T0
S HONKHO IPHECYTCTBOBATH BO BCEX peNIEHHMAX H 8afady MOKHO
CBECTH K «MeHbmei», monomuBe R =R — {r} m & = & — {Si};

() myers Vy = {j |r, €S,}; Torma ecmm 3Ip, ¢ € {4, ..., M}
Takne, ¥r0 V, = V,, 10 ry MOXEO yraauth m8 R, mockoapKy Jio6oe
MHOKECTBO, KOTOpOe HOKDPHBAET Tp, MOMAKHO TaKiKe IOKPHBATH Tg,
T. @. Iy NOMAHHDYeT Hak T,; _

(4) ecnim fuA HEKOTOPOTrO ceMeiiCTBA MHOMKECTB o C o cHpa-
seiEBH cooTHOmeHHA | S; 28, ® ), ¢; < ¢, AdA mO6HX

_ 55€df 55edf
Sy —&F, 10 S; MOomer ONTH BHUEPKHYTO H3 o, IOCKOABKY
U S; momuampyer mHag S,.
8P

IIpegmonosxmM, 9TO0 BCe 3TH YNpPOIMEHHs BHOOJHEHH (eCaHm OHH
B03MOKEH) 7 uro mcxonHas 3HII yxe mepedopmyampoBana B co0T-
BeTCTBYIOme HempmBomEMOH dopme.

4.3. AaroparM pemenms 3HP, ucnoapsyromuii fiepeBo mOHCEA

Kar ormeuanoce pamee, 3HP rtecHo cBasama ¢ 3HII, asaasce
no cymectsy 3HII ¢ momonmmTensHHM (HemepeKpHBAeMOCTH) Orpa-
HAYeHEEM. JTO OTPaHMYEHHEe BHTOJHO, €CAM MH IHTAEMCH PemNTh
3aflagy ¢ IOMOImBI0O HEKOTOPOTo MeTofa, HMCHOJBBYIONEro IepeBo
IIOHCKA: NIPHM TaKOM OrPaEMYEeHHM MOKeT DAHO BHACHATHCHA, YTO
HEeKOTOPHEe BO3MOKHHE BeTBJICHHS NepPeBA PACCMATPHBATH He HAJO.
YauTHBasg BHIIECKa3aHHOe, MK CHAYAJIA BAWMEOMCS aATOPHTMOM peime-
aua 3HP (acnonnsyomum pgepeBo momcka), & saTem IOKa)keM, Kag
ero MORHO mpEcmoco6mTs x pemenmmioo I3HII.

ITpoctrie Merons pemenns 3HP, mcmoansynomue nepeBo NOMCKA,
?m]m mpepaoskern Impcom [48) m Tapdmexenem m Hemxaysepom
271.

CymHoCcTh STHX METOOB TaKoBa. DBHauale CTpoATCA «6IAOKH»
¢T10aA0I0B, IO OXHOMY Ha KaKAHIi alleMeHT 'y B3 R, T. e. Bcero M 6ao-
KOB. k-#i 610X COCTOMT H3 TAKHX MHOKeCTB ceMeiictBa F (mpencras-
JeHHHX CTOa6naMu), B KOTOPHX COAGDPKATCH 3JIEMeHT Iy, HO OTCYT-
CTBYKOT 3JEMEHTH ¢ MOHBIIMMHM HHAEKCAMH — Iy, . . ., I'p_q. Ciemo-
BaTeJIhHO, KaKA0e MHOKECTBO (CTOo/Nben) mMOABAAETCA TOYHO B ONHOM
onpefiesreEHOM GJIOKe M COBOKYIHOCTH GIOKOB MOKeT GHTL IPeACTaB-
JeHa B pEfe Ta0aENH, KaK mokasaHo Ha pmc. 3.1. B kxoHkperHNX
3ajjauaX HEKOTOpHEe ®3 GJIOKOB MOTYT OTCYTCTBOBATE.

B mpomecce paGoTH anropmrma GIOKHM OTHCKHBARIOTCA IOCJIEKOBA-
TeAbHO W QopMEpoOBaHEe k-ro GIOKAa HAYAHASTCA HOCAe TOro, Kak
RGN 37eMeBT ry;, 1 < i < k — 1, 6ymer HOKPHT wacTHHM peme-
ameM. Takam o6pasoM, ecad Kakoe-To MEOReCTBO B 6i10Ke k coepKuT
9JeMeHTH C HHIEKCaMH, MEHLIMUMH Kk, TO OHO HOKHO GHTH 0TGpO-
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meHo (Ha ITOM 3Tame) B COOTBETCTBHE C TpPeGOBAHHEM HENEePeKpH-
BAaeMOCTH.

M=uozkecTBa B mpefies1aXx Kamaoro 61oxa pasMemalTCA B NOPAIKe
BO3PACTAHMA HX CTOHMOCTeHl M NepeHyMepOBRIBAIOTCA TaK, 910 S
Teneps y:Ke o603HadaeT MHOMKECTBO, COOTBETCTBYIOmEe j-MY CTOAGIY
Ta0JaHIHI.

Tabauya 8.1
Hexomnaa Tabamua

[ ox 1 bnox 2 Bnox 3 Brox 4
T M v :
r, 1.1 ‘ 0 i : :
+ i ;
r, 1...1 0 | !
1
Ty 1..1 0 !
Quaul
T, Qumt 1...1
. Qumul
Qunul
etc.
Ty

TEKYIIIEG «Hap.1yqmee» pemenue B co croumocTRIO Z H3BECTHO

ga aobom arane moucka (B ofo3Hagaer ceMeilCTBO COOTBETCTBYIOIAX
TIOKPHBAIOMHAX MHo:KecTB). Eciu B m z — coorsercTByommue cemeii-
CTBO M CTOHMMOCTh Ha NaHHOH CTAagWM IOHCKAa, a E — MHOMKECTBO,
IpeAcCTaBJIAIOIIEe Te dJeMeHTH (T. €. CTPOKH) I';, KOTOPHE NOKPHBAIOT-
€A MHOMKECTBaMH M3 B, To OIMH H3 NPOCTHX AJIrOPUTMOB, HCIO.Jgb-
3YOMAX JepeBO MOMNCKA, MOMKHO ONHCATH CIefylomuM obpasoM.

Ilpuceoerue nauasvhnz 3navenull

Hlaz 1. ocTpouTs NCX0IHYIO Tab 1M1y B HaYaTh € YACTHOTO pemne
aaa: B=g, E= @, 2=0 1 z = oo,

Pacwupenue

ez 2. Haittn p = min [i | r; ¢ E]. Han 6a10koM p mocTaBHTH
MeTKY (Haj ero MEePBHM MHOKECTBOM, KOTOpOe, KaK CJaelyeT H3 IO-
CTpoeHHs TaGAHIE, IMEeT HAWMEHBITYI0 CTOMMOCTB).

Hlaz 3. Haunnana ¢ otveweHHoil nosnuuu B Gioke p, nepe6Eparts
ero MHOKecTBa S;, CKakeM, B IOPAJKe BO3PACTAHNA IHAEKCA j.

(i) Ecaim maiineno MuokectBo S), Takoe, wro S' 1 E = &
B z+c? <z (tme ¢} — crommocts wmumosectsa S?), TO mepeiitm
K mary J.
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(ii) B nporaBHOM cayuae, T. €. ec:m 6a0k p ucYepnaH miam BHGpa-
HO MHOKecTBO S}, Takoe, wro z + ¢f > Z, mepeiiT k mary 4.

Hlaz eozspayenus

Illaz 4. B He »0:KeT IPABECTH K JaydmeMy pemennio. Ecam B = @&
(r. e. 6ok 1 mcuepnan), To aaropurMm 3akaHumBaer paGory m omrm-

I

MaJbHHM pemermeM saBiaserca B. B npoTBHOM ciaywae yRaixnTh

nocleqHee MBOKECTBO, CKaKeM, Si., aob6aBuTH ero B B, HOJOKHATH
p = l, mocTaBETH METKY HaX MHOKeCTBOM S, ,, YAQIHTH Hpefme-

CTBYOIYI0O MeTKY B Omoke ! m mepeiiTm k mary 3.

Hposepra noeozo pewenusn

llfaz 5. O6uoButs namEne: B =B | {S§}, E=E | S}, z=
=z + c}i Ecan naiineno ayumee pemenme £ = R, To noaoxarth

B = B, z = z n nepeiite x mary 4. Hnave nepeiiTh x mary 2.

Ecam nmomck oxaHYMBAETCH ¢ mcYepunBaEueM Giaoka 1 (cM. Bnme
mar 4), To meaecooGpazHO mepecTaBETh GJIOKH B IOpPSANKe BO3PacTa-
HAA YdCaa CTONA6mOB (MHOMKECTB) B KaKEOM 6ioxe. IT0 MOMeT GHTH
ocymecTsieHo (mepef HOCTpOeHHeM HCXOQHOH Tabiammu) mepeHyme-
panmeii 31eMeHTOB (CTPOK) 7'y, . . ., 'y B IOPAAKEe YBOJINYOHAA TNCA&
MHOKEeCTB H3 S, COfep/RAIIMX COOTBETCTBYIOIHME 3JIEMEHTH.

Ilpesxne gem mokasaTh, Kax aaropurm aina 3HP pacupoctpansercs
Ha 3HII, kpaTko ymoMsaEeM 0 HEKOTOPHX APYTHX METOZaxX, IpUMe-
gsaemux np® pemesna SHP. B [49] ITupo m Jlackm manm pax monmdn-
Kanuil npuBefieEHOro BHIIe OCHOBHOTO aJITOPUTMA, HCHOOJB3YA B Kavye-
CTBé BCOOMOTATEILHOTO CPEACTBA JHMHEHO® NpPOrpaMMHPOBAHHE;
B [45] Mumo omncaxn npyroit aaropuT™ HesiBHOTO mepeGopa, KOTOPHIT
OCHOBAH HAa 3ajave JIHHEHHOTO IPOrPAMMHPOBAHHAA, COOTBETCTBYIO-
meit 3HP ¢ «6nouHoi» CTPYKTYpOi#l (paccMOTPeHHON BHImE H HIrpaB-
me# BCIOMOTATENBHYIO POJIB).

IIpepnaranucy Tak:Kke aJTOPHTMH, BKJI0YAKMHAE HTEPALAH CHM-
IVIeKCHOTO THOA, Kak mpamue (4, 5], Tax m asoiicreennme [58, 37].
B [37] Vlencen ycmemno mpEMeHHa METOX AMHAMHYECKOTO LPOTpaM-
MHPOBaHHA K ounpefelenHomy tany 3HP.

4.4. Aaroparu pemenna 3HII, mcnoassyiompuii nepeBo mnOmCKa

B aaropurae, onacanHOM BHIE B pasf. 4.3, eIMHCTBeHHKIM IIATOM,
xapakrepaum aaa 3HP, sapaserca mar 3 (i). Ecan ymanmts B aTonr
mare TpeGoBamme «HemepexpuBaemoctm» S} | E = @, 10 axropmrm
MosxeT 6uTh Hemoab3osal gaa 3HII. Ogaaxo B aToM caydae HCXORHASN
tabanna GyfeT HeckoJabKo oTAmdaThCA OT Ta6a. 3.2. Hrak, moaoxms
Sy = A{rjp Tiys T3 - ..}, T j; <Jo <js <.... Temepsr memo-
CTAaTOYHO BKJIWIHTH S; TONBKO B GJIOK j;, HOCKOABKY Ge3 TpeGoBannsm



58 I'Jl, 3. HESABHCHAMBIE 1 JOMHHNPYIOIIHE MHOMECTBA

«HelepeKPbIBAeMOCTH» HEJIb3A HCKJOUNTH S; U3 paccMOTpeHHsA, CKa-
#ewM, B 6JIOKe j,, ecaIu r;, yKe DOKDPHTO JacTHhM pemenueM. Ciaeposa-
TeAbHO, S; JOJIKHO BXOAUTD B KamKAkil 670K Jy, j,, j3, - . - - C Apyroit
CTODOHBI, IOCKOJBKY JJIEMEHT I 13 S; coriacHo «mocsenoBaTeIbHOR

NpHpoJe» HOMCKAa TOKDHBAETCA INepell BeTBJICHAEM HA MHOMKECTBaxX
610ka B (f >j,), TO Temepr BO3MOKHO YHAJAUTH BCe 3JIEMEHTHI z,
u3 §; mepen BBenemmeM S; B aw6oii 6ok P >j, Ges xaroro-nnGo
BJUAHOA Ha Pe3yJbTAT PeleHus 3afadd. JTA TPUBMAINBHAA ONEpaNHA
yhaleHns C BHYUCTATEJNLHOU TOYKU 3PEHHSA OKA3HBAETCA O0YeHb
BBITOHOI, HOCKONBKY AcxofHan Tabnuna B 3HII Temepy Momer GHITH
COKpameHa ¢ IOMOIbIO IPABHJ, YKA3aHHKIX B pasf. 4.2, 10 3HAYHTEdb-
HO MEHBIIMX Da3MepoB, YTO BO3MOMKHO OCYIMECTBUTHL 6e3 ynajJeHHs
anemenToB z; (jo << P) na muomects Gnoka P [48].

3pmech ciaegyer OTMETHTh, 4TO aJTOPUTM M3 pasj. 4.3 aBnserca
NPUMATHEBHEM IOMCKOBRIM QJTOPATMOM, HCHOJB3YIOMEM J€pPeBO
TONCKA, ¥ JAMEeH Kak:AX-I1K00 TOHKOCTeH, XOTA IPH TIIATEJIHLHOM IIPO~
rpaMMUPOBaHHE MOxeT OHTH crenaH BechbMa addexrmpumm gas 3HP
[27]; ato me tak nua 3HII, naxe Upy AOBOABHO CKPOMHHIX pa3Mmepax.
Jlanee MBI paccMOTpHM HEKOTOpHIE BajKHEE YCIOBHA M BEIYHCICHHE
HIKHUX TPaHUI, KOTOPHE MOT'YT OKITH MCHOJB30BAHHE IS OTPaHHYE-
HHA JepeBa NOMCKA M yaydmeHusd 3PPeKTHBHOCTH OCHOBHOIO aJjro-
poT™A.

4.4.1. Hexroropnie Bakasie yenosus. IIpessne geM ycTaHABIHBATH
ofmne pe3yJabTaTsl, MK IPORJIIIOCTPUPYEM 3TH BajsKHHE YCJOBAA HA
npumepe. Paccorpaym cryqait, korna 610k 1 cogepxut (cpeu Apyrux)
MHoKecTBa S; = {ry, ry, re} u Sy = {ry, r3, ry} co croumocTAME
% 4 COOTBETCTBEHHO, a GJIOK 2 comepKHT MHOMecTBa Sy = {r,, Iy, I's}
m S, = {ry, r, s}, KasKaoe co CTOMMOCTHIO, paBHOil 2.

B npouecce BHOOIHEHAs anropaT™Ma M3 pasp. 4.3 Ha HEKOTOPOM
arame uoxayumMm B, = {S,, S5}, E, = {ry, ryy ..., Te}, 2o = 5
3aTeM BeTBJIeHHe OyReT IPOXO/IKATBCA NO TeX IOpP, HOKa JHOO0 MH
He HalieM pemenge, KOTOpoe Jyume, 9em Texymee B, aubo ue ycra-
HOBIM, 910 S; ¥ S3 HE MOTYT OJHOBPEMEHHO HOABATHECHA B ONTHMAIb-
HOM peIeHHH.

Jla1ee, wepe3 MHOTO mMaroB, MBI JOCTHTHEM TaKOii CHTYanlH, KOTAA

Bb = {SQ, S3}9 Eb = {rl, ey r5}, 2y = 6.

3mech CTAHOBHTCA ACHBIM, YTO [albHelimee BeTBIEHME NeJaTh HE
HYKHO, NockoubkY Ey,= E, u z, > z,. Ilono6mas xaprmra mmeer
MECTO TaKKe OpH

BC = {S27 SA}’ EC = {ri, « . oes 7'5}, Zc == 6

Takum o6pasor, BO3MOMKHO, HMEET CMBICI XPAHNTh A Ka:KIOro
sHavedma z = 1, 2, ..., z HekoTopHii (GHITH MO;KeT, HEIOJHHII)
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CIHECOK MAKCHMAJNBHHX MHOMCTB FE, KOTODHe YK€ HOJyYeHH JIJaA
AAHHAHX z (TIe IoJ MAaKCHMAJBHHM HOOHAMAGTCA TAK0e MHOMKECTBO,
KOTOPO® He CONePKATCA B JPYroM MHOKECTBE M3 3TOTO CIHCKa). ITH
CIHCKA MHO;KeCTB E MO)RHO 3aTeM MCHOJIb30BATh JIA OrPAaHMICHHA
HOACKA IyTeM SMAMAHAIME TeX BETBIEHW, KOTOPHE MO03/Ke OKa3H-
paTCa GecnonesEnMu. Boobme HOPaKTHIHO XPAHHTH 6C€ MAKCHMAIb-
gue MEOKecTBa E noGoro ypoBaA cromMmocta. Ecam 61 aro 6muto che-
J8HO, TO HOJYIeHEHI MeTOX GBI OH HOX0/R Ha TAKO HONXOX K 3aKade,
KOTOPHI XapaKTepeH AJIs RHHAMAYECKOTO NMPOrpaMMAPOBAaHAA (HIE
Mor 6H paccMATPHBATHCA KaK IOJHHI [PeBOBHAHKIA MOHCK C IPHODHA-
TETOM IO IIAPHHS).

IIycrs MH coxpammam HexoTopHit comcox L (z;) MHokecTB E,
KOTOpHe (HJiE HOJYIeHH B HpONecce BHINOJHEHHS AJTOPHTMA HA
HEKOTOPOM YpPOBHE ¢ CyMMapHO# CTOHMOCTBIO z;. IIpexmonosxum, uTo
pa gamHoM stane E = E', B = B’, z = z’ B MH 3aHATH HCCJe0Ba-
maeM 6roxra k (rae k = min {i|r, ¢ E'} — cM. mar 2 B aaropurme us

pasn. 4.3) m BHGOpOM MHOKeCTBAa S) CO CTOMMOCTBIO ¢; A CIOXYIO-

mero BerBiaeHmsa. Ecam z’' -+ c? < %, TO BeTBJEHHEe B pacCMaTpHBae-
MOM aJiTopuTMe C 3TOTO JTalla NPOAOJIKAETCA RAJbIIe H

E=E'US}, B=By{sih z=z+¢,

He3aBHCHMO OT KAKEX-1u60 APYrax coobpaskemmii.
OnBEako MOKHO TakKe rapaHTEHpoBaTh (Ha mare 3), IT0 mepeR
[IPORO/IKeHNeM BOTBICHHA

E'US;EE, VE€L(z) B npm Boex z,
I KOTOPHX 2z’ <3, <2’ +c). (8.16)

Ecim S} He ymoBNeTBOpAeT NpHBEJCHHOMY BHIIE YCJIOBHIO, TO OHO
0TGPACHBAGTCA B DACCMATDHBAGTCA CIOLYIONMEe MHOMKECTBO S,y y 6ao-
Ka k, = 1. n. Ecam S} ynosnersopser yenorumo (3.16), To MoskEO mpo-

OJAKATHh BEeTBICGHHE NAJBINE C S;‘ TaK ke, KAK B paHbIe, HO ¢ 06HOB-

JeHHEM comckoM L (z), moayseBHHM HoGaBieHmeM MHOKECTBA
’ R ; ’ R

E' |JSjBL((Z + ¢cj).

ITocKomBKyY, KaAK yIOMWHAJOCH paHee, HeBO3MOMKHO IPAKTHYSCKH
XpaHATh OodHHe coucKE L (z;), T0 ROKHH OHTH HCHOAb30BaHH
HEKOTODHEe O9BPHCTHIECKE® KPHTEDHH [N ONpefeJeHEA pasMepoB
3THX COHCKOB H CI0oc0GoB HX 00HOBjIEHHA B MPONECCe IMOMCKA.

(A) Pasmepw cnucka. Jlyame, oueBHAHO, HMCKJIIOYATH MHOKECTBA

S?, KOTOpHE MOTYT OKAa3aThCA BETBACHHAMH [epeBa HA €ro Hadajdb-
HHIX YPOBHAX, TAK KaK 3TO MOKeT IPHBECTH K 0TGpacHBaHHIO GONBITHX
gacTeil BO3MOKHOTO Jepesa momcka. Takmy o6pasoM, HMHTYHTHBHO
SICHO, 9TO MIMEeT CMHCJ OCTaBIAATH COUCKK GoasmEx paamepoB L (z;),
COOTBETCTBYIOIMAE MCHBIIMM Z;. JTO HOATBEP;KEAETCA HOHONHATENLHO
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Tem, uro yciosue (3.16) Bumoansercs ¢ 6oJpmeil BepOATHOCTBIO
TOrfa, Korja MHO:ecTBa 7 COMep:KaT JIHMb HECKOJbKO 3.IeMEeHTOB,
9TO MMEEeT MEeCTO A MaJdbIX Z;-ypOBHei.

(B) O6nosaenue cnuckos. Ha onpenenennoM z;-ypoBHe TeKymmee
E-yuoxectso (myeTs 310 MHOsKecTBO E') ABIsercs ¢ Gonbmeii BepoAT-
HOCTBHIO TOJMHOMECTBOM Takoro mHoecrsa E” (us cmucka L (3;)),
KOTOPOE [oJ1y4eHo n3 Toii e obmeil yacTu JepeBa MOMCKa. JTO CIpa-
Bef;1uBO notoMy, 4o £’ 11 E” nyvetor o6myo 601bmy1o 9acTh NenH or
Haga,IbHOrO y3Ja [0 COOTBETCTBYIOIIMX OTHM MHOMKECTBAM Y3JI0B
nepepa. Mtak, kaserca 6oJee BHTOJHBIM PACHOJOXKATHL cuackn L (z;)
KaK CTeKH H ncnoabaosath aaropurm FIFO «mepBrim npmmen—mnep-
BHIM YIDEJ», COTJACHO KOTOPOMY B Clydae IIepPenoJHeHHA cTeka oTbpa-
CHBAETCA MHORECTBO, HaXOJAIEecs BHHUBY.

4.4.2. Berancnenne Hnxueit rpasnnsl. Ha HexoTopoy aTane noncka,
onpegeasemom B’, E’, z’, 1 xorfga 610k k ABaserca crepyiomnm 6io-
KOM, HOAJEMANIIM PAacCMOTPeHNI), HIKHAA T'DaHANA A A HaHMEHb-
mero 3HAYEHUA BENUYNHH Z MOyKeT GbTh BHYIICJIEHA M MCOOJIb30BaHA
ANA OTPAaHMYEHUA AepeBa DOHMCKA ciefylomum obGpasom.

PaccMoTpnM HemOKpPHTHI 3iaeMeHT I'; € R — E’, KoTOpHI OTCYT-
cTBYyeT B MHoO;kecTBaX 6aokoB k, k -+ 1, ..., i — 1, coorBeTcTBYyI10-
ImMHX 3JIeMEeHTaM, eme He NOKPHTHM YacTHHM pemesmeM. Torjaa ane-
MEHT r'; He MOkeT OHTb DOKPHT, HOKa HEKOTOPOe MHOecTBo S; 610Ka i
He Bubpano a1a gobasienns x B’ Ha caexyomesm srame. Hrak, nia
Ka;KIOro TAKOrO 3JeMEHTa I'; CTPOHTCA CTPOKA AnA MaTtpunu D =
= [dgs] m crpoka mus Bropoit Martpmmm D’ = ldg), rne dg, paBHO
YHCIy 3JEMEHTOB B MHOeCTBe SY, a dg, — CTOEMOCTH MHOKECTBA S3.

Kpome toro, x kamxpoii matpune D m D' no6aBasercss 10mOTHN-
TeJbHAA CTPOKa, CKameM 0, ¢ dg, = s xaa Bcex s =0, 1, ...
ooy M —|E'|ndy,=s-min[cj/| S;|], rne MpBmMyMOM Gepercs mo Bce
MHOmecTBaM S; TakmM, 910 r; ¢ E'. YUnciao si1eMeHTOB B CTPOKe ¢y
marprusl D (uam D’) moxer OHTb OTJIMYHO OT YHCJIA 3JIEMEHTOB
B APYroil cTpoKe ¢,. Iloaromy, no6aBue B xonue crpox 0 (wyam) n oo
(6eckoneunocTH) cOOTBeTCTBEHHO AaA MaTtpun D u D', nobsemca roro,
9TO6H YUCIO 3JIEMEHTOB B PA3HHIX CTPOKAX CTAJ0 OJWHAKOBHIM, CKa-
3KeM, DaBHEIM f, a MATpPRIBI CTAJH NPAMOYTOJIbHBIMA.

Temepr MOKHO BHICKa3aTh pAA yrBep:kneHmil. IlocKoaeky onTm-
MaJbHOE pemeHHe Tekymeil mof3agayy JOKHO HOOKpwBATL M —
— | £’ | snemeHTOB, TO, BHOHpad IO OMHOMY 3HAYEHUIO M3 KaKIOH
crpoxu Matpuust D ¢ TakHM pacderoM, YTOOBI YAOBIETBOPSIOCH
VCJ10BAE

(dlsi ":“dZs2 SRR +d939)>j‘/[— l E,l
M MHHHMH3NPOBANACh COOTBETCTBYIOMAS CTOHMOCTH

v =(diy, + - - +dasg),
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abl KAK Pa3 H DOJAYYNM HIJKHIOW TPAHHENY JUIA OOTHMAIBHOM CTOMMO-
cTH B xof3agade (0 IOKPHTHM) — PAHHANGH ABAAETCA HAHAGHHOE
3HageHne v. 31ech M MPONIOJATANH, ITO MHOKECTBa, COOTBETCTBYIO-
miie 7MeMeHTaM MaTpeEuu D, pacmoso:KeHHHM B PagHHX CTPOKaX, He
nepeceKalTCsa; TaAKAasA CHTyalus, OYeBMAHC, ABAACTCA Hamaydmeil ma3
po3MOKEHX. Ilociaegusas crpoxa 0 mpocTo rapaHTHpYeT, 9TO €CIH

0-1
{21 dil‘<M—"|E'lv

TO OCTABIIHECA 3JEMEHTH NOKPHBAKTCA HamaywmmMm oGpasom, T. e.
¢ MEHAMAJBHOH CTOMMOCTHI) NOKPHTHA IJIA Ka’KAOro NONOJHATEIHHO
NOKPHBAEMOTO 3JeMeHTa.

HanMerrmee sHavenme nas

0 0
) diy, npu orpanmuenmE Y, di, >M—|E'|
= =

Jerxo MoReT OHTL IOJTYyYeHO C NOMOIIBIO CIEAYIOIEro AaJTOPHTMA
IAHAMHYECKOT0 HpOrpaMMHpOBAHUA.

Iyers g, (v) — Bamboabmee 49HCIO 2TOMEHTOB, KOTOPHE MOTYT
OHTb DOKDPHTH TOJABKO C IIOMOMBIO NIEPBHX O CTPOK Marpunuu D
(1. €. ¢ ACHOJIB30BAHHEM TOJBKO O O/JOKOB 3afauu), upudeM o0mas
CTOMMOCTh HOKPHTHA He mpeswmaer v. Torna g, (v) Moxer GHTD Haii-
JeHO HTePaIHOHHHIM METOAOM, TAK KakK

& (v) :fnax [;ipn + go-1 (v —dg)}, (3.17)
rae g, (V) mpmpaerca HadaapHOe 3HaYeHme, paBHoe 0 [uIA Bcex v.

CrnegoBaTe1bHO, HAMMEHbINEE H3 3HAYCHMH BeIMYMHH U, [JIA KOTO-
PHX BHIIOJHAETCA HEPaBEeHCTBO gy (V) = M — | E’ |, xak pas Gymer
TpeGyenoit HmKHell rpaEmmeil h; OHO MOMKeT OHTH JErKO IOJYYEHO
H3 TaGAHMIN pemeHHs 3afa9d XHHAMHIECKOTO NpPOrpaMMUpPOBAHEA,
COCTaBJIGHHOH ¢ HCNOJb30BAHNEEM IPHBOJEHHOTO BHIE HTEPAMEOHHOIO
ypasHeEns. Ciregyer OTMETHTB, ITO HEOGXOXEMO PaCCMOTPETh TOJIBKO

TaK@e 3HAYeHHA BEAWIMHH U, INA KoTopHX 0 < v <2 — 2’, nockoxs-
Ky ecam h =22z —2' (1.6. go () <M — |E’' | pia v > z —z'),
TO MOKHO Cpasy ke CReJAaTh IIar BOSBPANICHHESA.

4.5. BuaucanTensHAA XapaKTEPHCTHEA AITOPETMA
pemenna 3HII

BuuncauTeNPHN® ~ BO3MO)RKHOCTH  8JIFOPHTMA, ONHCAaHHOTO
B pasp. 4.4 n npepmasmauensoro pasa pemerms SHII, npexcrasnens
B Tabm. 3.2. Bo Bropoit m Tperweit rpadax ra6ammH HKaHW wACIA
CTPOK © cTOJN6HOB, HONYYeHHLE UOCH® NPAMPHEHHSA YIPOMAIOIEX
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npasnia. JlanEsle BO BCceX 3afavax 3ajaBajUCh CaAyJalHEIM 06pasom,
a cTomMmocTH Gpanmch paBEHIMH eNuHHUIE, T. €. ¢; = 1, aaA Kamuoro
cronbna j.
Tabaruya 3.2
Bpema Bwuncaenns npa pewennn 3HII

L277
Jadava Sucao cmpor | ;:;;Z op | omwecms | o H%‘ZZ K depeﬁg’

noucka

1 15 20 0,22 0,08 0,02
2 15 25 0,25 0,04 0,01
3 15 2 0,30 0,06 0,02
4 20 60 0,18 0,25 0,07
5 20 50 0,20 0,11 0,02
6 20 75 0,23 0,35 0,05
7 25 110 0,17 0,60 0,06
8 25 120 0,19 1,30 0,16
9 25 170 0,22 1,50 0,11
10 30 80 0,12 1,00 0,20
11 30 180 0,15 10,50 1,60
12 30 250 0,17 6,00 0,52
13 30 340 0,21 9,20 0,30
14 30 475 0,20 11,00 0,09
15 30 500 0,23 22,00 0,40
16 30 700 0,23 105,50 3,02
17 30 725 0,25 32,50 0,12
18 30 875 0,26 57,20 0,18
19 30 1000 0,27 72,80 0,19
20 35 160 0,09 18,50 2,18
21 35 290 0,13 28,00 2,03
22 35 460 0,16 75,50 2,95
23 35 385 0,18 129,50 3,96
24 35 780 0,19 141,20 5,03
25 35 1075 0,20 110,00 0,55

1) CIC—6600, B CeXKyHpuax.

2) YEcyo y3JIOB B JlepeBe NOHMCKA (B THICAYAX).
Jlemke, Cangun u Momas6epr [41] npepnomumnn Taxne mMeTonn peme-
amsa 3HII, B KOTOPHIX HCHOJB3YIOTCA [ePEBO NMOMCKA (MHOTO THOA),
a TaxKe JuWHeilHbie NPOrpaMMH. Pemenme cooTBeTCTBYyIOmell 3amavm
AmHEHHOTO nporpamMmupoBanus GepeTcAs B KadecTBe HMKHeH IDaHANH
B IIPONECCe UOMCKA M, XPOME TOTO, ONpefelsieT XapaKTep IOCJIeRyio-
mero BeTBIAGHHMS B TeKymeM yaje fepesa noncka. Ilogxopsr, Gasm-
pylomuecs Ha PACCMOTPEHHH OTCEKAIOMEX INTOCKOCTeH W NofiobHbie,
B IPURMHIE, TeM, KOTOPHEe npumenawTca B obmem O0—1-mporpammm-
posanmn [32], mpemcraBnenn B paGorax Xaysa, Hemcoma m Pano
[35] m Benmopa m Parmuda [9]. Cpasnenme atnx MeTomOB I HCCIeNlOBa-
HMe HX BLITHCIATENLHBIX XaPAKTEPMCTHK AaeTca B cratee Hpmcro-
¢uneca u Kopmana [19].
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5. Ilpunokesma 3agauYm 0 IOKPHITHE

5.1. Buop mepeBoguHKOB

IIpennosokuM, 49TO OpPraEM3anEd HYKHO HAHATH NIEPEBONIAKOB
¢ ¢paHOy3CKOr0, HEMEIKOro, TrpevecKoro, HTAJLAHCKOro, MCIAH-
CKOI'0, PYCCKOr0 M KHTAHCKOro ASHKOB Ha 8HTJIMACKAHA B 9TO EMEeTCH
nate xasganaryp A, B, C, D n E. Rampan xangmpaTypa Biajfeer
TONBKO HEKOTOPHM COGCTBeHHHM IOAMHOKECTBOM M3 YKasaHHOrO
BHIIe MHOKECTBA ASHKOB H TpefyeT BHOJHE OHpEReJCHHYIO 3apIJATY.
Heo6xonumMo pemdTh, KAKEX IePEBONIMKOB (C YKASAHHHX BHINE A3H-
KOB Ha aHTIMACKEI) HANO0 HAHATH, TTOGH 3aTPATH HA 8apIIATy OHiaH
gapmensmmyma. OueBHHO, YTO 5TO — 8ajada O HAMMEHHIIEM HOKDH-
THH.
Ecam, sanpumep, Tpe6GoBaBEA HAa OLJIATY TPYAA Y BCeX IpPeTeHIeH=-
TOB ONWHAKOBHE H I'PYNNH ASHKOB, HA KOTOPHX OHH TOBOPAT, yKa3a-
BN HEe B MaTpEme 7, To pemeHme 3afayd OymeT TakmM: HYKHO
HaHATH nepeBoRYEKoB B, C m D.

Ilepesoduux

~
&
[
Q
*
2

Asux

@paBnyacKuil
HeMenknik

T'peveckuii
Hranbasckuit
Hcnascknit
Pyccruit
Karafickuit

O OO =0
O OO0 m
—~OOmOOm
- X-X-X-X-A ]

QOO I O i s

5.2. Hadopuanmonnnili momcxk [21)

ITpennono;kEM, 9YTO HEKOTOpPOe KOJHMYECTBO eNHWHEN HMEPOpMaNEE
xpanuTcAa B N MaccwBax RamEH ¢, j =1, 2, ..., N, npauem Ha
KaKAylo efWHENY MRGOpPMANAM OTBOXHUTCSA IO MEHbIIOH Mepe OAHH
MaccuB. B HeRoTOpHIT MOMEHT fenaeTcs sanpoc o M enmHENax uEPOP-
mamme. OHE Moryr GHTH HOJNYYeHH pPAaSJHIBHME CoOCO0aMH IpH
IOMOIIM HOHCKa B Maccuse. s Toro yroGH monydInTh Bce M eNMHREL
nEGOpPMAaNEA W OpH 3TOM IPOHM3BECTH IPOCMOTDP MACCHBOB HaHMEHb-
mreli nrwHK, Haxo pemuts 3HII, B koropoit anement £;; MaTpEnu I paBen
1, ecan urdopmanma i HaxoxETCA B Maccuse, u 0 B IpoTHBHOM CiyYae.
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5.3. Mapmpyrm moneros camoneros [1, 55, 64, 65]

IIpeamososum, 9To BepUIIHE HEOPHEHTHPOBaHHOrO rpada G mpea-
CTABIAIOT aIpPONOPTH, a AYTH rpaga G — aramm mo.1eTos (6ecmoca-
NOYHbBIE Nepe’eThl), KOTOpble OCYMECTBIAIOTCA B 3aJaHHOE BpPEMA.
JI060it MapmpyT B arom rpage (yHoBIeTBOPSIOmMUIT PANY YCAOBHIA,
KOTOpEIEe MOTYT BCTPETHTbCH HAa OPAKTHKE) COOTBETCTBYET HEKOTOPOMY
peajbpHO BHIOJHEUMOMY Mapmpyry noaera. Ilycts mmeerca N Tarux
BO3MOKHHIX MapmIPYTOB M ATA KaKAOr0 M3 HHX KAKHM-TO COOCOGOM
moACYATaHAa ero CTOHMMOCTb (HampmMmep, CTOIMOCTH j-TO MapmpyTa
paBHa ;). 3anada HaXOKIeHHsS MHOKECTBA MAPHIPYTOB, HMEIOIIEro
HAIIMEHBIIYI0 CYMMApPHYI0 CTOHMOCTH I TAKOIO, YTO KaKAKIH 3Tam
moJIeTa COAePAKUTCA XOTA OBl B 0THOM BHODAHHOM MapHIpyTe, ABIAET-
CA 3ajadeil 0 HaHMEHbINeM HOKPHITHH ¢ MaTpuneit T = [¢;;], B KoTO-
poit aaemeHrt f;; paBeH 1, -ecan j-it sTam comepsruUTCH B j-M MapmpyTe,
u paseH 0 B mpoTHBHOM caydae.

YrameMm eme Ha OJHY pa3HOBHIHOCTHL DPACCMOTPEHHOH 3ajayu
(Tak:Ke 9aCcTO BCTPEYAIONMYIOCH IIPU HA3HAYEHNH MAPIMIPYTOR HOJETOB).
Ecan tpe6oBaTh, uTOOB KakABI 3TAN COAEPHKAJCH TOJIBLKO B OJHOM
mapmpyTe, To npuxonum k 3HP, coorBercTByomeii cdpopmynmposan-
Hoit Brme SHII.

5.4. Ynpomenume xormgeckux (6yaeBCKHX) BhipaskeHmii
[30, 50, 51, 67, 44, 43}

Ilpn yupomeHHH JOTHYECKOr0 BHPpaKeHUs (JI0THMYecKoil (opmy-
au) E, xoTopoe, Hanpmmep, 3aJaBO B QM3 BIOHKTEBHON HOPMAJbHOI
¢dopme ), HOCTATOYHO PACCMOTPETH TONBKO MHO;KECTBO P NpPOCTHX
uMoaEKkaBEToB Gopmyan E. «Hanupocreiimas» ¢dopma?) gna E noay-
9aeTCHA TOTHA C HMOMOMbIO Bhexegnsa B P mommuo;kectBa P HamMeHb-
meif MONIHEOCTH, YROBJIETBOPAIINET0 YCJIOBHIO: Ka:KIAAs BJIEMEHTapHAS
xoEBOHEKNEA K m3 E «moKphBaeTCA» Mo KpaiiHell Mmepe OfHAM Ipo-

cTHM uMITEKaBEToM J m3 P (1. e. mmmimkamus K — J sBasercs
ToKAecTBeHHO mcTEEHON). OueBmpgHO, 4TO 3ajjada HaXOMIEHHA «HAH-
npocreidmen» Gopmer asasierca 3HII co ctommoctama c; = 1 nas Beex
i=1 ..., N

Jdra 3amava, KpoMe TOTO, JKBHBaJeHTHA 3ajade IOCTPOEHHA
«IPOCTEHIIel» IepeKaI0YaTeabH0ii (KOHTAKTHON) CXEeMH, pealH3yio-
meid NamHYI0 JOTHIECKYI0 (OpMY.y.

1) Yacto npmMeEAKT COKpameHHe — N.H.§.— [Tpum. ped.

) «Hanmpocreiimas» ¢opma, paccMaTpmBaemas 3fiech, YACTO HA3HBAETCH
xpamuadwet 0.x.¢. IINpOKO H3BECTHH ¥ Jpyrae A.H.}.— Munumatbrue, mynu-
Kosvie, coxpauyennwe.— Ilpumx. ped.
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5.5. 3anaua o passoske (o mocramre) [7, 47, 24)

B 3amawe o pasBoske rpad mpeAcTaBiIAeT COTh KOPOr, OXHA €ro
BepIIHHA IPOACTABJIAET CKIAK, & BCO OCTAJbHHO BOPIIEHH H306pa-
xmaor morpebmreseit. Tpamcmopr, moxmpmarommit ckiaax, cHaGmaer
TOBapOM HEKOTOPHX NoTpeGETenell, ImOCAe 9Yero BOBBPANAETCA HA
ckaax. IIycrs «crommocrs» MapmpyTa j paBHa ¢y (HADPEMep, ¢; MOKeT
6HTH RHJIOMOTPa’KeM MaPIIPYTa MIH BpeMeHeM, HeoOXOMHMEM IS ero
npoxXoRAeHEmEA). CopamuBaeTCA, CKOJBKO MAMHEE CHERYeT HCIONB-
30BaTh HA PABHHX MAPMIPYTAX, YTOGH B OXHH H TOT 7Ke JeHb JOCTAB-
JATH BCeM MOTPeGHTENAM TOBAPH (KaKAOMY IOTPe6HTeNI0 MOCTaABIACT-
¢s Cpa3y Bce He0GxommMoe) H YTOGH CyMMADHAA CTOMMOCTH IPOXONHE-
MHX MapmpyToB 6Hia HamMeHbmeH. DTy 8afaTy, OY6BHIHO, MOKHO
paccmatpuBaTh Kark SHP, B RoTopoit cToa6mu npefcTaBAAOT BCEBO3-
MOJKHEE OCYymecCTBHMHE (C y9YeroM NDAKTHYECKHX OTrpaHHYCHHi)
3aMKHYTHEe MapIIPYTH, HAQUMHAIOMEECA M KOHYAIONIAECH HA CKIAje.
Crpokm mpeacTaBAAKT HmoTpebmTeneil.

Iloarrm mAeHTHEYHA pacCMOTPeHHOH 3afave 3agada O NPOKIARKe
3JIOKTPAYECKOT0 Kabels MJIA HOJAYH SMOKTPOIHOPTHH OT HOACTARIHE
}cmana) R TNOTpeOHTeNAM B ¢KOJABIEBHX CXeMaX dHEpProcHaGReHmA»

15]. dpyrme nparrraeckue npmiaoxenns SHII m 3HP ceasanw ¢ chE-
xporm3anmei murmi cGopka [59, 25], rocynapcrsemEnM paiowmposa-
mmem [29], ¢ BuumCeEHeM rpaHmN B 3afadax o6IIEro neJ0IACIEHHOTO
nporpammepoBarns [18], ¢ ceresunm naanmposammem [20] w ¢ paspa-
6oTrO#l cXeMm 3amuTH ¥ HamanesHsa (8, 10],

5.6. JIpyrue sanaun o moxpurEm rpados

Boasmoe umcio sama3 Teopu: rpadoB MOMKHO CHOPMYIEPOBATH
kak SHII, xora MEOrse m3 BEuX MOryT GHTH pemeHH 6oee 3PPeKTHBHO
C NOMOmBI0 HHHX TEOPeTHKO-TPafoBHX CpPeACTB, PACCMOTPEHHHX
B IPYTHX YACTAX aroif kEAru. B mamHOM pasjese MH XOTHM IOKA3aTh,
KaK HeKOTODHe H3 3THX 3afau cBssamH ¢ 3HII.

5.6.1. Hammensrmee noMmaMpyOmee MHOmecTBo. Hark ynommHa-
Noch B pa3y. 4 HACTOAMS! IIAaBH, 3a/1a7a O HAXORAGHAA HAAMEHBIIEro
NOMHHApDYIOmEro MaokecTBa rpada G asaserca 3HII ¢ Taxkoit MaTpm-
neit 7', Koropas mosyuaercda B Pe3yiabTaTe TPAaHCHOHEPOBAHHA MATpH-
OH CMEKHOCTA Tpada G ¢ eHHAIHHMA 5JIeMEHTAMH HA IJAaBHOH KHa-
rOHAJIH,

5.6.2. ‘HanGoxpmee HezaBECHMOEe MEORecTBO. OMmH H3 cmoco6oB
HaXOJAeHAA HaHGOJIBIEro He3aBHCAMOrO MHOKECTBAa BepmuH rpada
G = (X, T) cocTOHT B DOCTPOCHHH BCEX MAKCHMAIBLHKX HO3aBHCHMHX
MHOKeCTB BOPIIHH H BHOOpe H3 HEX MHOJKeCTBa ¢ HamGoJunmel Moml-
BocThI0. J[pyroit cmoco6 TakoB: HCXOAHAA 387294 HHTEPUIPETHPYETCHA
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Kak 3HII, B xoropoit cronbus MaTpunsl I COOTBETCTBYIOT BEDIIMHAM
rpaga G, a crpokm — pebpam, npmdueM i;; = 1, ecam BepmmHa Zz;
HHOAEHTHA pebpy a;, m t;; = O B IPOTABHOM CIydae.

Torma ovesmaHo [23], uro ecam X = X — muoxecTBO cTonbnos
B (samMeHbmeM) pemenmm paccmatpmsaemoit 3HII, 1o MuoxecTBO

X — X sBaserca HamGOJBIIEM He3aBECEMEM MEOKecTBOM rpada G.
DT0 CHpaBEIIEBO IOTOMY, YTO €CIE X — MHOMKECTBO, HOKPHBAIOMEe
peGpa rpada G, To Kakmoe pe6po HEUMASHTHO N0 KPaiHeH Mepe OTHOR
BepIINHE U3 X n, cremoBaTenbHO, HEKAKEe BE BOPIIEHEL MHOKECTBA
X — X me moryr OuTh CMEIKHEIMH, T. €. X — X — mesasmcumoe

MHOkecTBo. Bosee Toro, ecim X — X sBaserca HeaaBHECHMEIM, TO
Kaknoe pebpo rpada MENEAEHTHO camoe Goibluee OMHON BepmuEe HB

X — X wu, 3magmT, X — MHOKeCTBO, DOKpHBalomee pebpa rpada G.

Orcroma caemyer, 9YTO MONOJHEHHE KAKIOTO MHOMKECTBA BEpPIIHH,

nokpuBaromero peGpa rpaga G, ABNIAETCH HEBABHCHMEM MHOMKECTBOM,
A_4

a mOoCKOJbKY X HMeeT HAWMEHBITYI0O BO3MOMKHYIO MOIMHOCTH, TO
X — X ecrr» namboapImee He3aBHCHMOE MHOMKECTBO.

5.6.3. Hanmenbmee nokphiTHE ® HaunGoabmee NnapocoYeTaHHE
(em. rax. 12). To, 910 B JATEpaType HABHBAKT HAUMEHBUUM (NOKDbI-
muem», npeactaBiaser coboit mMEokecTBO E peGep rpada G = (X, A),
Takoe, 9TO Kajkjasa BepmuHa rpada G MBUMIEHTHA IO KpaiiReil Mmepe
ogEoMy pebpy m3 E m MommocTs MHOKecTBa E — MunmMmaakbHO
BoaMokHasA. TaxkuMm o6pasom, mockoJbKy E MOMHO pacCMaTpHBATh
KaK «IOMUHHpYyIOImMee Haj BepmmHaM®» rpada G, To MBOKecTBO £* —
HamMeHbIIee M3 TAKAX MHOMKECTB — MOKHO Ha3BaTh, COTJIACHO Tep-
MHHOJIOTHM, HCIOJb30BAHHOA B 3TOM TiaBe, HAUMEHbWUM OGOMUHU-
pylowum mHoxcecmeom pebep. VapectEa mHasA 33[a9a O HAXOMKIACHUH
HAaEMEHBINET0 NOKDHTHEA: HYHO OTHICKATH (CHENWANbHOE)» MHOKe-
crBo M pebGep rpaga G — B M He moimuo GHTH CMeRHEX pebep.
MguosxecTBo M Ba3HBaKOT napocoyemaruem, a MEOKecTBo M* — ¢ nam-
GospIIedl MOIHOCTHIO — SABJAETCA HAUGOABWUM NADOCOYEMAHUECM, ETO
MOKHO Ha3BIBATHh TAKIKE HAUGOABWUM HE3AGUCLMHM MHONECMEOM
pebep. DKBHBAJEHTHOCTh 3aad 0 HamGoJpmeM ODAPOCOYETaHHH H O
HamMeHEbIIEM IOKDPHTHH KEMOBCTpHPYeTcA B ria. 12, mocBAmEeHHOM
usydenuio papocogyeranmd. Tam ycramaBimpaercs, B YACTHOCTH,
cilenyiomee yTBepKAeHMe: NIycTh B HauboarmemM moxkpuTtmnm E* cre-
IeHb BEPIIMHH Z; ecTh dE* (z;) (paccmaTpmBaoTcsa TOabko peGpa
m3 E*), Torma, ecam A KaKmoidl BepmuHn Z; ¢ dE* (z;) >1 ynanuTts
dE* (z;) — 1 pefep, MHUMAEHTHRIX Z;, TO OCTaBINEECA MHOMKECTBO
pe6ep obGpasyer HamGoabmee mapocoueranme. OGpartHO, ecam M*
ecTb HauboJbIIee IapocodeTaEMe M A Ka;KAOA BEPIINHEL I; C
c dM* (z;) = 0 pobasnserca pe6po, RENUAEHTHOE Z;, TO I0J yYAIOMEECH
MHOKecTBO pebGep ofpasyer HaumeHbImee NOKPHTHE.
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3HN

HaumeHbliee
aAomnrupytowee
MHOXECTEO
sepiuny

3HM C EAWHMYHLIMU CTONMOCTAMM

Hanbonpwee
ne3aBncuMoe
MHOXECTBO

Hanéonbwan
KANKA

Haumenbiuiee

AOMHUHUDYOUWee Haun6onbuwee

HE3aBHCHMO®
MHOXKECTBO MHOXecTBo pebep
pedep (Haubonbiuiee
(nanmenbuice napocoYeranie)
NOKPLITHE)

Prc. 3.5. Jmarpamma BsaEMOCBssel Me/KAy sajauaMs.

Haum6ospmme napocoveTaHHWs H HAMMEHBIINE NOKPHTHA MOKHO
onmmcath Ha ¢sasHke» SHII. B cayvae mokpuTaii cronbnu marpumu T
opencTaBaglT pebpa rpaga G, & CTPOKH — €ro BEePIIEHH, IpPAYEM
t;; = 1, echim BepmmHA Z; MEIWIEHTHa pe6py a;, a mBage ¢;; = 0.
CaenosaTeasHo, MaTpuna I B 3T0OM Clyyae eCThb MaTPHNA MHNMACHIHA
rpada G.

Ha puc. 3.5 nokasaHa qmarpamMma B3aEMOEBsA3eil MEKNY 3a/laUaMH,
rje Ayra OT Saflaud o K sajfade f osHavaeT, YTO pemeHme 3aflavH o
pnever 3a coboii pemenne sanagm P [34, 39). Ceass Memny mamGoin-
NIEMH HEBaBHCHMHME MHOKECTBAMM BePIIEH ¥ HAMGOJNBIIEMHE KJIH-
KaM¥ YCTAHABJIHBAETCH ¢ MOMOIILIO AONOJNHHETEABBHX IrpagoB, a MEXKAY
HaBGONBIIAMA HESAaBHCHMHMH MHOJKECTBAMA BOPIIHE H HAaHGOIL-
IIEMHE NapOCOYeTAHEAME — C DoMomB peGepHux rpagon. (Ompene-
nerme pebeproro rpada cm. B ra. 10).

5.6.4. TloxpurEe rpada moxarpadamm. HasecTEHO mnemoe cemeii-
CTBO 387189, CBASAHHHX ¢ NOKpPHTHeM (HIHM pasGmeHHeM) MHOKECTBA
BepIEHE BJIA MHOKecTBa peGep rpada cmemmaiarEEME HOArpadamm
(na coemmaabEme moarpadm). Hanpmmep, MoxEHO paccMaTpEBATH
DOPOKAeHHNe MOArpadH MIE OCTOBHME Hoirpadu rpaga, EMemomue
mpeAnHCAHHHe cBojicTBa. Torma B mMarpEmax I' H3 COOTBETCTBYIOIEX
3HII (mau 3HP) croabou GyAyT HpefcTaBiATh BCe IOPOMKACHHHE
noarpads HIE OCTOBHEHE mONTrpadH ¢ 8aMaHHEIMA CBOMCTBAMH, & CTPO-
KE Marpan 6yayT NpencTaBiAATH BePIMEHN mIE peGpa rpada. B ri. 4,,
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Hanpumep, 3ajada O HaXOMK/IeHHM XPOMATHIECKOro 4mciaa rpada G
paccuatpmBaerca Kak 3HII, B koTopoit cTpokm Matpmunl I cooTBeT-
cTByloT BepmueaM rpada G, a cToabmhl — MaKCHMAJbHHHM HE3aBH-
CAMEIM MHOMKecTBaM BepmmH rpada G (T. e. MAKCUMaNbHEIM BOOJHEC
HecBaA3HEM noarpadam rpada G).

Jlpyrme Bajaum CBA3aHH C H3yYeHWeM IOKDHTHH peGep rpada
A eT0 OCTOBBHIMM HOATpadaMm ¢ JHAMETPOM, HE NPEBOCXOMAIMMM A
{13], mam «3Be3maMm» («3Be3HEIMA AepeBbAMU» IPada), BAR TPOCTHIMEA
genama B nukiamu [16, 42].

6. 3agaun

1. IlepegmciETH, BCe MaKCHMMAaJbHHE He3aBECHUMHE MHOMKECTBA
rpada G, noxkazaHHOro Ha puc. 3.6, u, clegoBaTenbHO, HAMTH TUCIO
sesasucamoctn olGl.

2. Ncooasays merox u3 pasg. 2.3.2, coCTaBHTH CIOHCOK BCeX
MAKCHMAJBbHEIX HEe3aBACUMHX MHOKecTB rpada, NpHBeIeHHOTO RHa
puc. 3.7. (O6parnTs BHAMaHAe Ha CAMMETDPHIO rpada.)

[*4 —
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Pauc. 3.8.

3. IlokasaTs, wro jaaa gamHoro rpaga G = (X, I') mesasmcmmoe
mHOKeCTBO A — X sABAsAeTcs HAamGOABIIMM TOrJa B TOJABKO TOTAA,
KOTRAa AJAA NPOH3BOJBHOrO HESABHCHMOro MHOKectsa B— X — A
COPABEIABO HEPABEHCTBO:

BL|T(B)U 4|
(cM. [63)).

4. Tlorasars, YTO B IOJHOM HEOPHQHTHPOBaHHOM rpade K, xam-
noe pebpo mpHHANIEKAT POBHO n — 2 TPOYTOJbLHEKAM (T. €. IHEKIaM
AMEEH 3).

5. Jlerko mokasaTh, 9TO yTBEPKJeHHEe, 06pATHOe IPHBEJCHHOMY
BHINE B 8ajiave 4, HEBEPHO, T. €. 8CIA KaskHoe pe6po B rpade G conep-
KHTCA POBHO B n — 2 TpeyroJbHHKaxX, T0 rpad G He 06A3aTeNBLHO
cosnasaer ¢ K,. (Ha pmc. 3.8 mpmBener rpad, 3 xoropom kammoe
pe6po nMpEHAANEKAT TONBLKO ABYM TPeyroJbHMKAM, HO rpad OTIHUeH
or K,;.) Ho npuBenenHoe B 3agade 4 yTBep#IeHHe MOKHO HCIOIbH30-
BATh JJIfl HAXOMK[GHHA BeDXHell ONMEHKM KAWMKOBOrO ducia rpada G,
T. €. TaKOro BauGospmero gucaa r, 9ro B rpafe G comepmATcsa Hon-
rpap K,. CooTBercTByOmas OIeHKAa KJIHKOBOro uHCIa rpaga G
noJiyuaerca cCiaegyomuMm obpasoM:

(i) HawaTs co sHaYeHESA r, PABHOIO HW/KHEH IDAHANE KIHKOBOTO
9HCJa paccMaTPHBAeMOro rpada.

(ii) YnanmTs Te pe6Gpa, KOTOpHE He cofep:KaTca XOTA GH B r — 2
TPeyroJbHAKAX.

(iii) ITosropare (ii) mna r =r + 1, r + 2 u 1. 1., A0 Tex mop,
DOKa He ocraHerca pebep Mmememe, wem r (r — 1)/2, Texymee sua-
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geHue r Gyger Torga BepxXHeid rpaHmned kimkoporo umciaa. Ilokasarts,
9T0 ONHCAHHHA BHIIE RJTOPUTM ABJIAETCA KOPPEKTHHM, A IPAMEHHATH

ero x rpady G — pomoaresmwo rpada G, nmpEBefeHHOro Ha puc. 3.7.
Pesynsrar CcpaBHETH co 3HaYeHmeM o [G], HalimeHEHM B 3agaue 2.

6. asa pepemasm mEPOpPMAmUM HCHONB3YETCA N CAMBOJOB (OyKB)
m3 mHOKectBa X = {z,, ..., Z,}. Paccmorpum rpad G = (X, 4),
B KOTOPOM (Z;, Zj) € A TOTa H TOJBKO TOTAA, KOIKA CHMBOJ Z; MOMKET
GHTH COYTAH C CEMBOJOM Z; HA IPHEeMHOM KOHIe KaHaja cBasm. Cmm-
BOJH HCHONB3YITCA B Giaokax — k-OykseHHHX «ciaoBax». IlokasaTs,
9TO0 YHCJIO, paBHOE HAEO6OAbIMEMY YMCAY CJIOB, KOTOPHE MOKHO HC-
DoJb30BaTh AaA OesommbG0ouHOM nepemadd HHPOPMANEM, COBIARAOT
¢ umcaom HesasmcmmocTH a [G*] rpaga G* =G X G X ... X G
(k pas), rme npomssenerme G’ X G" mByx rpados G' = (X', A')
UG = (X", A") ects rpad H = (Y, B), y Koroporo

Y ={z2;|z, €X', ;€ X"}

n
B={(z;z;, zpz;) | 2i =2 B (7, ;) €A,
wa r;=z; B (T, )€ A",
mna  (zy, o) €A" = (24, ;) € A"}
(cm. [61]).

7. HoxrazaTs, 9T0 mis n0b6ux xByx rpados G’ u G" copaseqiamso
HepaBeHCTBO

a[G' % G"1=a[G']-a[G].

8. (i) Ilycte G — meopuenTmpoBapHHA rpad. OGocHoBars Hepa-
seHcTBO o [G] = B [G], nokasaBs, uTO KaMI0e MaKCHMaJIbHO® He3aBU-
cAMOe MHOJKECTBO €CTh JOMHHHDYIOIEEe MHOMKECTBO.

(ii) IIpmBegmTe npEMep, NOKA3HBAIOIAM, YTO HAMMEHBLIIEE TOMU-
HEDPYIOINEEe MHOKECTBO MOMKEeT He GHThL He3aBHCHMEIM.

9. Ilokasats, 9T0 Ha maxmaTHOMU fjocke k X k npr 2<C k <4 neBo3-
MOKHO paccTaBUTb k ¢ep3eil Tak, 9TOGH OHEH He aTaKOBAJIM APYT
apyra. Haittu pemenme jgaa k = 5.

10. Myr m Mozsep [46] moxasanm, 9ro HamboJmImee YHCIO KIHK
(o6o3maumm ero f (n)), KOTOpPHE MOTYT BCTPeTHThCA B rpade ¢ n Bep-
[DEHAMA, [aeTCHd COOTHONICHHMAMH:

373, ecam n=0(mod 3),
4.3%98, ecam n=1(mod 3),

2.30DB, ecam n=2(mod 3).

Iloxasars, 4To omeHKa f (n) AOCTEraeTcs TOABKO [JA CAGLYIOMHAX Ipa-
doB G:
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a) Ecim n = 0 (mod 3), To rpad G cocromr m3 n/3 KOMIOOHEHT
¥ Ka)K[AaA KOMIOHEHTa ABJAETCA TPeYTOXLHHKOM.

6) Ectm n = 1 (mod 3), To am60 rpad G mmeer (n — 4)/3+41
KOMIOHEHT, IPEIeM OfHa A3 BHX — muka C;, a Apyrae — TPeyroisb-
guKnA, 160 B rpade G nBa <oTHEAbHEX» pebpa m (2 — 4)/3 coTmenn-
HHX» TPeYroJibHHKOB.

*8) Ecim n = 2 (mod 3), To rpad G coCcTORT H3 OXHOTO OTASABLHOrO
pe6pa m (n — 2)/3 oTHeABHEIX TPEYTONBHHKOB. ,
IlpoBepaTs NpHBEfEHHOe BHMe YTBePKAeHme AAA n = 3,.4, 5.

11. Mcnoapsys ynpomeHHsA, 0 KOTOPHX muia pedb B paspm. 4.2,
HCKIIOYATh MAKCHMAJLHO BO3MOKHOe THCJIO CTDOK H CTOAGIOB H3
3a/1a9A 0 IOKPHTHHE, y KoTopoit MaTprOH [c;] u [¢;;] uMeror cremyompmit
BHJ:

1 2 3 4 5 6 17 8
1 i1 1 1 0 0 1 O 1
2 i1 01 0 0 1 0 1
[,,J=3]0 0 0 1 0 0 0 0
4 0 1 0 0 1 0 1 1
s1]0 0 0 0 1 1 1 O
6 1t 1.0 0 0 0 1 O

[cJ] - [ 4’ 7’ 5’ 8' 3, 2’ 69 5 ]

(3amevanme. YupomeHse 4 IPEMEHATDL TOJNBKO IJA Cly4das | & | = 1.)

12. Ucnonssya meropx ms pasa. 4, pemmrs 3HII, moaygemmyio
B3 saga4m 11 mocae ocymecTBiIeHHEA BCeX HEOGXOXEMHX YIPOIIOHHIA.
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PACKPACKH

1. Brepenme

PasmooGpasnnie 3afadud, BOSHHKAKIMEe OPE NJIAEMPOBAHEE OpO-
HBBONCTBA, COCTABIGHHM TPaHKOB OCMOTPA, XPAHEHHE H TPAHCHOP-
THAPOBKE TOBAPOB H T. A., MOTYT OHThH IPEACTABACHH JaCTO KAK 3aa9H
TeopHE rpados, TecHO CBA3aHHKe C TAaK Ha3HBAEMO# ¢3afadedr pac-
kpacke». I'padn, paccMaTpEBaeMEe B 3TOM IiI1ape, ABIAWTCA HEOPHEH-
THPOBAHHHME U He HMEKT HeTelNb; €CAH CHeHANLHO HO OroBapHBAeT-
€A HAOe, TO IOJ CIOBOM «rpaf» MOHEMAaeTCA EMEHHO TaKoi rpad.

I'pad G BasHBaoT r-zpoMamuxeckum, eClIEm ero BePIIMHH MO2Ym
6umb packpauiens ¢ HCIOAL30BAHEEM I MBETOB (KPACOK) TaK, dTO
He Ha#eTCA XBYX CMEKHHX BePIINH ORXHOTO HBera. HammeHnbmee gmc-
J0 r, Taxoe, 9T0 rpad & ABIAETCA r-XPOMATHYOCKHEM, HASHBACTCA
zpomamuvecrux wucsox rpada G m oGosaavaerca y (G). 3agava HaxoK-
NeHHA XPOMATHYECKOTO YHCIAa rpada HASHBAETCA 3adaveil 0 pacKpacke
(nnm sadaveld packpacku) rpada. CooTBercTByIOmMAn 2TOMY IHCIY pac-
KpacKa BepmmH pasGEBaeT MHOKECTBO BepIIHH rpada ma r mogMHO-
HeCTB, KA/KA0e M3 KOTOPHX COAEPIRAT BePIIMHH OZHOTO IBETa. JTH
MHOKECTBA ABIANTCA He3aBHCAMHMME, HOCKOALRY B IIpPefieiaX OXHOTO
MHORECTBA HET BYX CMEKHHX BePIIHH.

Boobme rosops, xpoMaTHYeCKoe IHCI0 rpada (Tax ke Kak wmciaa
He3aBHCHMOCTH H JOMHHHDOBAHHA, PACCMOTPOHHHEe B IPERMIECTBYIO-
meif riaBe) HeIb8A HAHTH, 3HAS TOJHLKO YACIA BepMER B pebep rpada.
HexocraTouHo Tak/Ke 8HaTh CTeNOHDL RasKI0M BePIIAEH, ITOGH BHYHEC-
JATH XPOMATHIeCKOe UBCI0 rpada. B arom MomEO ybGemmrncs, pac-
cMaTpuBas rpadu, mpHBefeHHNe HA pmc. 4.1(a) m 4.1(6). 3tm rpadu
nMeioT mo n=12 sepmuER, m = 16 pe6Gep X oAMEAKOBHE pacupefeIeERs
cremeneif sepmes d;. ONHEAKO XPOMATHYECKMe TACIA ARHHNX rpados
paBEH 4 m 2 coorBerctBernHo. IIpm m3BecTHHX Beamammax n (Imcao
sepmuH), m (1mcio peGep) m d,, ..., d, (cremenm BepmmE rpada)
MOJKHO IOJYYHTh BePXHIOI0 M HEKHIOW OLNGHKH JIS XPOMATHICCKOIrO
gyEcha rpada. ITEM OmeHKAM HMOCBAIEH CIeAYIONEIA pasmed.

3anaua HaXORCHMS XPOMATHIOCKOTO TNCJA TPOHSBOALHOTO rpada
ABHJIACH IPEIMETOM MHOTHX HcciefoBaEmit B KoEme XIX o B rexymem
cronernn. Cefivac mo aTOMy BOmpPOCY H3BeCTHO GONBIIOS KOMHIGCTBO
HETepeCHHX pesyabraToB. B aroif rnase, oxmaxko, Mm He mHTaeMca
06CYRETH 9TH PE3yABTATH HIH XO0TA GH HaTh EX KpaTkmi 0680p. Mu
BBOAM TONBLKO TAKHO IOHATHA, KOTOPHEe HYKHH RIS HOCTPOSHHES
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b
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(a) (6)

Puc. 4.1. XBa rpada c ofeEAKOBHMH n, m B PacHpejeJeHEAMA CTelleBeil BePIIAH,
HO C pA3JMYHHEIMA XpoMaTEdecKEMH wucaamu. (a) y (G) = 4. (6) y (G) = 2.

aJTOPHUTMOB pEeIUEHHMs 3afadd o packpacke rpada. 3pmech MH pac-
cMaTpABaeM B OCHOBHOM aJrOPHTMHI (KaK TOYHBeE, TaK H «uapubam-
JKeHHHO)), MO3BONAIMAE HaX0AATh (TOYHOE U1 NPHOIMKeHHoe) 3Ha-
9YeHZe XPOMATUIECKOTO UMCJA MPOU3BOJILEOTO Irpada M COOTBETCTBYIO-
Y0 3TOMY 3HAYEHWIO PAaCKPACKY BepIIMH.

2. Hekxoropsie TeopeMbl U OUEHKH,
OTHOCAINHECH K XPOMATHYCCKHM YHMCIAaM

B pasn. 4 ra. 3 6nuio BBefeHO NOHATHE KIBKOBOro gucaa p (G)
rpada G (kax HanGoNBIIEr0 YMCJA BEPHIEH B IOJHOM IOPOKAECHHOM
noarpage rpada G) m OGbIIO OTMEUEHO, UTO HWOCKOJIBLKY MEXIY Kid-
KamMu rpada G ®W MAKCHMAJBLHEMHE He33BUCHMHMH MHOMKECTBAMHE
AOmONHMTENBHOT0 Tpada G CYmECTBYeT B3aNMHO OJHO3HAYHOO
COOTBETCTBHE, TO CIpaBeIIHBH paseHcTBa p (G) = a (5) 2 p (5) =
= a (G).

2.1. Haxane omenxu 1aa y (G)
OueBBHO, IOCKOABKY O KpaitHeit Mepe p (G) uBeToB Tpebyercs nin

PaCKpacKH COOTBeTCTBywme#d wjauxd rpaga G (roit camoil KIMKH,
KOTOpas «olpefeisieTy KJIUKoBoe 9nuc.ao rpaga (), uro o (G) aBuaserca
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9 3

Puc. 4.2. Tpag ¢ p(G) =2 = y(G) = 5.

UIKHEeH ONeHKOM XpOMaTHYeCKOr0 IHMCIa, T. O.

Y (G) = p (G). (4.1)
Bonee Toro, 3mkos [26] nokasan, uTo 3Ta OHEHKA — TOYHASA H 9TO
pasmocTs Y (G) — p (G) Moker GHTH CKONBKO yroaHo Goapmoi. B meit-
crearensHocrE Tarr [22] mokasax, 4ro mommo moctpomts rpad G,
KOTOPHIf He CONMGP/KAT Jaske IOJHOTO HmOArpada TpeThero mopAxKa
(1. o. p (G) = 2) u KoTopHit GygeT EMeTh NPOH3BONBHO GONbINOE 8a-
NaHHO® 3HAYeHHMe Xxpomarmyeckoro umcaa. Ha pme. 4.2 maobpamen
rpadp ¢ p(G) =2 m y (G) = 5.

ITockonbky umcio o (G) paBHO MOIHOCTH HARGOABIIEr0 MHOKECTBA
HONAaPHO HECME;RHHX BepmmH rpada G, To OHO COBIAAET TAKKE C MOII-
HOCTHK HamGONBIMEro MHOKECTBA BOPHIMH B (G, KOTOpHEe MOTYT GHTH
OKpameHH B OXHH LBET, H, CJIEJOBATENBHO,

v@=>[75 | (4.2)

rae n-—vumcao sepmmH rpada G, a Tzl obosnagaer Hamboxbmee
[ejioe 9ECIO, He IPeBOCXOAsAINee uMcaa ') z.

1) Yucno ™21 BABHBAGTCA ¢yesoll nacmbio xwucaa z» W 4acTo o6o3maua-
erca vepes [z].— Ipum. ped.
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Ecam gepes3 y (G) 06038a9ATE XpOMaTAYIECKOEe YACIO NONOJIHEHHSA
rpada G, TO MOMKHO 3alMCaTh CJIeNyIOM@e [Ba HEpPaBeHCTBA, LOJXY-
gennnwe Hopaxaysom m lagmymom [19]:

y(@)>L2V nl1—y(G) (4.3)
n
YO =5y (4.4)

IJle | Z_] 0O3HaYaeT HaEMeHBIIee IeJao0e YHCN0, KOTOPoe He Menbme 1) z.
Eme onra mmxuAa omenka 115 v (G) mpennoxena lennmepom [8]:

V(O > g (4.5)

Maitepc m Jlun [18] nmorasanm, w10 omenxa ms (4.1) pasHOMepHO
Ma;KOPHpYeT NPHBEJeHHYI0 BHINE, H, CIeJOBATENLHO, EJEHCTBEHHO®
IpenMyniecTBO ONEHKH (4.5) COCTONT B TOM, YTO €e mpome BHYIACIATH,
gem omeHKy (4.1).

2.2. Bepxame onenkn paa Y (G)

Huxaue oneHKm xpoMaTHyecKoro 4mciaa GeayciaoBHO 6olee mHTe-
pecHH, YeM BepXHHe, LOCKOABKY (6CIM OHH HOCTATOYHO GaH3KA
K MCTHUHHOMY 3HAYeHHIO) OHH MOTYT GHITH MCIQJH30BAaHH B IPONENYpe
BuiuacaeHAA y (G), BKIWYAKOmMe# JepeBo HOACKA. B To ke Bpemsa
BEPXHHE ONEHKH XPOMATHYECKOI0 YHCIa NOAO0HOT0 OPEMEHEHHA He
gaxopar. TeM He MeHee B JHMTEpPATYpe HPHBOLATCA (QOPMYIH IJA
BHYHCJAEHAA BePXHMX OLEHOK XDPOMATHYECKOTO ducaa; Tak Bpyk-
coMm [3] npensnomxena crenyomas Jerko BHYACHAEMAA ONEHKA:

¥(6) <1+ max[d () +11. (4.6)
i

Hdpyree noctaTouno TOYmble BepXHHE OLEHKH, TAaKiKe HCIOJb3YIOmHEe
cTeneHn BepmuH rpada, Momxuo paitr y Yanma [23] m Baada n Cexe-
pema [21].

Bepxnme onenxu, cesassBanmue 3Hagerus y (G) m y (G), upmso-
aarca y Hopaxayza n Taggyma [18]:

YO <n+1—7y@ (4.7)

ve<[(*) )@ . (4.8)

Ouenxu, naBaemue popmyaamn (4.3), (4.4), (4.7) n (4.8), aBnawTCA
HAWJIYYIIAME B TOM CMEICJI€E, 9TO MOKHO IOCTPOUTH Ipadu, Ha KOTOPHX
9TH OIEHKM JIOCTHraloTcsa. B GonkmmHCTBE cly4YaeB, OJHAKO, OHH
CTOJb HETOYHH, 49TO HEe MMEIOT HMKAKOH NPAKTHYECKOHX S8HATAMOCTH.

a

1) 3to wmeno wacro oboseavaercs cuMBoioM lz[.— Ipux. ped.
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2.3. TanmoTesa uYernpex KPacok

T'pad, xoTopHii MOKHO TaK A306pasATh HA NIOCKOCTH, ITO HEKAKHE
XBa ero pe6pa He mepeceRalTCs MEKAY coGoit 1), HasmBaercs naarap-
nux. IInanapEne rpads BaKHH KaK C TEOPeTHYOCKOH, TAK B C IPaK-
THYECKO TOUGK 8PEHHEA B 0GXaaI0T PANOM TAKHX CBOMCTB, CBABAHHHX
¢ PACKPACKO#, O KOTOPHX CHENyeT YHNOMAHYTb.

Teopexa o namu xpacxaz [13)

Kasmnamii nnamapEuil rpad MOKHO TaK PACKDACHTh, HCOOAL3YSA
DATH IBETOB, YTO J06He HBe CMEKHNe BePIIMHNW GYAyT OKpAIIeHH
B pasHHe IBeTa, T. €. eciu G — NaaEapEHH rpad, To y (G) <'5.

«Teopenar o vemwupex xpackazr (nedoxasannasn %))

Kamnawit nnasapEul rpad MOKHO TeK PACKPACHTH, MCHOAB3YHA
4 mpeta, uro M06HE OBe CMERHHE® BePHMEH GYAyT OKpamieHH B pas-
HHe nperTa, 1. e. Y (G) < 4, echm G — nnanapHki rpad.

Bruepsue npmmepro B 1850 r. o rEmoTese 4WeTHpeX KpacoK pedh
mxa B 6ecenax Aerycra ne Moprasa m ero yuennxa @. I'yrpn. 3atem
o meit rosopmioch B mECEMe Ae Moprama cepy Bmanamy Paysmy
Famuasrony, natmpoBanHoM 23 oxtabpa 1852 r. Ilockoabky Torma
MOBOJBHO GHCTPO HApacTal HOTOK «I0KA3aTeJhCTB», ¢KOHTDAOKABA-
TeJALCTBY, THIOTE3 W TeopeM, OTHOCAIEXCA K 9Toll TeMaTHEKe, TO HAKO-
ORJIaCh TPOMAjHAA JHTEPaTypa IO FHNOTESe YeTHPEeX KPACOK, W 9Ta
«TeopeMa» CTajJa, DO-BHAEMOMY, CaMOd BHAMCHHTOH HOpemIeHHOM
sajnaveir B matematuke. Mu He Gynem spmech mogpo6EO o6GCyRAaTh
rUIOTesy YeTHpPeX KPAacOK M HMHTEepecyIomerocs el IATATeNs OTCH-
naeM K 3ameuarensHoit paGore Ope [2-].

3. Tounme alxropuTMHI PACKpacKH

B 3roM paspese. pacCMATPHBAIOTCA HEKOTODHE 8JITOPUTMH, KOTO-
PHe ABAAIOTCA TOYHEIME B TOM CMHCJIE, YTO OHH TaPAHTHPYIOT HaXOK-
JlecHEe ONTEMAJbHOH DPACKPACKH M HMCTHHHOTO SHAYeHAA XPOMATHUe-
CROTO wuHcia Aasa miobGoro rpada.

1) Toumee, HEKAREe JBe KPHBHE, npejcTaBiaswmue pebpa rpada, we mepe.
CeRapTCA (TeOMBTPHYECKE) ERTAS, KpoMe HEMEACHTHON BM 060EM BepIIEEH (T. 6-
HmepeceKaThCA MOTYT TONBKO CMeKHHe pefpa M IPHTOM Jnmb B ¢KOHUEBHX TOY-
Kax».— ITpux. ped.

F'emoresy qe-mxx xgacox yRazoch 0GOCHOBATH ¢ HCHONL30BAHHeM OBM
(cu. K. Appel, W. Haken, Every planar map is four,colorable, Bull. of Amer.
Math. Soc., 82, N 5 (Sept. 1976)).— Hpux. ped.
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3.1. MeToi KMHAMHAYECKOro HPOrpaMMHEpPOBAHHA

3.1.1. Magcamansunte r-moarpagml. IlopoxpmenEmit moprpad
(S, [G]) rpagda G = (X, TI'), rne S, [G] = X, Hasusaerca r-nodzpa-
¢om, ecaa oH r-xpomatudeckdail. Ecam He cymecTsByer Takoro MHOKe-
crea H, wto H © S, (G) = noxarpad (H) ABIAETCA r-XpPOMATHIECKHM,
to moarpad (S, [G]) HasmBaerca makcumaavrbm r-nodzpagom rpa-
¢a G. OgeBEHO, 9T0 A1A PEKCAPOBAHHOTO 3HAYEHHUA I, BOOOImE TOBO-
pPA, CYMECTBYET MHOTFO pA3JAYHHX MAKCEMAJbHHX r-noArpados
aausoro rpaga G. Ilogrpad, y KOTOpOro MHOKeCTBO BepPHIAH COBOA-
flaeT ¢ HEKOTOPHM MAKCHMATBHHM HE3aBRC:IMHM MHOKECTBOM B G
n Koropui me umeer pebep (T. e. ABAAETCA BHOJAHE HECBA3HLIM),
ecTs MaKcEMaabHNI 1-moarpad rpaga G, mockoabKy B G Her 1-xpoma-
THYECKOro moprpaga, mmeromero 0ojbniee MHOMECTBO BOPHIMH, 4eM
y paccmaTpuBaeMoro moarpada.

XpomarEaeckoe wmceio rpaga G MOKHO ONpeeNdTh KAK TaKoe
HamMeHnbpmee gacao r, aro S, [G] = X mo kpaiiHeil mMepe gia oXHOTO
U3 MaKCHMaJbHHX r-moarpagos rpada G.

Teopema 1. Ecau zpad G ssasemcs r-rpoMamuveckum, mo OH
Mmoxcem 6Hmbd PACKDAWEH ¢ UCROAb306aHUeM T (LAl MEHbULE20 HUCAR)
KpAcok ¢ NOMoWsI0 caedyiouell npoyedypu: craiasa ¢ 00uk ysem oKpa-
WLBAEMCS HEKOMOpPOe MAKCUMAAbHOE Hedasucumoe mHoxcecrnso Sy [G],
samem oxpawusaemcs 6 caedyouwuii yeem mnoxcecmso Sy [(X—S[G])]
um. d. do mez nop, noka ne 6ydym pAcKpPAWLEHB 8CE BEDULUHY.

Hoxasameavemeo. Tor ¢akr, uTo Takas pacKpacKa, HCIOJb3YIO-
mas TOABKO r IIBETOB, BCErAa CYMECTBYeT, MOKeT GHThL yCTaHOBJIEH
caenyromuM obpasom. Ilycte cymecrByer packpacka B I I[BETOB,
TaKas, YTO OMHO HI¥ GONBIIe MHOKOCTB, OKPAMOHHKX B OAUH B TOT KO
UBET, HEe ABIAKTCA MAaKCHMAJIbHHIMH HEe3aBHCHMEIMA MHOMKECTBaMd
B CMHICJE, ynoMaHyToM Bhime. IleperymepyeM [BeTa IPOH3BOJBHEIM
coocobom. OgeBujHO, 9TO MK MOMKeM BCerja mokpacuth B user 1 Te

BepmMAN (IyCThb 3TO MHOKECTBO V), KOTOpHe He OBIA OKpaImeHH
B 3TOT IBET M KOTOpHE 00pa3yloT MAaKCAMAJbHOE HE3aBACHMOE MHO-
JKeCTBO BMeCTe ¢ MHOMKeCcTBOM Vy Bcex Bepmur rpada, ye oKpamen-
HWX B Ber 1. JTa HOBag pPacKpacKa BO3MOKHA IIOTOMY, 9TO HUKAKasA
BepIIMHA H3 MHOMKECTBA V; He sABJAETCA CME;KHON HHA C KaKoi Bepmn-
HO# w3 V4, 1, caeoBaTenbHO, BCAKAA BEPIIEHA, KOTOPAf CMEMKHA
x0TA 6n ¢ ogHOH BepmmHOHA M3 V;, OKpammeHa B IBET, OTJIHYHHIHA OT
geera 1, ¥ moaToMy He 3aTpParMBAETCA HNPOUEAYDPOil mepeMeHH IBeTa
Bepmen u3 V,. Paccmarpmsas Ttemepp umomrpap (X — V, U V,)
M NIPOBOAS C HAM AHAJOTHYHHIE MAHMIYJISIOAU, MKl OKpAacHM B I[BEeT 2
Kakoe-ro (HOBOE) MaKCHMaJbHOE HO3aBUCHMOE MHOMKECTBO H T. I.

Packpacky ykasaHHOTO B TeopeMe BuRa OyjaeM Ha3HBATH ORMU-
MAAbHOL HE3A8UCUMOU DACKDPACKOLL.
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3.1.2. PeryppenTunie cooTHOmenHsA. BumenpueefeHEAy0 TeopeMy
MO’KHO HCIOJB3OBATH JUIA IOJYYeHHA DPOKYPPEHTHOrO COOTHONICHHSA,
CBASHBAKMEr0 MaKCHMAJNbHNe r-nmoarpa¢u rpaga ¢ ero MaxkCHMaJb-
suMu (r — 1)-moxrpadamm.

Iycrs Q,_; [G] — cemeiicTBo Maxkcmmansuux (r — 1)-moarpagos
rpada G, a Si_, [G] — mHORECTBO BepmEH j-ro moarpada u3 cemeiicTa
Qr-1 [G). MuomectBo S [G'] sBAAETCA TOIla MHOKECTBOM BepPIIME
k-ro mMaxcmMmaasHOro i-moxprpada (BesaBmcEMOro MHOKecTBa) rpada
G = (X — Si_, [G]), o6pasoBanHoro Bepmunamu rpada G, He momas-
mume B (r — 1)-moprpad (Si_, [G]).

Torpa caegyomuM o6pa3oM MOKHO OLMCATH COMEMCTBO BCOX MAaK-
CAMAXLHHX r-moarpagos rpada G.

CrpoumM MHOMKECTBA

H'=S8i_,[61US} 6%, (4.9)

i=1,2 ...,¢.28k=1,2, ..., ¢, rre g,_, ® g} — coorser-
cTBOHHO 9HCIO (r — 1)-moxprpadoB m wmexo 1-moxrpados.

CeMeiicTBO MAKCEMAJABHHX r-noarpados coaep:xurca B cemeiicTse O
muoxecte HY (i =1, 2, ..., gi-g,.;), B OHO MOXeT GHTh HOXYICHO
H3 HEr0 HCKIIOYOHHeM TAKAX MHOMECTB ceMeificTBA, KOTOPH® COAep-
sRaTCA B IPYrHX MHOKeCIBax.

Hrax, 6, [G] Moxuo ommcars caexyomum o6pasom:

6,[Gl={H'|H'c® ® H'SH’ pas awboro
H 8, j-i). (4.10)

3.1.3. AaropETM, OCHOBAHHLIE HA PACCMOTPEHHH MAKCHMATbLHBIX
r-moarpados. B npenuaymem paspgene GeuI0 yKasaHO, UTO XpOMATH-
geckoe 9ECHO Tpada G ABIAAETCA TAKAM HAaWMOHLIIAM 3HAYEHHEM T,
npa koropom S, [G] — MHOMKECTBO BepIIAH HEKOTOPOTO MAKCHMANh-
goro r-moarpada — cosmamaer ¢ X (MHOkecTBOM BepmmH rpada G).
IlosToMy pexyppentane coorHomenmsa (4.9) m (4.10) moryr OmTs
FCHOJNbL3OBAHH IJIA IOCAeHOBATEJHLHOTO MOCTPOEHHA MAKCHMANBHRX
{-monrpados, 2-moarpadoB ®m T. A. M HAXOMACHHA XPOMATHIECKOTO
gueaa rpada G, Hy/RHO IIPOCTO HA Ka/kAOM Iare yKasaHHOH mpomeny-
PH IPOBePATH, He COASP/KATCA JH MHO)KeCTBO BepmEH rpada G B Ka-
KoM-HEGYIb M3 MOCTPOEHHHX moarpagos !).

Hmke npHEBOAHTCS ONHCAHWe AJTrOPHTMA, IOSBOJAIIIEr0 HAXO-

RETHEYXpoMaTHIECKoe YHCIO rpada G B PaCKPACKY, COOTBETCTBYIIIYHD
3TOMY YHCIY.

1) AXropnTM, ONHCAEHHI B 8TOM pasjenie, MO)XHO TOIKOBATh KaK &ITOPHTM
FMHAMEYECKOT0 MPOrPAMMEDOBAHAA HIH KAK APOBOBHIHN MOACK (¢ IPHOpPHTe-
ToM) no mupeEe. Hemaseo Bemoum (J. ACM, 21, 1974, p. 385) Gux npepzomen

gnoﬁ, Gonee BHTOAHEI, aJXrOPETM, MCHOALSYIOIHA NPEBOBHAHLIE NOHCK MO TIy-
HHE.
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laz 1. Iloaomuts r = 1. Haijitu mHomkectBa sepmmu Si[G],
j=1, ..., ¢, MaKcHMaJbHHX r-noarpados rpaga G. (Cunraem, uro
umeercs ¢, TakuXx MHomecTB.) Ilyers Q = {SilGl | j =1, ..., q¢}.
Ilonomars j = 1.

Illaz 2. Haiitn makcuManbHOe He3aBHCHMOE MHOMecTBo S, [G']
rpaga G’ = (X — S} [G]). Ecan raxoe MHOMeCTBO CYmIeCTBYeT, TO
nepeiitn k mary 3. Eciu Bce takue MHOecTBa yKe HaiifieHH, TO
mepeiTa K mary 6.

a2z 3. Burameauts S = SilG] | S, [G7].

Ilaz 4. Ecan S = X, 1o ocranosuthca. Yueno r -+ 1 ects Xpo-
Margyeckoe 4mciao rpaga G. IlogmHOMKecTBa, BKIIOYeHHHE B MHOKe-
cTBO S, nmaoT TpeGyemMylo packpacky. (OTH IOZMHOKeCTBa HaKaIlIH-
BAIOTCA N0 MEpe WX BBEJeHHWA W XPAHATCA OTAENBHO C COOTBETCTBYIO-
mume ormeTKaMu (Maprepamn)). Ecan S 5 X, 1o mepeiitn k mary 5.

Maz 5. (i) Ecim § = 8’ pasa mexoroporo S’ € Q, To mepeiitm
K mary 2.

(ii) Ecaim S > S8’ aaa mexoropux S’ € Q, To momomurs Q —
= Q — {S'} nmo Bcem Takum S’ m3 Q. Ioaommrs Q = Q |J {S}
¥ mepeiiTm K mary 2.

(iii) Ecan ne Bmmosnsercs HM ofHo ®3 ycaosmit (i) m (ii), yka-
3aHHHX Bbme, TO Hoa0xurh () = @ |J {S} u nmepeittn k mary 2.

Illaz 6. Ecauj << gy, To mono:xuth j = j + 1 m nepeiitn k mary 2.

Ecan j = gq,, To monosurs j = 1, r = r 4 1, g, = YHCITY MHOKe-
:ects B Q u mepeiiTm Xk mary 2.

Ecaun paGory anropurva He 3aBepmuaTh IPM NEPBOM BHIOJHEHUH
yeroBua S = X Ha mare 4, To anropurmMmdueckuii mpomecc Gyaer
LNPOROJKATHCA [0 TOJYIeHUsA PACKPACKH B r -+ 1 1[BeTOB, eciy Takas
packpacka cymecTtByeT. CaegyeT OTMETHTb, OJHAKO, YTO OIMCAHHEIL
aJTOPUTM HE Jaer IOJHOTO IepeYHcTeHHs BCeX BO3MOMKHHIX pPacKpa-
COK B r -+ 1 IBETOB, a TOJBKO IOPOsKAAET ONTHMAIbHKNE He3aBUCHMAEE
packpacku. Takme pacKpacK® MOTyT OKasaThCH TOJBKO HeGOIBINON
9acThi0 BCeX BO3MOMKHHIX PAaCKpacok B r -~ 1 mBeros.

'3.1.4. Tlpamep. Paccmorpmm cemupepmmmEmit rpad G, wu3o-
Opaskennsii Ha puc. 4.3.

IMaz 1. MnoxecTBaMn BepIIMH MAaKCAMAJLHHX 1-moarpagos
asasorea:  SY1[G) = {1, 4, 6};  STIGl = {2, 3, 5); S?![G] =
=1{2, 5, 7}; SilG]l = {2, 6}. Cnemosatensmo, ¢, =4 m Q —
= {8} 1G], Si 1G], Si 1G], St lGl}.

Iprmensenm (meoGxommmoe wucao pas) marm 2—5 adropurva:

Jdas StIG)
Maz 2. G = (X — S1IGN) = ({2, 3, 5, )% S, IG] —{2, 3, 5).



3. TOYHBIE AJITOPHUTMBI PACKPACHKH 83

2 4

7 6
Puc. 4.3. Tpad m3 npmmepa 3.1.4.

a2z 3. S = {1, 4, 642, 3, 5.

mMaz 5. @ =1{1, 4, 642, 3, 5}

a2z 2. S, [G'] = {2, 5, 7).

IMaz 3. § = {4, 4, 642, 5, 7}.

ez 5. Q = [{1, 4, 64 2, 3, 5}, {4, 4, 612 5, T}

Haz St (G)

ez 2. G* = ({1, 4, 6, T}); S, [G®] = {4, 4, 6).

Ifaz 3. S = {2, 3, 541, 4, 6}, ucrkmogero B cooTBercTBHH
¢ marom 5 (i).

Mae 2. S, [G?] = {7}.

Maz 3. S = {2, 3, 54 7).

*Maz 5. Q =1{1,4, 642,3,5),{1,4,642,5,7), {2, 3,547))-

Haz S} G)

ez 2. G* = ({1, 3, 4, 6)); S,[G?] = {1, 4, 6).

ez 3. S = {2,5,7141, 4, 6}, HCka09EHO B COOTBETCTBHH
¢ marom 5(i).

IMaz 2. S, [G?] = {3}.

Maz 3. S = {2, 5,743}, uckAOUeHO B COOTBETCTBUE ¢ ma-
rom 5(i).

Tz St (Gl

ez 2. G* = {1, 3,4,5,7), S,1G'] = {1, 4}.

Illaz 3. § = {2, 641, 4}, mckaoweno B cooTBercTBHMRM ¢ ma-
roa S(i).
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MmMaz 2. S, [G*] = {3, 5}.

Maz 3. S = {2, 643, 5}, MCKIOYEHO B COOTBETCTBUM C mIa-
roMm 5(i).

Ilae 2. S, [G*] = {5, T}.

Moz 3. S = {2, 645, 7}, HCKANIEHO B COOTBETCTBHH C mIa-
rom 9 (i).

Taxum 06pa3soM, B KOHI(Ee NePBO# MTEpPAlMM, ACIOAbL3YIOMed mary
2—5 axroparMa, moiydaercA cemeiicrBo @ MmuomxectB Sj [G], coor-
BETCTBYIOIIEE MAKCHMAJIBHHM 2-moprpadaM ¥ IOKa3aHHOe Ha mare,
oTMedeHHOM 3Be3foukoid. Ciexyer oOpaTuTs BHMMAaHHME Ha TO, 9TO O H3
BOCHMHE TOJYIeHHHX MHOKECTB HCKIIOYEHH B Pe3yJbTaTe IPAMEHEeHHA
OepBOTO IpaBHJa M3 mara 5 aJrOPHTMA.

JeitcTBys aHAJMOrEYEEIM 06pa3oM fAadbmie, MOKHO UOCTPOHTH
MaKCOMaJbHE® 3-DOATpadH u T. X. B mgeficTBuTeNBHOCTE yiKe caenyio-
mee mopo:xieHHoe MHOkectBo S [G]l = {1, 4,642, 5, 347} 6yner
ynosnersopats ycaosuio S; [G] = X ma mare 4. CaemoBaTeasHo,
XpoMaTHYIeCKoe IACIO0 rpada paBHO 3 M ONTHMAJIbHAA PaCKpacka
sagaerca cixegylommM pasbmemmem (mHosectBa X) : {1, 4, 6},
{2, 5, 3}, {7}. Ecnz npuMenATs anTOpATM Hajbme, TO GyAeT moay-
yeHa elme OJHA BO3MOKHasA PACKpACKa:

S%(61={1,4,642,5,743} =X.

Bee apyrue mEoxectBa Si [G] mabo copeprxarcs B ABYX OpeamecTBYO-
mMEX MHOKECTBAX, JEOGO HE COAepIKAT BCe BEePIMHHW ®H3 X.

3damernM, 4To Takme packpackm, Kak {5, 3}, {1, 4, 6}, {2, 7},
XOTA M BO3MOKHH, HO He ABJAITCA OUTHMAJbHHMH He3aBHCHMHEMHE
H He NOPOKAAIOTCA ONMCAHHKIM BEIIE aJII0PUTMOM.

3.2. QopmyiHEpPOBKA 383aUH O PACKpacKe
Ha a3mke 0-1-nporpammmnpoBanmsa

Ilycrs ¢ — KaKag-AAOYAh BePXHAA ONEHKA XPOMATHIECKOrO IACIa
rpada G. 3Ta BepXHAA ONEHKA MOKeT OHTH ONHOM H3 OMEHOK, JaHHKX
B pa3xg. 2 3To# TIaBH, MM MOKeT OhITH paBHA WHCAY IBETOB, MOXY-
YalMmeMyCcd B OHOM 3 TOX 3BPHCTHIECKHX METOJ0B PEIMeHHS 3aAadm
0 packpacke, KOTOphie IOApPOGHO 6yayT ommcaHH HO3Ke.

[ycrs E = [§;;] — maTpanma packpackm rpada (3ajaromas HEKo-
TOpPYI0 KOHKDEeTHYI pacKpacKy ') BepmmE rpada), Tax 4ro

1, ec1E BepmEEA Z; OKpamieHa B LBOT j,
b= 0 B nporEBEOM Caydae.
1) 3pech He HpPEUOJATAETCA, 9TO CMEKHHWE BepHIMHH NOLKEH OHTL OKpa-

MeHH B pasHENe KBeta. Ecim sKe 3T0 YCI0BHe BHIIOJHAGTCH, TO PACKpACKA HA3H-
BaeTcA donycmumoid.— ITpum. ped.
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Ecam A = l[a;;] — mMaTpuna cmexmocTr rpadga G ¢ AmaroBHaJdb-
HHMH djleMeHTaMH, paBHRME 0, TO crefylomue ABa YCIOBHS rapaBTH-
PYIOT AONYCTHMOCTh PacKpacKe BepmmH rpada G (T. e. XOIyCTEMOCTD
MATPHIE pacKpacku [E;,]):

q
21§,,=1 (nus Beex i=1,....,n), (4.11)
’-
n mis Beex i=1,...,n
L’(i—ﬁu)—'élaugu>0 { n j=1,2,....q. (4.12)

Ycaosme (4.11) oGecmeunBaeT pacKpacKy BepIIMEL B OiEH H TOJBKO
OflEH LBET.

B ycaoBmm (4.12) L — oueHnr Goapmoe HONOKHETENbHOE WHCIO
(moboe nenoe, Goapmee wem ). Ecam BepmmBa z; OKpamena B nBeT j
(. . §;; = 1), To mepBHii wien B (4.12) pasen 0. Torxa m BTopoi wieR
nomxeH GHTh paBen 0, 9TOOH BHIOJHANOCH HOPABEHCTBO, IMOCKOIBLKY
9Hcna a;, ® §,; BeorpunatexbHH. TakaM oGpasom, ycaosme (4.12)
ofecmeunBaeT NODYCTHMOCTh DACKPACKH, T. €. €CIH BEDPIIAHA I,
OKpaIleHa B IBET j, TO HET CMEKHOM C Z; BePIIMHHK TOTO 3Ke nBeTa. Ecan
BepmHAHA Z; OKpameHa B nper, oTamiENi or j (§;; = 0), To nepemit
aner B (4.12) pasen L. Ilockoapky BTopoit wien B (4.12) me moxer,
OYeBHHO, NOCTATHYTH 3Ha9eHAA L (ero HamGoanmee 3sHaAUYCHHEe PABHO
B J{eliCTBATeABHOCTH 7 — 1), TO KaKoe 6H YHCIO BEPIIMH Z), CMEKHKX
€ BOPIMHOH I;, HA OHIO OKpameHO B IBeT j, HepaBeHCTBO (4.12)
mo-mpekHeMy OyleT BHIONHATHCHA. 3aMETHM, 9YTO €CJH BePHIEEH
Zy, B T\ CMEKHH C Z;, a TAKMKe CMeKHN MKy c06qit, To ycnosme (4.12),
SaIACAEHOe /I BePIIHHH Z;, He GyJleT mpemaTCTBOBATH PACKPACKe
Zy ¥ Ty B ORHH ® TOT JXe nser j. Opxmako, sammcas ycaosme (4.12) pus
zy (mmm z7), ME o6eceyHM TeM CaMHM PACKPACKY STHX ABYX BepPIIHH
(zx ® ;) B pasHHe IBera.

IlycTs Temeps xamnomy mBeTy j comoctaBieH mrpad p;, BH6pam-
HHHA TakK, 49TO

Pj+1>>h-p; (mrpad p, mpEBAT paBEmM emmumme) (4.13)
m rae h ecTh BePXHAA OMEHKA AJs HauGOJIbIIEro YHCIA BEPIIHH B Ipa-
¢e, xoTOpHEe MOTyT GHTH OKPaIIeHH B OREH LBET, T. €.k — IPOH3BOIL-
Hoe Wmcxo, Goanmee e o (G) — umcao mesaBucmmocTH rpada. Ilpm
OTCYTCTBHH JIYImeH ONEHKA MOKHO IOJOKHTH h = n, He NpPOBOAA
JIMIIHAX BHEYHCACHHMA.
danawa packpack:m Bepm®HE rpada ¢ HCIOJAb30BAHEEM HAEMEHB-
IIero YHCJa NBeTOB MoeT GHTh chopMyaEpoBaHa cCaenyomuyM oG pasom:
MEHAMABHPOBATD

g n
2= gi (2-11 Pty (4.14)

7
npm orpammuermax (4.11) m (4.12.
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Muuumusagaa BrpameHua (4.14) ofecneumBaeT BHIOTHEMOCTB
cieqyrmero ycaopnda: nser j 4 1 He 6yaer ucnoxb3oBan B pacKpacke
BePINUH, eC/IH IBeTa oT 1 0 j ROCTATOYHH I JONYCTAMOM PACKPACKH.
Marpuna (packpackm rpada) [E};], xoropas naer pemenme mpuseges-
HOX BHme 3ajgavyr namueitHoro (-1-mporpammupoBaHus, ompeaeadeT
OOTHEMAJBHYI PacKpacKy, a HMCHOAb3YEeMOe LPH 3TOM YHCIO IBETOB
PaBHO XpOMaTHYECKOMY THCIY rpada.

Bep:x [1] Bmecro ycaosma (4.12) npemmomma caenyiomee:

gna scex k=1,2, ..., m

Elbikgi}gi{n j:1’21 "'141 (4-15)

tae [b;:] — maTpuma munupenumit, T. e. b;, = 1, ecim Bepmumua I,
mEOEIeHTHA pebpy ap, ¥ b;; = 0 B mporuBHOM ciydae. ¥YCJIOB-
Bme (4.15) orpaskaer ToT gaxr, 9To He GoJee 4yeM ofHA U3 JIBYX KOHIE-
BHIX BepIIMH J1000r0 pe6pa MoKeT OHTH OKpameHa B I(BET j.

Xorsa aro ycnosme Goxee ectecrBenHoe, uem (4.12), mo muas ero
ounncanus Tpe6ynTCca mqg OTpaHMYeHAN, TOrAA Kak AaA ycaoBudA (4.12)
HYZHO TOIbKO ng orpanmdennii. [lIockoabky aucio pebep (m) cBaA3HOTO
rpada o6HYHO 3HAYATENHHO GONbIOEe YUCHA ero BepmuH (n), TO YCJIO-
Bae (4.12) ¢ BuYECIATENHHOH TOYKM 3pEHUA IPEANOYTHTEIbHEe.
Hacko.1bK0 BeXUK mpH 3TOM BHATDPHIN, MOKHO YBHEJETh Ha CJIENYIOMEM
upumepe: ecad B HekoropoM 100-sepmumrHOM rpade umcio pebGep
Gyner coctaBaars Toabko 20% ot wmcaa peGep B monnom 100-Bepmman-
HOM rpade, To Ana 3amaEmEA ycaosuA (4.15) morpeGyerca 1000 orpa-
HAYEHA Ha Ka)KABlA OBET, a AMA onucaHAs yciaosud (4.12) — Toabxo
100 orpanmuenmit Ha Kax eI LBET.

3.3. Cpexénme sanaum o packpacke k 3HII

[Tockoarky mpm m1060if momyctumoit packpacke rpada G MHOKe-
CTBO BEPHIMH, OKPAalIHBAeMHX B OXMH M TOT ’Ke I(BeT, JOJIKHO GHTH
HE3aBUCHMEIM MHOMECTBOM, TO BCAKYI0 JOOYCTEMYK paCKPacKy
MOKHO NHTEDPIPETHAPOBATL KaK pasbuenue Bcex BepmuH rpada G
Ha TaKIe He3aBHCHMEIEe MHO;KecTBa. /{anee, ecim Kakjoe He3aBHCHAMOE
MHO}KECTBO PaCIIAPHTH 0 MAKCHMAJIhHOTO (myTeM KoOaBIeHAS K HeMY
IPYTHX BepiidH), TO packpacka rpada G momer GHTH TOrga MCTOJ-
KOBaHA KaK nokpwmue BepmuH rpada G MaKCMMaIbHKHMH HE3aBHCH-
MHMH MHO:KecTBamu. OdYeBHAIHO, 4TO B mOCJHEQHEM Caydae HEKOTODHE
BepMUHE Tpaga G MOTYT mpPHHALIEHaTh 6ojlee UeM OJHOMY MAaKCH-
MaJBHOMY HE3aBHCHMOMY MHOKECTBY. JTO TOBOPHT O BO3MOKHOCTH
CYIIeCTBOBAHMA PA3JIMIHNX JOMYCTAMEIX PACKPACOK (MCIONB3YIOIIAX
OIHO I TO Ke 9HCJO I[BETOB), TAK KaK BepPMIMHY, IPHHAIJIEKANYIO
Pa3HBIM MAKCHMMaNdbHBIM MHOJKECTBAM, MO)KHO OKPACHTH B JI060H w3
IBETOB, COOTBETCTBYIOIAX TeM MAKCUMAJbLHHIM HE3aBHCHMEIM MHOKe-
CTBAaM, KOTODHM OHAa IPUHAIJEKHT.
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Hrag, nycTh mOCTPOGHH BCe MAKCHMAJIHHHE HO3aBHCHMHE MHOKE-
crBa rpaga G, HanmpEMep ¢ NOMOIIBI0 AJTOPATMA, HIPHBEAEHHOTO
B8 pasa. 2.3 mpepmecrBylomeil riaBu (IYCTh TAKAX MHOMECTB 1),
m nycrs 3afaHa (n X t)-marpuma M = [m,], y xoropoit m;; = 1,
eCJH BepPIIHHEA ; NPHHANIOKHAT j-My MAKCHAMAJIBHOMY He3aBHCHMOMY
MHOKeCTBY, I m,; = 0 B mpoTuBHOM caydae. Ecim Temeps KaRaoOMy
MAKCHMAJBHOMY HE3aBHCAMOMY MHORECTBY COIOCTABHTH ORMHHIHYIO
CTOHMOCTB, TO 83/{a¥a PACKPACKH CBeJeTCA OPOCTO K 3a4a76 HAXOHJIe-
HHf HaUMEHBIIET0 4mCiAa CToaOmOB B Marpume M, mOXpHBalOmMmEX
Bce ee cTpokm ). Hampauii cronGen ms pemenmst sroit 3HII coormert-
CTBYeT OIpefeJIeHHOMY IBETY, KOTOPHit MOeT GHTL HCIOIBL30BAH
IUIS OKPACKH BCeX BePIIMH MAaKCEMAJBHOTO He3aBHCEMOTO MHOKECTBa,
NIpeACTaBIGHHOr0 3THM CTOJGIOM.

Xora t — uacao croabmos MaTpunu M — MokeT GHTH BeCchbMa Be-
JIMKO {aKe A rpadoB cCpeAHAX pa3MepoB, GopMyaApoBKa 3afaduM pac-
xpackr Kak 3HII npegnoururennmee, 4eM HENOCPEACTBEHHAS € HO-
CTAHOBKA Kak sagaix obmero O-i-mporpaMmmpoBanma, mOTOMY 9YTO
3IIH moryr GHTH pemeHH AJA TAKAX pasMepoB (T. e. AAA THCIAA
mepeMeHHHX), KOTOpPHe II0 KpaliHeil Mepe Ha mOPAROK Goibme, 9e
«IOXXONAMEE» pasMepH B caydae 3agad ob6mero 0-1-mporpammmpona-
musa (cMm. ra. 3).

3.3.1. Ilpumep. [lnsn rpada, maobpakennoro Ha pmc. 4.4, IHUCIAO
BCeX MAaKCHMAJBHHX He3aBHCHMHX MHOKeCTB paBHO 15, m B MaTpmue,
IpPHBENeHHOX HEKe, OHH INPENCTABICHH CTOJ6mAMH; Ha HOYCTHX
MeCTax B MATpHIe ROJIKHH CTOATh HYJIH.

MaxkcumagbHEEe He3aBECHEMEE MHOKECTBa

1234567 89101112131415

x |1 111

1) Hamomunaem, uTo i{-if cronbery B 0-1 -mampuye DOKpHBAaET Te H TOALKO
76 CTPOKH, B KOTOPHX HA IepecedeHHH C i-M CTOX6NOM CTOAT efuBHON.— ITpux.
ped.
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Xy X2
X7
*e _ - X
10 8
X9
Xs Xa

Puc. 4.4. Tpad =3 mpmmepa 3.3.1.

Pemenne 3afagu O LHOKPWTHH [JIA 3TOM MATPHIOH COCTOMT H3
4 cronfbuoB m He siBaserca eguHCTBeHHHM. Hampmmep, pememmamu
Oynyr wmmuomecrBa cronbmos {4, 6, 10, 14}, {4, 6, 10, 12},
{4, 6, 10, 11}, {4, 6, 10, 8} u {4, 6, 10, 2}). Ecam Mm Bm6epem
mocieHee M3 3THUX pemeHH# (OTMEYCHHOEe CTPeJSKAMH) H CONOCTABHEM
nsera a, b, ¢, d cronbuam 4, 6, 10 m 2 coorBercTBEHHO, TO BepMHEHY I,
(npuHamIeKaMy0 OXHOBPeMEHHO cToabmam 2 m 4) MOXKHO OKPacHThb
B IIBET @ MJIM B IBeT d, a BePMHAHY 5 (HpEHATIEKAMYIO 060HM CcTON6-
naM 2 m 10) MOKHO OXpAcHTh B I[BET ¢ MJIH B nBeT d A TakuM 06pa3om
HDOJYYATH PA3NHYHKE OOTHMAJBLHHE PAaCKPaCKH.

HETtepecHo oTMeTHTH, 9TO B JAHHOM IpPEMEDE HIWKHAA ONEHKA
mas v [G] pasra 4 (310 MOKEHO mONYdYMTH M3 cooTHOmeHus (4.2), Tak
kak a [G] = 3 m n = 10) n, 3maynT, coBmajaeT ¢ MCTHHHEM 3HATe-
mmeM y [G].

3.4. AnropaTv npsMoro HesBHOTO mepedopa,
HCHOXB3YIOHIALl JepeBo moMCKa

JA ompeneneEAs XPOMAaTHYECKOro 9mCaa rpada Mo:keT OHTH
HCOOJB30BAH C IOPAa3UTENbHOA 3(PeKTHBHOCTHIO O9€HE IIPOCTOM METON
HeABHOTO mepebopa, He cofep:Kamimii HmKaxkmx xmrpocredr [4, 9].
Merox cocTonT B caeqyioImeM.
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IpepnmonoREM, uYTO MHOKECTBO BOPHIMH KAK-TO YHOPAAOYEEO
¥ z; — i-fl BOPIIEHA TOT0 MHOKeCTBA. TOrfla mMepBOHAYAJBHAN NOUY-
CTAMAaA PacKpacka MoKeT GHTDH IOJNY9Y6HA TaK:

(i) oxpacmrs z; B nBer 1.

(ii) xakAyl M8 OCTABMMXCA BEPIIAH OKPAMIMBATH IOCJIEA0Ba-
TeabHO 1): BepmMMEA Z; OKPANIEBAETCA B NBET ¢ HAEMEHBLINIEM BO3MOK-
HHM «HoMepom» (T. €. BHOEpaeMHii mBer NOM)eH GHTH HepBHM B JaH-
HOM YUOPAAOYCHEH NBETOM, He MCHOJL30BAHHHM IIDH OKpPacKe
Kaxo#-im00 BePIIMHE, CMEKHOM C Z;).

Ilycrp ¢ — umcao nsetoB, TpeGyemoe piIA BHIIEYOOMAHYTOH
packpacka. Ecam cymecTByer packpacka, HCHOJB3YKHIAA TOABKO
q — 1 uBeToB, TO Bce BepMMEK, OKPAIMEHHLE B IIBeT ¢, AON/KHH OHTH
mepeKpameBEN B mOBer j <<g¢. IIycTh zjs — NmepBasA BepmMEA OpA
3a/[AHHOM YOOPAMOYCHAH, KOTOpas 6Hua okpamena B nBer g. Ilockons-
1y (coraacHo (ii)) oHa 6BIa TaK OKpaIeHa IOTOMY, YTO He MOTIa GHTH
OKpaIleHa B IBET j <Cg, TO €0 MOKHO IEePeKpacuTh B IBET j << g,
JIRMb NEePEeKPaCHB IpPeNBAPATEALHO XOTs 6H OFHY M3 CMEKHHX
¢ Heit sepmmE. Mrak, mar BOSBpaIeHHs H3 BePIIAHH Iis MOKHO
OCYIECTBATh ClIefylomuaM oGpasoM.

Us cMeXKHHX ¢ z;+ BepIIEH B MHOKeCTBE {I;, . .., Zy+_,} HAHTH
0oC/eAH0l (OpE 3afamHOM YIOPAROYEHMH), T. . BepHIAHY C HaH-
6onnmuM mHAEKCOM. IIycTh 510 6yaer BepmeHa ;. Ecam z, okpameHa
B OBET j, TO I; MEePEKPAIIABAETCA B APYrof JONYCTHMKIL NBET ¢ HaH-
MEHbIIAM BOBMO)KHHIM ¢HOMEPOM» jR, TAKEM, 9TO jr, =>jr + 1.

Ecan ji << g, TO Haji0 IPOROIKATH IIOCAEOBATENHHO IEPEKpPAaIH-
BATh BCe BEPMIHHW C ZTp,; AO Z,, NPEMEHAA YKasaHHOe BHINe Ipa-
BHAO (ii) m MOMHA 0 TOM, 9TO BET ¢ HCHOAB30BATH HEeAB3A. Ecan Takas
npomefypa ocymecTBEMa, To GyfeT HaiifleHa HOBaf Jy4mas pacKpac-
Ka, HCHOJB3YIOMAS MeHBINe, YeM ¢ HBeToB. B mpoTmBHOM ciaydae,
T. . €CHE BCTPETHTICA BepPIMHA, <«Tpefyiomas» LBeT ¢, TO. MOKHO
CHOBA C/EJIATH AT BO3BPAINCHMA — M3 TAKOH BEPIIMHEL.

Ecam j, = ¢ mam Her XpYroro KomycTHMOro nBera jp (cM. HHKe
sameyaEme (a)), TO MOMKHO CPasy ke HeJaTh IAr BO3BPANeHMA H3
BOPIIMHH Z,. AJTODHTM 3aKaHIMBaeT paGoTy, KOrfa Ha Imare BOS-
BpAINEHAA JOCTHTAETCS BEPIIMHA Z,.

Craepyomume 8aMeYaHHMA MOTYT HOMO0Yb YCKOPHTH BHIICNPHBOACH-
HYI0O Iponeflypy NpsAMoro HesBHOro mepeGopa.

(a) IIpm mobGoM ymopAnOYeHHMH BePHE JAONYCTHMHE nBera j
INA BepIIMHH Z; YAOBJETBOPAIT yciaosmpo j < i (ecam i <<g). 3ro
0YeBH[IHO, TAK KAK BeDIIAHE Z; IPeAmecTBYT (IpA KAHHOM YHODPAKO-
YeHAH) TOJNBKO i — 1 BepmEH H, CJAEOBATENLHO, HAKAKOH I(BET
j > i Be mcmoanzoBaiaca. TaxkmMm o6pasoM, AIA BepmEHH Z; JoHy-
CTHEMHM ABJSAETCA TOAbKO UBeT 1, Miasa 3 — nper 1 m nser 2 (ecam Z,
CMEKHA C T,, TO AJAA Ty AOOYCTHM TOABKO NBeT 2) ® T. A.

1) B COOTBETCTBHH C 8afiaHHKM ynopapodesreM.— Tpux. ped.
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(6) U3 3amewanms (a) cuegyer, 4T0 ¢ BHYMCANTEALHOH TOUKHM 3pe-
HUA BHIFONHO pACHOJaraTh NepeMeHHHE B TAKOM HOPAAKE, YTOOH,
HAOpHMEp, OepBHe p BepmuH 00pa3oBHBAIA HauOOJPIIYI0 KIHKY
rpada G. ITo OpHUBeReT K TOMY, 9T0 Kajaaa BepmuHa z; (1 <<i << p)
OyneT MMeTh TOJBKO ONEH MOMYCTHMEII LBET, T. €. UBET {, H aJrOPHTM
MOKeT B3aKOHYHTh paboTy paHbIme, KOIJa Ha mare BO3BPaMIeHHA
6yneT ;IOCTATHYTA BepIIMHA I,,.

XoTa uponefypa HeABHOTO mepebopa, ONHCAHHAsA B 3TOM paajele,
ABIAETCA NPUMATHBHEIM JPEBOBHIHKIM NOUCKOM (B KOTOPOM HE HYKHO
BHUMCIATh HUKAKHME OLEHKH A OIDAaHMYEHHS BETBJIEHHi), TeM HO
MeHee OHa HHCKOJBKO He XyHe APYIMX M3BEeCTHHIX METOJOB PacKpa-
cku rpagos. Tak, nanpamep, ans rpada ¢ 30 BepmmuuamMu, comepa-
Imero npnGIA3NTEILHO TPETHI0O YaCTh MHOMKECTBA BCeX pefep mOaHOTO
30-BepmuuHOro rpada, HaXoKIeHHe ONTEMAJLHOH PACKPACKH C IIO-
MOINBI0 AJTOPUTMAa HesBHOro mepeGopa TpebGyer oxoao 30 ¢ Mammu-
HOTO BpEMEHM Ha BHYIuCINTEabHOH mamuue IBM 1130.

4. IlpnO/m:;xkeHHble aAropUTMbI PACKPALIMBAHWSA

CymecTByeT MHOIO 93BPUCTWYECKHX HNPONEAYyP PpaCKpamImBaHMA
rpadoB. I03BONAIMMX HAXOAUTH XOpoUIEe NPAGIMKEHAA QI XpoMa-
THYECKOTo YHcja rpada B TeX CaydYasiX, KOTfla pa3MmepH rpada ciammoi-
KOM BeJINKH M IOJYYeHME ONTHMAJBHOH PACKPACKH TOYHHMH METO-
KaMH, YOOMIHABIOIMMHCA DaHee, 3aTPYAHHTeIbHO. B Hacrosmem pas-
Jee JaercAd KPaTKoe ONMCaHuWe ONHOM M3 TAKUX IPOUEAYP M pALa ee
Pa3HOBHIHOCTEIH.

4.1. MocrenoBaTensunie METOADI,
OCHOBAHHBHIC HA YOOPAJNOYHMBAHHMHA MHOXECTBA BEPINMH

B sTom npocreiimeM 3 MeTOOB BepIIMHL BHAaYaJje PacloJaralrcs
B NOPAXKE HEBO3PACTAHHA MX CTeHeHeil.

IlepBas BepmuHa oxpamuBaercs B nBeT 1; aareM couCOK BepmmH
IpoCMaTpPIBAETCA CBePXY BHE3 (I0 HEBO3PACTAHUIO CTeneHei) u B iser 1
OKpaINBaeTCd BCAKAasA BePIIMAA, KOTOPAas He CMeKHA C IPYroH, yme
okpameHHoli B 31oT uBer. IloTOM BO3BpamaeMcsa K HEPBOH B CHUCKE
HeOKPAIIeHHOI BepIInHe, OKpamuBaeM ee B (BeT 2 i CHOBA IPOCMATPH-
BaeM CIICOK BeDPIIMH CBEPXY BHM3, OKPAMMBan B 1Ber 2 awobyio He-
OKpAINeHHYI0 BEPIIMHY, KOTOpas He coefuHeHa peGpoM ¢ Apyroi, yxe
OKDalleHHOH B uBeT 2 BepmuuHOH. AHaJNOTMYHO HEHCTBYEM ¢ I[BETa-
mit 3, 41 T. X., HoKa He OYAYT OKpalIeHK BCe BePUIMHLL. AHCI0 NCIOAb-
30BaHHHIX IBeTroB Gyger TOTAa UPHOMMKEHHBIM 3HAYEHNEM XPOMAaTH-
weckoro guc;ia rpada (23, 25].

[Ipocras mogudmxayua ONUCAHHOR BHIE YBPHECTHYECKOH N po-
IeAypsl COCTOMT B DNEPEyNOPANOIMBAHUM HEOKPAIMIEHHHIX BepPIIHH
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TOC/e OKPACKH KaKAOH OYepefHOH BePMMAN: OCTABMHECH HEOKpPa-
IIeHHH® BEPIIMHH SaNHCHBAIOTCA B NOPALKE HEBO3PACTAHHA MX
OTHOCHTENbHHX» CTeneHed, T. e. cTemeHei B TaxkoM rpade, KoTopmit
ImoJy4aeTcA M3 JAHHOTO HOCTe YAaJeHHSA OKpamleHHHX BepmmH (BMe-
cTe ¢ pe6pamMn, MRNHAEHTHHNMHA YAAJCHHHM BEPIIRHAM).

B aroi mpomepype MOXYaIHBO LPENNONATANOCH, 4TO €CIE JBE
BOPIIAHH MMOIOT OXMHAKOBH CTEIeHH, TO UX B33AMHOE HOJOMKEHHE
B CONCKe CAy4adiHO. B TakwmxX CATyamBAX yTOYHeHH® B PasMEMEHHH
BePIIMH MOKHO OCYMECTBAATHh C MOMOMBIO ABYXIIATOBHX CTeNeHeit
d{® BepmmEH z;, HMEWIIAX OAWHAKOBHE CTemeHH (OXHHAKOBHE
1-maroBule cremenm), rie di®¥ ompepgensercA XKak YHCIO MapmpyToB 1)
AANHH 2, HCXOAAINHX H3 Z;. ITH BePHIAHH MOTYT GHTH pasMemeHH
TOrga B COOTBETCTBHH ¢ BeaxmdmHaMm crememeir di¥. Ecam Bce-taxm
HaMUAYTCSA BePMMHH, Yy KOTOPHX COBHAJAIOT M CTemeHH d;, M CTeme-
HE di¥, TO MOYKHO BHYHCJIMTH TpPeXmaroBwe cremenm dY (ompepe-
JseMHe AHAIOTHYHHM 006pasoM) M pPasMeCTHTh BepIIHHK C yYeTOM
crenmeneit d® m T. A.

Moskno peficTBOBaTH MHAYE: pPasMEmATh BEPIIMHH Cpasy B COOT-
BEeTCTBHH C HX CTeOeHAMH di® HARM cTemeRsaME di¥ B IpPAMEHATH
TOT Ke CaMHH NOCJeHOBAaTeIbHHH MeTon packpack:m [24]. Takmm
0o6pa3oM, ONACAHHKIL BHOI® METO, PACKPAINMBAHHA 0YePIHBACT LEHIK
KJ4CC IOCTefOBATENBHNX METOROB, KAKAHYM M3 KOTOPHX CBA3aH
€ OIpeJeJeHHHM CHocoGoM YIOPAXOIHBAHMA BEPIIMH, JHOO CTaTHYe-
CKEM, T. . (EKCHPOBAHHKIM CPasy MJsA BCeil NponeAypH, 1a6o KHHA-
MEYECKEM, T.©. H3MEHAIMHUMCA B mponecce packpackd. Cmocol
YUOPAROYHBAHEA MOKeT 6a3EHpPoOBaTHCA HA MHOTHX BO3MOKHHX KPHTe-
PHAX, 3aBHCAINAX OT CTeNeHeH BePNMH MM OT KaKux-am6o Apyrmx
POACTBeHHHX XapPAKTOPHUCTHK. Pe3yapTaTH BHYHCICHHH M CPaBHEHUS
TOCHOA0BATeIBHEX METOXOB PACKPAIIEBaHHUA is rpados, BHOpan-
HHX CJHy4YaiiHHM o6pa3oM, mpmBegeHH B pabGorax Maryaw, Map6ae
u Hcaakcona [16] m Bmasamca [24]). Tpanmns npumermMoCTE 3THX
3BPHCTHICCKHX MOTONOB AeMOHCTpupYyIoTca y Muryema [17], mokasas-
mero, 94T0 MOKHO HOCTPOMTh rpadH, AR KOTOpHX dio6o#t m3 aBpH-
CTAYECKHX METOAOB [aeT NPOM3BOJbHO ILIOXHe ONEHKH XpOMaTHde-
CKOr0 THCIA.

1) Ecam A — MaTpHOA CMe;KHOCTH rpada G ¢ MUATOHAIbHEIMH 37AeMEHTAMI,
n

papanmu 0, To d; = 2 a;y. [ ByxmaroBas cTemeHRb onpefielsieTcs Torxa mo gop-
i=1

n
MyJe d‘.” =E a;;d;, 1 BoOGmE k-IIATOBAA CTeNeHb ONpEEACTCA HO PeKYPPeHT-
Boii Qopmyare:

n
= 3 o~
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5. OGoOnienEA ¥ NPHIOKEHHA

3ajsaga pacKpacK# B TOM «IACTOM» BHE, B KAKOM OHAa paccMar-
pHEBajach BHIIE B HACTOAMEH IiaBe, PeIKO BCTPEYAETCHA HA MPAKTHKE.
Ongmako ee 0600menma ¥ pasHOBAAHOCTA (HE3aYATENLHO OTIHIAIO-
mpecsa OT Hee) HAXOAAT MEPOKOoe NpuUMeHeHHAe B GoibmoM uymcae pas-
AMYHHX NPHKIAAHHX 3agad. [lexblo JaHHOro pasfena ABJIAETCA
03HaKOMJICHEE YHTATeNs ¢ HEeCKONXbKUME HamboJiee 9acTo BCTpedalo-
mamuca obobmermamu. CHECOK NpEIOKERHEH, €CTECTBEHHO, STAMR
npmMepaMu He OrPaHAIABAETCH.

5.1. Ilpocraa sanaua pasmemennn (3arpyakn) [6]

PaccmoTpuM sajady pasmemieEEs (3arPy3KHu) 72 KAKHEX-TO IpefMe-
tToB mo AmmKaMm. IIycTh KamKAm# IpegMeT COOTBETCTBYET ompefeleH-
Hoit BepmmHe rpada G. Besxmil pas, Korja [aBa IpPeIMeTa Z; B I
He MOryT GHTh pa3sMemeHb B OHOM ANUKe (HanpuMep, Korga Ipen-
MeT I; MOKeT 3arpDA3HHUTH npenMer z;), B rpadp G BBopuTcs peGpo
(z;y, z;). Ecan amuaxn mMe0T HEOrPaHMYEHHYI0 BMECTHMOCTH, TAK 4TO
B KaKALHK W3 HAX MOMKHO IIOMECTHTH CKOJBLKO YTOJHO NPEeMETOB,
TO 3aJaua HAXOKJICHHA Ha@MEHBIIEr0 4YACJIA ANIMKOB JIA pa3Melre-
HUA OpPeAMeTOB JKBHBAJEHTHA 3ajiade HAaXOACHHA XPOMATHYECKOTO
gucaa rpada G; mpuYeM KasKIOMY SHIEKY COOTBETCTBYET OIIPefieleH-
HHE «OBeT», a OpeJMeTs, OKpameHRHke B OJNH IIBET, YKJIaJhBaoTCA
B ONMH M TOT 7K€ ANHK.

(i) Amukw oxmBEaKoBOI BMeCTEMOCTH. B meficTBATENPEOCTE AINAKH
of6namaloT orpaHmdeHHOM BMecTHMOCTHIO. IlpeamoiioskuM, ITO BMe-
CTAMOCTH OJIMHAKOBA Yy BCeX AMMKOB M paBHA (J. ITO MOKHO MHTEp-
OpeTHPoOBATH TAaK: B OJMH IBET OKpamuBalTcH He Godee deM () Bep-
mpnE. B tepmmuax O-1-uporpammmposanusa (cM. pasx. 3 HacTosme:R
raaBu) HaHHAsg 3ajada 3arpyskd Moxer OmrTh cdopmyampoBaBa
caenylomuM obpasom:

MMHHAME3UPOBATh BHpakeHme (4.14)
opr orpanuuenusax (4.11), (4.12) =

D &;<Q (mam Bcex j=1,2, ...,q). (4.16)
=1

Pemenmem aToii 3apmaud asnsercs Marpuna [EY], onacuBaroman onTm-
MaJIbHO® pasmewenue (pacupepelenne) npedmemos no Ayuxam (HHaIe
TOBOpHA, 2pynnuposka npedmemos no ysemy). Umcio g ecTh Bepx-
HAA ONEHKA M YHCIA AMHAKOB.

(ii) Amuxr mMeoT, BOOOmME TOBOPs, Ppa3AMYHEHE BMECTEMOCTH,
B Am@AKAM Opunncadn crommoctd. Ilycts j-it smmk mMeeT BMecTH-
MOCT® Q; B cTOoMMOCTh v;. [Ipennosiosuy eme, 910 IpeaMeTaM (Bepmm-
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paM rpaja) comocTaBJeHH Beca, CKA)KeM, i-My Hpe]METy COOTBeT-
cTByeT Bec w;. TpeGyercA Tak pasMeCTHTh HpeAMeTH N0 SIEKAM,
qT06H

(a) BHOOAHANECH YCHOBHA, «HAKIaNKBaeMHe» rpapom G,

(6) ymoBmeTBOpANACH OrpaHHYOHHWs HA BMECTHMOCTh SAN[HKOB,

(8) Gma HamMeHbIIeH 00MAA CTOMEMOCTh HCIIOJIb3YEMHX AINIAKOB.
Toraa 3amada DpAMET CHeAYIOIME BHL:

q
MEHAMU3EDOBATh QYHKOHIO 2 =52 by, (4.47)
=31

npe orpammienmax (4.11), (4.12) =

E‘ Eiywi <Oy, (4.18)
n naa scex j=1, ..., q,
El Ey<<Lyy (4.19)

rie mepeMeHHAS ), IPEHAMaeT 3Ha4eHEe 1, eC/iA B AMEK j HOMEMEH
Kaxoi-mn6o mpemmer, m pasEa 0 B mporEBHOM caydae.L — mpoms-
BOJBHO® IOJORATENBHOS IeJ0e Iacio, Goapmee, geM n, a ¢ — obmee
gucao mEMmemExcA AmmkoB. Orpanmuenme (4.18) osHawaer, drTO
HE OJIMH B3 AIIAKOB He IHeperpy:kaerca, a orpanmaennme (4.19) rapan-
THPYeT BHIOJIHHEMOCTb YCIOBHSA: eclm Py = 0 (T. e. AmAK j, mycr),
T0 BCe &y, (i = 1, ..., n) Tarme paBEM 0.

B srom camom o6meM cirydae Heo6XomuMo OLLIO BBOCTH NOIOJIHM-
TeJbHNE HePeMeHHHE 1;, IIOCKOIbKY AIAKH (mBerd) Heansa mrpado-
BaTh TeM CIOCOGOM, KOTOPHE XapaKTepHsyeTcs BHpa)keHmeM (4.14).
Crnenyer orMeTHTEH, uTO 9eM Gosee o6mel ABIsAeTCA 3aa9a, TeM MEHee
BAKHHM CTAHOBHTCA €€ «PACKPACOUHHMN» acmekr. Tak, HampmEMep,
B TOJBKO YTO PACCMOTPEHHOH 3a/{ade MO;KHO BHICIHTH B IIOXSAJaTH:
(a) o «<packpacke», COOTBeTCTBYWOIIyl0 orpammuenmio (4.12), =
(6) o «pamme», ompenensieMyo orparwienmeM ') (4.18). Jlpa mpyrmx
orparmyenns, (4.11) m (4.19), apasOTCA OrpaHUYEHHAMHE CTPYKTYP-
HOTO XapaKTepa.

Hs-sa sTEX ABYX B3aEMOCBA3aHHHX aCOeKTOB o0mas 3ajava pac-
KPAaCKR 3HAYHTENHHO TPYAHee [AJA DOMeHHS, 96M (IHACTaA» 3a/ada
PACKPaCKH.

IBe crexyomume OpEKIafHEHE 3a7aUd MOKHO PAaCCMATPHBATH KaK
8afiag® 0 packpacke rpada (aim cooTBercTBylOmEe 0606MmeHRs 3aNATH
O pacKpacke).

1) 3afava o panye paccMarpHBaiach, mampumep, B {10].
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5.2. CocraBrenme rpadmkoB ocmorpa (mposepxn) [25] [2 4]

B zamavax Teopum pacumcaHui ') OCMOTDH TpelCTaBIAITCHE
B BHjle BpeMeHHHIX HWHTepPBaJgoB. HaiKIOMYy 0CMOTPY MOKHO COHO-
CTaBUTh BePUIMHY HEKoToporo rpaga, mpudeM ABe JoGhie BepIIMHK
rpajga Oyayr coeqmHEeHH peGpoM JAMINL TOrJA, KOTAa COOTBETCTBYIO-
mue EM OCMOTDH HEeJb3A OCYMECTBIATH ONHOBpeMeHHo. Tpebyercs
COCTaBUTh TAaKO# rpaduK OCMOTPA, KOTODHH CBSA3aH ¢ HAMMEHBIIAME
BPEMeHHEKIMH 3aTparaMu (C yYeTOM IPMBENEHHHX BHINE OrpaHAYeHHE
Ha «COBMECTHMOCTB» OCMOTPOB). JTa 3ajada JKBHBaJICHTHa 3ajade
0 pacKpackKe BepmIMH rpada ¢ HCHOJb30OBAHMEM HAMMEHBIIEIO YHCIA
1BeToB. X poMaTHIeCKoe 9MCI0 rpada Kak pa3 ¥ COOTBETCTBYET OCMOT-
Py, TpebylomeMy HauMeHBIIHX BPEMEHHEIX 3aTpart.

Ecam 9ncio OCMOTPOB, KOTODHE MOJKHO OCYIIECTBJAATH B OJHO
¥ TO )K€ BpeMsd, OrpaHMYEeHO (HAUpMMEp, HM3-3a Pa3MEpPOB IOMeEIe-
HEA), TO OIpEXOAEM K 3amave tuma (i) m3 pasg. 5.1, w Q B aToM cay-
qae ABJIAETCA YACJIOM IIOMEMEHWiA, Ile IPOMCXOIUT OCMOTP.

5.3. Pacupenexerme pecypeos

IIycts mas BHOOJHEHHA KaKUX-TO n paGoT BHajo pacnopemeauth m
gMelomuaxca B Hagmuma pecypcos. Cumraem, uro kaskpasa u3 pabor
BHIIOJHAETCA 32 HEKOTOPHH (ONMHAKOBHIA 1A BCeX paboT) npoMerxy-
TOK BpeMeHH H 9TO JJIA BHOOJHeHMA (-l paGorn TpeGyerca mogMHO-
mecTBo pecypcoB S;. Ilocrpoum rpad G: xaskmoir paGore coorser-
CTByeT oIpeje]eHHAas BepmmHA rpada, a pebpo (z;, z;) cymecTByer
B rpade TOrma M TOJABKO TOTAR, KOTJAA MJIA BHIIOJHEHHMA I-Il W j-i
pabor Tpebyerca xora 6w onmH obmmit pecypc, T.e. Korma S; ()
N S; 7 &. J1o 03HaYaeT, 4TO i-s W j- PabOTH He MOT'YT BEIIIOJHATh-
ca opmoepemeHnHOo. Packpacka rpada G onmpepesnsier TOTga HEKOTOpoOe
pacnpenesieHre pecypcoB (o BHIOJHAeMHM paforam), mpAYeM Takoe,
910 paGoTH, COOTBETCTBYIOMME BEPUIMHAM OJHOTO IBETA, BHIIOJIHAKT-
cs oqrOBpeMeHHo. Hannygmee ucuonan3oBande pecypcos (T. €. BBIIOJI-
HeHPe Bcex n palor 3a HamMeHbIee BpeMA) MOCTHTaeTcs HPA ONTH-
ManbHOM pacKpacke BRepmuH rpada G.

6. 3agaun
1. Ina rpada, nokazamEoro Ha pmc. 4.D, BHUYHCIHTH BEepXHHe

Il HIKHNE OUEHKM XPOMATHMAECKOTO YHMCJA, ACHOOJIb3YA DPe3yJIbTaTH,
npusefeHEHre B pa3x. 2.1 m 2.2,

!) B oTedecTBeHHOI JnTepaType IPAMEHSETCA TAK:Ke TEDMUH «3a;a9a KaJeH-
JapHOro nAaEwpoBaBMm».— Ifpun. ped.
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Xy X2

x' /

Xy Xa

Puc. 4.5.

2. Hcnoasaysa anropurmn u3 pasn. 3.1 m 3.4, Haiitm nasa rpada
Ha pHC. 4.5 XpPOMATHYECKOE IHCJIO M COOTBETCTBYIODXYI0 BTOMY UHCIY
packpacky. CpaBHHTL BHIYHCIHTOABHYIO CHIOKHOCTb 3THX &JTOPHT-
MoB (maA manHOTO Trpada).

3. Ilna rpada, maoGpaskensoro Ha puc. 3.6 ¥8 ru. 3, HaliTH Xpo-
MaTHYeCKOE 9YHCIO M COOTBETCTBYOINYX0 PACKpacKy, (GopMyampys
safiauy o packpacke Kax SHII.

4. IlpaMeBHTH HOCNENOBaTeJBLEHE METOAh, OCHOBaHHHE Ha pac-
CMOTpeHHEE cremeHedt d;, di¥ m di¥, naA DoayueHHs «OUTHEMAJBLHOM»
packpackm rpada, mpuBefeHHOro Ha pmc. 4.5.

5. Jloxasats, 9T0 XpoMaTHYECKO® THCIO Ka/KAOTO N-BePUIHHHOTO
aepesa (n=>2) paBHO 2.

6. IlokasaTs, uTo rpad 2-xpomMaTHMUeCKEil TOTAA M TOJBLKO TOIAA,
KOTJla BCe ero NEKJIH EMEI0T YeTHHEe JUIMHH.

7. B mIOCKOCTH DPOBEJEHO KOHEYHO® TYHCIO NPAMHX JWHHA; OHH
pasbmnm ee Ha KoHeuHoe ymcio obGaacreir. Ilokasars, uro mocraTod-
HO 2 mBeTa VIS TaKoii pacKpackm Bcex sTHX obaacreli, Korha diobne
ABe cMe;KHHe 06JacTH OKpAIIABAIOTCA B PA3HHE IBETA.

8. I'pad Ha pmc. 4.6 npeacraBiseT cxeMy SIeKTPHICCKHX COJH-
HOHHi; BePIIMHH COOTBETCTBYIOT KJIeMMaM, peGpa — IpAMEM MeTa-
JMYeCKHM NOJOCKaM IPOBOAHHKOB. [is ¢mamdUecKm 0CYymECTBHMHIX
coeUHEHHH NPOBOJHUKA He JOKHH IePECeKaTh APYT APYyTa, HO2TOMY
Heo6xommMo pacumpefeanth pefpa DO HECKONBKEM IapaliIeNbHEM
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0J1aTaM, B Ka/KAOX M3 KOTODHX NPOBOJHHMKHK He IEpEceKajHch Ol
(HneMMbl «1OCTYIHBE» HA BCeX miaTax.)

1 2 3 4

AN

6
-«— Knemmpl

~a— [IpOBOAHNUKH

~+— KnemMMmbl

Puc. 4.6.

Onpenenars HARMEHBIIES YACIO IJIAT, HEOGXOMUMEIX s PeaIuaa-
nam orux coepmuenmit (cm. [14] m [7]).

9. Ha Tpex npefupUATEAX BHOYCKAaeTCH ONAHHANLATH BHJOB
magenmid A, B, ..., K, npayem KaKAHA BUA IPOM3BOXATCA TOMBKO
Ha of(HOM ®3 Tpex npepupuarwnit. [Iponert o6mux geraneid m MaTepuna-
JIOB, HCOOIb3yeMHX B IPOH3BOACTBE KA;KAKX NBYX BHJIOB H3XENHH,
OPHBONHTICA B CIeXYHOIeil MaTpHIe:

A

5(—1C

6018 1—|D
85165140 | — | E
45190135180 [ —
80|75 )30 |9 |90
50130)70 35,65
50|60 |90 |40 |35
60 4540 |80 |30|70 25| — |3
45140 [45)35(80 (20 2518 |— 1K
8070 85130 35140257575 60T]

38|

8838 ||@

K== TOMOmOO® >

Henarenpno, 9T00H Ha OQHOM UPEJUPHATHA BHOYCKAJIHMCh M3NETHA
¢ GonpmuM mpomeETOM OOIUX AeTajdell ¥ MATEPHAJIOB, HOTpe6ageMuIx
opE mX mpom3mojictee. TpeGyerca Tak pacupeqennTs IPOH3BOACTBO
HM3JeTAA HA OpPENUPHATHAX, YTOOH MHHEMYM OOIMMX OOCTABOK MIJA
IPOM3BOACTBA ABYX MIOOKX BHAOB M3JENAH HA OJHOM M TOM jKe Ipej-
npaaTad ORI Kak MOKHO Gosbime.
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Fnasa 5

PASMELUEHUE LIEHTPOB

1. Beenenue

B npakTmuecKoil QeATENHHOCTH NOCTOAHHO BO3BHHKAKT 3ajadd
(HAUJIydYmero» pasMemeHua obopyfaoBarmA (uam cpeacts obcay:xm-
BaHHA) B ceTAX wiam rpadax. B wactrocTm, ecam rpad npeactaBiaser
ceTh JOpOr ¥ BEPIIAHK COOTBETCTBYIOT OTHEJILHHIM paiioHaM, TO
MOJKHO IIOCTaBHTH 3aJady ONTHMMAJIBHOTO pA3MEIEeHHMA OO.IbHHUIL,
IOJINOeACKAX YYaCTKOB, IOMKAPHEIX dacTell M MHOTEX JApYrax
Kpaiine HeoOXommMmuHXx npegupaaTuii M cay:k6. B rtakumx cayvasx
KpUTEpHil ONTHMAJBHOCTH MOMKET COCTOATh B MUHAMH3ANHH pac-
croAnEs (HJM BpeMeHH IIPOe3fla) OT NYHKTA o0CIYKABAHHA 0 CaMoi
OTAANeHHOH BepmMuHH rpada, T. €. B ONTHMU3ANUHM (HAUXYAMETO
BapmaHTa». B Goxee obmeit 3agade TpebyercAa pPa3MeCTHTh HECKOJIb-
KO TaKHX LYHKTOB ofcrnymxuBanus (a He ToqskKo ofme). Ilpm atom
camasg oTAAaJeHHadA BepmMHA rpada [JoJKHA HAXORHTBCA IO Kpaii-
Heil Mépe OT ORHOrO NYHKTa OOCAYKMBAHMA Ha MHHEMAaJbHO BO3-
MOKHOM paccroaHmu. H Takum 3afagaM OTHOCATCA 3ajadn pasme-
meHns aBapHUHHX Ccayx0, m mosTroMy o0BeKTHBHEM TpeGoBanneM
3[leCh ABJIAETCA MAHAMHA3anuA HaHOOJNbLIIEr0 PACCTOAHHA OT IPOH3-
BOJIBHON BepmmHE rpada g0 Oamskadmero K Hed myHKra o6CHyKH@-
BagasA. [lo oweBmAHEM DpmEYEHaM 3afadE TAKOTO THIA HA3HBAKITCA
MUHUMAKCHUMU 3adaxamu pasmewerus. IlosydeHHNe NpH pemeHun
STHX 3aJad MecTa Pa3MeHmeHHA IYHKTOB OOCHy:KHBAHHA HA3LIBAOTCA
yenmpamu rpada.

B HexoTOopHX 3ajavYax pasMmemesud Jydme Bcero Guao 6 MEHRA-
MH3UPOBATHE CYMMY BCeX paccToaHmit or BepmuH rpada fo ueHTpa
obcayxuBaEua (€CIM NpERNOIAraTh, 9TO HIIETCH MECTO A pasMeme-
HASA TOJBKO OJHOTO TAKOI0 UyHKTa 0GchyxuBapus). Takoilt kpurepmit
ABIIsieTCA Hambosee MOXXOXAMMM, HaNpuMep, B 3aaue O pasMelmeHnH
CKJafia B CeTH JAOPOT, TAe BePIMMHH NpEeJCTaBIAIT norpebmreneii,
of6CTy;KEBaeMHIX 3THM CKIAJZOM, MJIH B 3a/laue pPa3MemIeHus TeldedoH-
HHIX CTAaHu®H B TeaedOHHOH ceTH, I7leé BEPIIMHK IpeRcTaBAdoT abo-
HEHTOB. 3aJ]aYM TAKOr0 THUOA BOOOMIE OTHOCATCA K MUHUCYMMHBIM
3adavam pasmeweHus, XoTA nenesad GYHKOEAH ABIAETCA YaCTO HO
opocTo CyMMOHA paccTosHmi, a cymMoll pasamIEnX GYBKIOEHE OT pac-
crosHmit (cM. ra. 6). Mecra paamemeRmsi NYHKTOB 06Cay:XMBaHHA,
noJyIeHHEE B Pe3ylbTaTe PeIeHnsT MIHUCYMMHOM 3aa9, Ha3hIBAKOT-
ca meduanamu rpada.
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Ileanio aroit IIaBH ABAAETCA PACCMOTPeHHe MHHHMAKCHOH 8afaun
PasMemEHHA JJA B3BEMEHHHX rpagoB C BeCAMH ¢;;, COOTBETCTBYIO-
ImMEME AYraM (B DPeJCTABJIAOMHMEA [IAHH) M APYTHME BECAMH Uj,
CBASAHHHMH C BOPIMHAMH (I IPeACTABAAIMHUME, CKa’KeM, PasMepH
HJIH Ba;KHOCTH 0616KT0B). IIpABOAATCA AJTOPATMH ONPE/IeIOHAA ONTH-
MaJIbHOTO PasMeMeHHs NeHTPOB B TAKHX Ipadax U peayisTaTH BHIHC-
Jesmit A rpadoB CpegEEX PasMepoB.

MmEncyMMEas 3ajjava pasMemEHHsA PACCMATPHBACTCA OTNEALHO
B caenyomeii rnase. XoTA 3TH ABe 3a/{a¥H, 0YeBHAHO, CBASAHH MEKIY
co6oif, HO, TOCKOABKY MOTOAK HX pemeHHs PA3JHIHH, IJ. 5 1 6 MomHO
YHTATH HO3aBECHMO APYT OT ApYyra.

2. Paznenenms
HAna moboit sepmmun z; rpaga G = (X, T) nyers R} (z;) ects

MHOKeCTBO TeX BePIIAH Z; rpada G, KOTOPHE KOCTHKAMH M3 BePIIEHK
Z; C OMOIBIO IIyTel CO B3BEINGHHNMHM JIEHAME V;d (Z;, Z;), He mpe-

BOCXONAIEMA BenHImHN A. Yepea R} (z;) G6yner oGoamagaTeCa MHO-

X

X‘ - x'

X
Pmc. 54,
3KeCTBO TeX BepmWH z; rpada G, U8 KOTOPHX BepIIMHA ; MOKET GHTH

JOOCTHTHYTA ¢ HCIOJL8OBAHHEM ny-rei, HMEIOMHAX B3BEMICHHHEIC JAJAHHE

vyd (25, z1) <A
Taxknm oGpasom,

R (z1) = {z;|v,8 (%1, z)) <D, 2,€X)

: (5.1)
R} (z0) = (2, |v,d (5, 2) <M, 7, € X).
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Jua kaKood BepIIMHE Z; OLpENeJEM CleAyKI(Ee ABA YHCIA:

S, (z;) = max [v,d (z;, z;)]

ijX 5 2)

u St (Ii)zzmax [Ujd (:l:j, :I:i)]. ( ’
ijX

Yuena s, (z;) m s; (;) HA3HBAKOTCA COOTBETCTBEHHO YUCAOM GHEUL-
HE20 pa30eAeHUR ¥ HUCAOM 6HYMPEHHE20 DA30eACHUS G6EPULUHB  T;.
Caenyer orMeTHTh, 9TO S, (z;) ABIAETCA HAaMOGOJBIIUM YMCIOM B CTPO-
ke z; matpugu D’ (G), noaydeHHOt B pe3aynbTaTe YMHOMKEHHS KaiK-
poro croabua j marpmus paccrosmmi D (G) = [d (z;, z;)] BHa vy,
a s; (z;) AaBnsAeTcs HamGoabmEM TnCIOM B cTONONE Z; MaTpuiu D” (G),
NOJYIEHHOU LOC/e YMHOMKEHHMA Kaj)KAOH CTPOKE j MATPAOH PaccTof-
gri D (G) Ba vy.

PaccmMoTpuM B KauecTBe mpumepa OpHEHTHpPOBAaHHEIA rpad, mHso-
6paskeHHHN Ha prc. 5.1, B npeamoIOKUM, YTO BCe Beca BEPIIAH H YT
rpada paBaH equrmne. MaTrpana paccroarmit Tpada mMeer BEA

X, X3 X3 X; X5 Xg  3,(%)

x; (oj1)2]3)2|3] 3

x; [3fof1{2]1]2] 3

x |1 |2]3]4({3]0]| 4

six) 4 3* 3 4 3% 3

Ymcna BHEMIHEX W BHYTPEHHAX pasfelNeHHil OpPHBENEHH B HPHA-
COEMHEHHHIX K MaTpHIe CToJ0Ie M CTPOKE COOTBETCTBEHHO.
Ecam A, — HauMenbmas AJaMHA A, TaKasd, 970 NI BEPUIMHH Z;

Ry (z))=X

(1. e. Bce BepmmEN rpada G NOCTIKEME H3 I; ¢ HCIONH30BAHEEM
nyTe#f, B3BEMEHHHE JIAHH KOTODHX He HOPEBOCXONAT A,, NIpPHIEM
A, — HamMeHBINEe M3 TAKUX TACeT), TO U3 coorHomenui (5.1) m (5.2)
crexyeT paBeHCTBO

S0 (Z3) = Ao (5.3)
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AHaJIOrAYHO, €CIH Ag — TaKaa HANMCHbDIAA IJIHHA A., 9T0

Ri (zi) =X,
TO 8 ($i) = Ag.

CoBepmeHHO 0¥eBHHO, 9TO ¥ rpada G uncia BHEIIHETO W BHYTpPeH-
Hero pasfeJieHnii 060 BepIAHH KOHOYHH TOJHKO TOTAa, Korja rpad
CHABHO CBA3HHIA, T. €. KOTAa KasKfAas BepNIEHA JAOCTHKEMA H3 BCA-
KOH Jpyroid BepIIAHH.

3. llenTp m pagmye
BepmuBa z3, mas xorTopoit
5o (a2) = min [5, (a)], (5.4 (a))

*i
HA3HBAETCA SHEWHUM Yenmpom rpada G; H aHAJNOTAYHO BePIIHEA If,
A KOTOpOH
s (af) = mi‘1r1 (8¢ (z4)], (5.4(6))

x;€

HA3HBAETCA SHYMpPEHHUM yenmpom rpada G.

Y rpada moer 6uTH HecKoAbKo (6oabme, YeM ORWMH) BHEHMIHHX
M BHYTPEHHHX HeHTPOB. TaxkuMm oGpasoM oHE 06pasyloT MHOMKECTBA
BHOIMHEX M BHYTPEHHHX IEHTPOB COOTBETCTBOHHO.

Yucao BHEIIHEr0 pasfielieHdWs BePIEHH I3, ABAAMeACA BHeM-
HHM ICHTPOM, HA3HBAGTCA GHEWLHUM paduycom: p, = S, (z3); wmcao
BHYTPeHHEr0 pa3fiefieHusA BHYTPEHHEro IEeHTPa HaSHBAETCH 6HYMPEH-
HuM paduycom: ps=Ss; (%)

¥ rpada, msobpamersoro Ha pmc. 5.1, ¢ MaTpumei paccTOAHMIA,
OPHBEJeHHOH BHINE, MMEITCA TOJBKO OfMH BHEmMHHMH NEeHTP (Bep-
MHHA Z5) H 9eTHpe BHYTPEHHAX IEeHTpa, 00pasylomuXx MHOMKECTBO
{zg, %3, %5, T¢}. Bremumit pagmyc rpada pasen 2, a BHyTpeHHmI 3.

3.1. Pasmemenne asapmiisnx cayx6 m nymxToB ofcayxmBamms

PaccMoTpaM 3anauy o6CAY:KEBAHHA HECKONBKHX KHIHX PaioHOB
MJIE HAaCeJAeHHHX IYHKTOB (CBABAHHHX MeKAY co60i JOPORHOM COTHIO)
KakuM-1260 ONHUM OYHKTOM ofcny:kEBaHHA (HampuMep, ogHOX 60ab-
HHTEeH, B NOJMHIEACKEM yIaCTKOM, B no:kapEEM Aeno). ITo HexoTo-
pHM IpHYMHAM (HaOpmMep, HaJWI@e JIOACKEX DeCypCcoB HJIH KpYyrHe
ynoGera) DYHKT obcayKHBaHEA [OMKeH OHTh pasMemeH B OJHOM
U3 STHX PaifioHOB, & He B MPOH3BOJBHON TOYKe KaKoii-1mGo moporw.

IIpenmonosxmyM, 9TO «EIHHED ¢;; KT rpada G (BepIIAHK KOTOPOTO
COOTBeTCTBYIOT paifoHaM, a Ayrm — goporam) o6pasyloT Marpuiy
BPEMEH Ipoesfa MeKAY 3THMM pailoHaMH. JTa MaTpHIa HeobasaTelb-
HO CHMMETPHYECKas, T.e., BooOme TrOBOPA, C;; 7= Cy;, HOCKOIBKY



102 IVI. 5. PABMEIIEHHWE IIEHTPOB

BPeMA IPOe3Jia MOKeT 3aBACETH OT YKJIOHOB Ha J0OPOTe, HAJIHIUA YJIHI]
C ONHOCTOPOHHHM JBHKEHHEM U T. JI.

B caywae pasMemeHHsA NOJMHUEACKOTO yJacTKa HJIH IHO:KapPHOTO
Ieno MHTEepecyoTCA BpeMeHeM, HeoGXOMnMBIM 1A npoeana B HauGolee
OTHaJIeHHH m3 atmx paiioHos. CremoBaTenpHO, 3afada pa3MemEHUs
DOJANNeACKOT0 yJacTKa (MM IOKaPHOTO eN0) COCTONT B MUHUMHABATUH
3TOT0 BpeMeHH. J3ajada CTAHOBHTCA (oJieeé peaNHCTHYHOH, eclH
Ka;Kaoi BepmmHe rpada npamdchiBaercs Bec (v;), npencTaBasiomui
BEPOATHOCTh HOTPEGHOCTM NAaHHOIO PAaiioOHA B COOTBETCTBYHOmEM 06-
CAYXMBAaHUE. JTH Beca, HaOpuMep, MOTYT GHTH DPONOPIHOHANbLHBI
9HCIeHBOCTH HaceJeHUs KaKAOro paidona. BepmmHa, KOTOpas MHHH-
MH3APYeT BPeMs Npoe3na [0 CAMOI0 OTHAJAEHHOIrO pajioHa, ABIASETCH
BHEINHNM NEBTpPOM rpada.

B cnygae paamemennsa GoJbHHIE HHTEPECYIOTCH BpeMeHeM, Heol-
XOMMMBIM /IS DPOe3Ja MANIMHHI CKOPO# HOMOIM B CAMBIl OTAAJEH-
HHI pailoH ¥ BO3BpameHus €e B GoapHENY. Eciam onmpegexmts 9mcio
BHEINHE-BHYTPEHHEr0 pa3fejeHAs BePIIMHH I; ¢ HOMOMBIO PaBEHCTBA

Sot (2;) = max {v; [d (z;, z;) 4 d (z;, )1}
ijX
TO BEDHIMHY I3, Ha KOTODOH HOCTHTAeTCH MHEHHMYM BEIDA)KeHNA
Sot (zi)v
MOXHO Ha3BaTh BHEMHE-BHYTPEHHHAM IEHTPOM.
Hna rpada, m3ofpamennoro Ha puc. 9.1, ¢ MaTpueil pacCcTOAHAR

D (G), npuBenenHoit paHee, BHEMIHE-BHYTPEHHUM NEHTPOM ABIAETCA
BepmuHa rs. BHemHe-BHYTpeHHHI pagumyc paBeH O.

4. AGcomOTHBIA LEHTP

Coorromenme (5.3) ompemensior 4Mcia pasfeJeHmA LIA 11060i
sepmuasl z; € X. Mu 000o0mumM Temeph 9T0 ompenesieHHe Ha caydaid
a

X; O - -0 X;
y

Puc. 5.2. Pa3memenne HA qyre.

(ECKYCCTBEHHHIX» TOYEK, KOTOpPHE MOKHO nomemaTs Ha nyrax. Uraxk,
ecau a = (z;, ;) (cM. puc. 5.2) npexcraniaser gyry rpaga c BecoM
(zrmHOM) c;;, TO TOYKA Yy, momeljaeMas Ha JTOH Jyre, MO;KET GHITH
ompejneJeHa OOCPENCTBOM 3ajganHms NauEH | (r;, y) ylactka (z;, Y)
npudeM JOJ:KHO BHIOIHATHCA PAaBEHCTBO

Iz, y)+ Uy, x;) = ¢4y (5.5)

UYncaa paspgeaeHus S, (y) u S (y) TOYKH ¥ He3aBHCHMO OT TOTO,
ABIAeTcA OHa BepuMHON rpada G WIM ECKYCCTBeHHOU TOYKOH myrm
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rpada G, ompefieasloTca caegyomup o6Gpason:

So (y) = max (vid (¥, 20)), (5'6)
x€X
a 1asa s; (y) COOTBeTCTBYWOINee BHpasKeHHe NOJAYYaeTCA M3 COOTHOIIe-
gaa (5.2).
Toura y3, MAA KOTOpoik
So (y;) = min [s, (y)]’ (5°7)
yus G

Ha3HBACTCA abCOMIOMHBM GHEWHUM YeHmporm Tpada; B AHAJOTHIHO
OLpeNeNACTCA Y§ — A6COAOMHBIL 6HYMPEHHUL Yermp.

Yurcso BHEMHETO pasfelleHAA a6COMOTHOro BHEITHOTr0 NeHTPa Ha3H-
BACTCA a6CONIOMHUM GHEWHUM paduycom: Ty = S, (¥3), B YHCIAO BHY-
TPEHHETO pa3felieHHsA a6COJIOTHOTO BHYTPEHHEro IGHTPa Ha3HBaeTCsH
a6coslOmMHBM 6HYMPEHKUM paduycom: Ty = 8y (yt).

Opurmep. PaccmorpuM HeopueHTHpOBaHHHE rpad G, DOKasaHHHA
Ha pHC. 5.3, Ile BCe BeCa BepmMH M [IUWHH pebep PABHH enwWHHAIE.
X, Xz

em—r)

Y

X3

Y

Xg Xy
Puc. 5.3. AGcomoTanil mentp.
Ilockonpky rpad HeopHeHTAPOBAHHHI, TO 9YACAA BHEIIHEX M BHY-

TPEHHAX pa3feleHnl ONMHAKOBHO (IJA ORXHOU H TOH jKe BePMHEHH).
MaTtprma paccrosmmii rpada mmeer BHR

X, X, X5 x, Xs

x, 0 1 2 2 1

X3 1 0 1 1 2

D(G) = x, 2 1 0 2 1
x| 2 1 2 0 1

xs 1 2 1 1 0




104 V1. 5. PASMEIIEHNE NEHTPOB

HerpynHo BHieTs, 9TO UEHTPOM SBJIAETCA KayKAasd BepmMHA A 9TO
pagmyc paBeH 2.
Ecanm tenepr BHOpaTth TO4YKy Y, Ha pebpe (rs, zs) Tak, 9TO
1 1
I (x5, y,) = 5 (u, caegosateabro, I (Y, Z3) = ?) , TO PacCTOAHHA
OT 3TO# TOYKM O BepmmMH rpada paworcsa tabiunes

Xy X3 Xs X Xs
1 1 1 1 1
Y1 13 13 2 13 2

1
3paunr, HanGoabIIee YHCIO pasfieseHns paBHO 1? . Taxknm obpasow,

TouKa y, Gonee «neETpanbHa», yeM dobas n3 BepmmE rpada G. B pei-
CTBATENBHOCTHE TOYKA Y, ABIAETCA abCOMIOTHHIM IeHTpoM rpada G —
TaK 7K€, KaKk M BCe TOYKH, pACIOJOKeHHHe B cepenmHe pebep
(z,, T5), (24, z3), (75, 7.), (x4, 75) M (25, T,). Hr onma m3 sepmmn
rpada He sBagerca abcoxoTHHIM NEATpoM. Taxmm obGpason, B obmem
caywae MozKeT GHTH ofuH HaM Gosbime abGCOTIOTHHX LEHTPOB, KOTOPHE
pacuoJaraloTCs MJIM B BePHMHAX, MAA HA [yrax rpada.

5. AaropaTtMbl HaXO:KJAE€HHA A0COJIOTHHIX IEHTPOB

Ilenrpnt ¥ pagaycsl rpaga MOMKHO HAHTHM HemOCpPEeJACTBEHHO H3
MaTPHIH B3BeNTeHHKX PacCTOAHMH, Kak Oh10 moka3aHo B pasd. 2 u 3.
IIpusenem nBa MeTOfa HaXOKIEHMA abCOTIOTHOrO IeHTpPa rpada
H NPOMLJIIOCTPEPYEM 3TM METOAR Ha Ipnmepe.

5.4. Meron Xaxknmu (7]

3TOoT MeTO[ OYeHb NpPOCT W [JS HEOPHEeHTMpPOBaHHOIO rpaga co-
CTOHT B clegynmeM (AJsS OpHeHTHPOBaHHOTrO rpada MerToj ocTaercs
TAKMM jKe, HaJO TOJBKO Ka;KA0€ «(HEOPHEHTHDOBAHHOE» IOHATIE 3aMe-
HATb €r0 «OPUEeHTHPOBAHHHIM JBOIIHHKOMY).

(i) Jdas xampgoro peGpa a, rpada HaiTH Touku (MIM TOURY) Vi
Ha 4, KOTOPHE HMEIOT HAEMeHbIIee YHCJIO pasfelcHHMA.

(ii) U3 Bcex Touexk y% (k =1, 2, . ... m) B Kauectse abco.aoT-
Horo uentpa rpaga G BufpaTh TOUKY € HAHMEHBHIUM 9HCJIOM pas-
HeJeHns.

IlepBrit mar MeTofa OCYIIECTBIAETCA CJaefylomuyM obpasom.
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Xet

-— Pedépo ay

OctaTtok rpaga G
x‘ | w——

Pmc. 5.4.

BoseMem pe6po a, rpada G (cm. puc. 5.4). Hmeem (ms cooTnome-
sEa (5.6)):

8 (y») = max [vid (Y, ;)] =
xiEX

= m2§ [vs min {I (yx, 28) +d (zp, 1), L (Yo Zq)+d (Za, z)}, (5.8)
*

OOCKONBKY paccroanEe d (yp, x;) paBHO Jan60 RJIAHe MapmpyTa,
OPOXONAMEro 4epes BePMEHY I,, Au60 JinHe MapmpyTa, OPOXONs-
mero vepes Zg, ! (yp, To) B I (yn, Zp) ABAAIOTCA NIHHAMH COOTBET-
CTBYIOIHX dacTeil pe6pa aj.

Oycre I (yn, zp) = &. lockoasxy I (yn, Za) =Cap—1 (Yr, Zg)=
= Cqp — &, TO cooTHOmeHHe (5.8) mpumer BEX

s(yn) = max min [v; {E+ d (28, 21)}, Vi {Cap+ & (2a» 7)) —E}]. (5.9}
t

1A QUKCHpOBAHHO# BEepMEHHW Z; M UPH KaKAOM 3HAYEHHH
¢ (0<E<Cc,p) MOKHO HAWTH HaWMeHbIIEEe 3HAYEHHA BHPAKCHHI,
3aKJII0YeHHHX B cooTHomeRnmH (5.9) B xBanpaTuHe ckobxun. as asroro
BHIINIIEM OTAEJBHO B YKA3AHHHX BHPAKEHHA:

Ty=vi{E+d (zp, 7,)},
Ti=v{cap+d (zq, 2;) —E}

H, paccMaTPABAA HX OTHOCHTeNBHO §, CTPOMM HEKHIOKN «0THOAIOMYyIOn
JJIA COOTBETCTBYIOMAX HM NPAMHX JHHEH ).

IloBTOpAA 3Ty mpomenypy AisA Bcex BepmuH z; € X, MH DOCTPOHM
HB OTHOM M TOM K€ YepTeske BCe OCTAJbLHHE HH/KHHE «ormbaommes.
Janee BHYEPTEM BEDXHIOW «O0rHGAOmMyI0o» NJIsA BCEX paHee MOJIYdeH-
HHX HIKHEX «orubajommx», roropaa (B cuary cootHomerma (5.9))
naeT YMCJIAa pasjeneHnd s (y,) ANA BceX 3Ha4YeHmi mapamerpa §, T. e.

(5.10)

1) B neiiCTBHTeALHOCTH 3TA ¢ornb6anmasn» mpexcTaBAsAeT coboll TOMARYIO JHA-
HHEI0, COCTOAMYI0 H3 /BYX ¢HIKHEX» Jydell (0T TOYKH mepecedeHEs) paccMaTpH-
BAeMHX OPAMHX JuHAH.— [Tpux. ped.
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I BCeX TodeK Y, pebpa a,. [locrpoennas orubawomas (oHa cocras-
JeHa M3 JIMHEeHHBIX KYCKOB) MOKET HMeTh HECKOJIbKO MUHIMYMOB,
Touka yp, COOTBETCTBYIOIIAH HAWMEHBIIEMY H3 3THX MIHHMYMORB,
asiaserca (B cuay cooTHomeHnsa (5.7)) abGCOTIOTHHIM UEHTPOM YR,
OTBEJAIOMMM JONONHNTENIBHOMY OTPAHMYEHHIO: OH JOKeH Je;KaTh
Ha pebpe a,. AbGcoaroTHRIM HeHTpoM rpada Oymer Takas TOYKa Yyi,
KOTOPO# COOTBeTCTBYeT HAaMMEHBIIAH M3 MIHHMYMOB, ONpeNeJAlIHX
VRasanHele Bhime abcoaloTHeie NEHTPH Ha pebpaxay (A=1, 2, ...
e, m).

5.2. Paamemenne aBapuifubix cayx6é (o6mmii caywaii)

PaccmoTrpun eme pas 3agady 06 o6CaYyKIIBAHIIT HECKOJBKUX paiio-
HOB KaxuM-1u00 ofHHM DYHKTOM obGcayiknBaHua (ogHo# GoasHuIed,
111 DOKAPHEIM Jeno, NN mo.annelickuM ydactkoM). Ecam onymeno
orpaHirgeslie, COCTOAIIEe B TOM, YTO IYHKT OOCTY/KHBaHIA JOJKeH
pPasMenIaThCsA B KAKOM-TO N3 ;KIIbIX palioHoB (cM. paaa. 3.1), To onrm-
MaIbHLIM pa3MemeHneM NyHKra obcay:xuBauus OyoeT ero pasmeme-
Hue B JI0O00M abCOMIOTHOM UERTpe COOTBETCTBYIOmero rpada.

PaccmoTpny, HanmpmMmep, HeEOpPHEHTHDOBaHHHI rpad, mpusejes-
geiit Ha pnc. 5.5. Ilycrs Bepmuubl rpaga COOTBETCTBYIOT FKUJIRIM
paifonam, a mauHa pebpa (r;, r;) paBHa BpeMeHH (B MHHYTaX), Heol-
XOJHMOMY JJIff Ipoe3Ja |3 pafioHa x; B paioH x;. Ilpegnonoxmy, 910
BepIIMHE Tpada HMelT eIHHITHBE «Beca» I MAaTpHUa «pPaccTOAHIIMm
(BpeyeH) Takosa:

Xy Xy X3 X Xg
. . n !
x | 0 8 8§ | 6 >
x; | 8 0o | 2 10 6
DG=x, | 8 | 2 | o0 12 8
x| 6 | 10 . 12 0 4
|
Xs 2 6 8 4 0 J

Ouesugho, uto uentpoM rpada ssiserca Judo Bepmuua zy, Iido
Zs 1 UTO paamyc rpada pasen 8.
Cuagaaa Bo3bMem pebpo a; (puc. 5.5), u nycts paccrosHne §
H3MepHETCA OT BEPIIMHBI Tz A0 BePMUHBI Z;.
Buipamenus I'; n T; ua cootnomennit (5.10) (ma i = 1, 2. . ..
. ... 3) IMEIOT B HAamieM cJydae TAKOIl BII:
Ty=%t+d(2;32,)=§438,
Ty =c3 +d(ay, 1)) —E=8—§,
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Xs X3

Xs as Xg
Pac. 5.5. 'pad m3 mpmmepa pasg. 5.2.

QAHAJOTHYHO
T,=t+2,  T,=16—¢,

T3=E, ;=16_§’
To=t+12, T,=14—§,
Ts=t+8,  T,=10—t.

Fpaduku stux ¢ymknuit maobpamkenn Ha pmc. 5.6a, maa 0=
<E<8. NmeloTca nBa AOKAJABHHX aGCOMIOTHHX IEHTPa ¥ Ha pac-
croganu 6 m 8 MEAYT OoT ;. Uueno pasmeneHHAa aTHX ABYX NIEHTPOB
paBHO 8 MHHyTaM.

Anazormuno crpoarca rpadmkm ans peGep a., as, ..., CM.
puc. 5.6 6—e. A6comorHuil uentp (y*) atoro rpada ects TaKOil JOKAND-
HHI 1eHTD, KOTOPHIl AMeeT HaEMeHbIee InHCA0 pasnenennd. OR, Kak
JerKo BUAeTb, Haxopurcsa Ha pebpe ay (puc. 5.68) B ABYX MHMHYTax
oT z5. AGconoTHHE paguyc r (COOTBeTCTBYOIuiA y*), KaK BHAHO
us puc. 5.6, pasen 6.

5.3. Monudunmporannsiit Merox XaxmMm

B onncamHOM Brme MeTofe XaKUMH IOACK JIOKQJBHOTO IEHTpA
ocymecTBIsieTcs BHOJb Bcero pebpa rpaga G. Ecam B rpade mmoro
peGep, To BpeMsA BHUHCIeHHs, TpeGyemoe MIA IONCKA, MOJKET OKa-
3aThCA 4Ype3BhuaiiHo Goapmmm. PaccmMaTpHBaeMas B JaHHOM paspene
sMoauPuKaLUA MeToRa XaKHMH COCTOUT B BHIYLICISHIH BEPXHAX B HUK-
HEX OUEHOK aGCOJIOTHBIX NOKANBHHX PpajHYCOB, COOTBETCTBYMOIIAX
MOKAJbHHM HEHTPaM peGep, H B MCOOJAB30BAHMH IOJYIEHALX OLEHOK
IJIA yMeHbHIGHHA 9uCia peGep, YIACTBYIOHIUX B IOHCKe.
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BeakomMy JoKanbHOMY IEHTPY, pacHONOKeHHOMY Ha pelpe
(x4, ), cooTBeTCTBYET (KaK BHAHO H3 cooTHOmeHHA (5.8), ecam moxo-
sKUTh BCe [JHHH | DPAaBHHIMH HYJI0) €ro a6COJIOTHHA JOKAJIbHBIH
panmyc (CKaxeM, r'y;), KOTOPHH He MEHbII®, YeM p,;, T

Puy= m:; [vs min {d (z,, 1), d (z,, Z5)}]. (5.11)

Xg ‘

Taxnm o6pasom, p;; eCTh KUICHAR ONeBKA aGcomioTHOTO pagmyca rpada,
ecan abcoOTHHIE meHTp Jaexmr Ha pebpe (r;, z;). CiaemomarennHo,
BEJIHIAHA

P= max [py] (5.12)
(x‘.xj)eA

(rme A — mHOKecTBO pebep rpada) aBaAeTca 060CHOBaAHHOH HEMKHOMH
oneHKo# abGconioTHOro pajgmyca rpada.

JonycraM, uTo a6coMOTHHI NEATP Pacmojo;KeR B cepeguEe peGpa
(x4, z;). Torna, B cuny coorHomerns (5.8), aGcomoTHEI pagayc paBeH

Py + 5 Vg#Cij, TR Ug» — BEC TO BOPIIMEH Z,, B KOTOPOil AOCTHTAETCSH

Hambonbmee 3HaueHWe BEIHMYMHH Dy, YKa3aHHO# B COOTHOIIEHHH
(5.11). CaegomartennHO,

. 1
H= min -5 Use € 5.13
(x,.x;)EA [Py -5 v us] (©-49)

ABaAeTcA O0GOCHOBAaHHON eeprHeli omeHKo# abcomoTHOrO panmyca
rpaga. Taxmm oGpasom, Bcakoe pe6po (z;, z;), IIA KOTOPOrO
Pi,5,=2H, Momer He pacCMATPHBATECA LPH HOHCKe a6coanTHOrO
IeHTpa.

Ina rpada, npmsefenHOr0 Ha pHC. 5.5, ¥y Koroporo vy = 1 mua
Bcex z; € X, monyuaem (mcmoansysa dopmyny (5.11)) crepyromme
PesyAbTaTH:

NeHTp Ha 4, = (Z,, 7,) Maer p;, = max (2, 6, 2) =6,
HeHTp Ha ay = (z,, ;) Kaer p, s = max (8, 10, 6) = 10,
IeHTp Ha ay = (T5, Z,) AAeT ps,, = max (2, 2, 4) = 4,
meETp Ha @; = (z,, z5) maer p,; = max (6, 8, 4) = 8,
mesTp Ha as = (z,, z;) Aaer p,, = max (8, 8, 2) =8,
IeRTp Ha ag = (z;, Zs) AaeT p;s = max (2, 6, 8) = 8.

Bepxmasa onesxka H paBHA, CIe0BATENHLHO (B CHAY COOTHOMIE-
mma (5.13)),

min 6 + 4, 10+ 1, 4+ 3, 8 + 1, 843,8+2) =17,

® mosroMy peGpa a,, 4, a5 H @, AAA KOTOPHX p;; > 7, MOTYT GHTH
MCKJIOUHH H3 CIHCKA KaHAAAATOB Ha pasMemende abcoarTHoro
merTpa. Ilomck aGcoamoTHOro meHTpPAa HY/KHO BECTH TOJIBKO HA ABYX
ocraBmExca pebpax (Tak, Kak 8T0 GHIIO IPONEMOHCTPHPOBAHO PaHb-
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me 1 noKasaHo Ha pmc. 5.6 (a) 1 5.6 (8)). Hcnonrsaya Bepxume nm Amm-
HHe OIIeHKN, YNaJoCh YMEHbIHTHL HOMCK B 3 paza. Hammvensmas
HIKHAA onenka P, Buumcnenmas mo gopmyase (5.12), pasna

P = min (6, 10, 4, 8, 8, 8) = 4.

JTa OmeHKAa He HBIAETCA TOYHOIl, NOCKOJLKY HCTHHHAsA BeINYIIHA
abcomoTHOrO pajmyca r mamHoro rpada (Haiimemmas B pasg. 5.2)
pasHa 6.

5.4. Hrepannonnnti MeTox

Yrob6bl cpenath u3jgo:keHHe §oJiee IPOCTHM, Mbl ONHINEM NAHHKIA
MeTOR AJA CJydYasg HEOPHEHTHPOBAHHWX rpadoB. 3ameHa KaskNOTO
«HEOPHEHTHPOBAHHOTO» NOHATHA €T0 «OPHEHTHDPOBAHHLIM ABOHHIKOM)»
HEe IPUBOMHT K KaKOMY-Tn60 KODEHHOMY HM3MEHEHHI0 MeTO1a.

Hycre Qh (x;) — MHOMRECTBO BCEX TAKHX TOYEK Y, JeXamuX Ha
pebpax rpaga G, u3 KOTOpHIX BepIIAHA T; JOCTHKAMA CO B3BEIMICHEHIM
paccrosnmeM, He npeBocxonsamuyM A. TaxkmM o6pasom,

O (z:) ={y|vid (y, 7;)<<A, y—Touka rpaga G}.  (5.14)
JTo0 Brpamenue noxoxe Ha Te (cM. (5.1)), ¢ MOMOmMBIO KOTOPHIX 6rnm

onpegenenn mHOmecTsa RS (r;) m R) (z;); oTamMdme COCTOMT B TOM,
9T0 Teueps y — aiobaa rogka rpada G, a HeoGA3aTeNBHO ero Bepmim-
ua. AGCOMOTHLI pagnyc 7, OYEBHAHO, ABJIAETCH HAEMEHLIOHM 3Hade-
HHEM A, IPH KOTOPOM H3 HEKOTOpOH ToYkH y rpada G Bce BepmUEHH
rpaga MOryT GBHITH JOCTATHYTH CO B3BEIIEHHBIM DACCTOAHIEM, MEHb-
muM Ban paBERM A. ClegoBaTensHo, r eCTh TAKOe HaMMEeHbLIDEe 3Haye-
BHe ) (CKamKeM, Apyn), 91O

ﬂex[()x @)= @) N0 (x)N ... N (z) F~= B.  (5.15)
*

IloaToMy MOkHO HagaTh C NPOM3BOJNLHOTO HEGONBIOLO 3HAYE-
HEA A, cTpouth MHOMKecTBa Q) (r;) mua Bcex i = 1, 2, ..., n1u upo-
BePATH, BHIIOJHAETCA JH cooTHomeHme (5.15). Ecam ono He BRImO.I-
HAETCs, TO Ha[AO0 VBEJHYHTh HEMHOTO BEANYHEY A, 3aHOBO IIOCTPONTH
sMHoMxecTBa () (z;) (mpm HOBOM 3HaYeHUNM A) M ONATH LPOBEDPHTH,
Be BHIIOJHAETCA /i cooTHomerme (5.15). 3Ty mpomeaypy Mmo:xHO
NOBTOPATH 10 TE€X NOP, NoKa He Gyrer Bunoxesateca (9.15). [Toayuen-
Hasl TakuM 06pa3oM BeamynHa . NpPMHEEMaeTcs 3a abCOMIOTHHIA pa-
nmyc r rpaga G. Boaee T0To, HOCKONBbKY NpHpameBdsa BeJIHYIHLL A
MalH, TO Iepecedesne

N_1Qx(z)) (5.16)
xiEX

npu 3aBepIIeEMN mponecca mTepanum GymeT comepKaTh TOJABKO OXHY
TOYKY (3TOTO JJIA DPAKTHYECKHX LieJedl HOCTATOYHO), M OHA ABIAETCHA
Kak pa3 abcomoTHEIM meHTpoM y*. (Boamokmo, uro 6ymer He opHa
TOUKa, ecid cymecTByeT Gonee weMm ogdE abCONMIOTHHIM HEHTP.)
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INockoabky d (z;, z;) ecTh HaHKpaTuafimee pacCTOAHHE MEXKAY
ABYMS NPOM3BOJbHHMY BePMIAHAMH Z; B T;, TO COBEDIICHHO OYeBHIHO,
4TO eCaM A MeHbIIe IIOJOBHHH B3BEMEHHOTO PACCTOAHHA MEXAY I; B
xj, T. €.

v
A d(z,z), 10 Q(Z)NO(Z)=0
vi+vj 4
B [OJHOe IlepecedeHHe MHOKECTB B BhipameHmH (5.16) mycro.
CnemoBaTenbHO, HTepalMOHHHWIT mpomecc momcka &6COaIOTHOro
HeHTPa MOKHO HAYaTh CO 3HA9YEHHA A, PAaBHOTO

_ Divy
b= max [ 4G, (5.17)

HOOCKOJBKY Pajuyc I No/uKeH OHTh He MeHbme A,. C aToi TOuKE 3pe-
HHfA, 3HadeHme § = 2\, Mo;KHO HasBaTh mmameTpom rpada. Hymxmo,
OAHAKO, OTMETHTH, YTO COBCEM HeobssaTeabHO Amamerp rpada B fBa
pasa Ooxsme 8HaueHma aGcoJioTHOrO pajamyca (OOpefeIeHHOTO
B pasfl. 4, CM. B CBA3H C aTAM 3ajavy 5.11).

Heransnoe onmcanme Gonee 06mero ajJroputma, 9acThi0 KOTOPOTO
Hnnae'rcﬂs paccCMOTPeHHHH 3Jech aJaropuTM, OygeT JaHO mosiKe,
B pasfl. 8.

6. KpaTene LeHTPH (p-HeBTpH)

IlorsTne meaTpa rpada nomyckaer caegyiomee 0Go0menne: MOKHO
paccMaTpEBaTh He OTAGNbHYI0 TOYKY (UEHTP), a MHOKOCTBO H3 D TO-
9eK, KoTopue o6pa3ylor XpaTHHE ueHTp (p-ueHTp).

IIyers X,— mopMuOKecTBO (Conep:xamee p BePIEH) MEOKecTBa X
pepmuH rpada G = (X, I'). Uepes d (X,, z;) Gynem o6osmauath
HaEKpaTiaiimee M3 pacCTOAHMHE MeK]y BepIIMHAMH MHOMeCTBa X,
H BepIIHHOH Z;, T. €.

d (Xpt z!) = min [d (z]‘l zi)]-

x;€X, 1277

Ananormaro, campoxoM d (z;, Xp) oGosHagaercs meixn (d (zy, zy)l.
*i&p

Ilogo6HO TOMY, KaK oOmpefejsNNCh YACAA pa3fe]eHAs BepPIIEH
(cM. pasm. 3), MH MoKeM OHDefeNdTh UACHA Pa3feieHHA AIA MHO-

’KeCTB BepIIHH:
So (X p) = max [vjd (X p? xl)l
" xjeX
8¢ (X ) =max [vd (z;, X})],
x,ex

rRe S, (Xp) m s (Xp) — uucaa enewnezo u enympennezo pasdeserus
Muowecmea Xp.

(5.18)
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MuosxecTBO X7,, OAA KOTOPOTO

5o (X3 = min [5, (X,)], (5.19)
p=

Ha3BIBACTCH p-KPAMHLIM GHEWHUM Yewmpom Tpada G; aHAJIOTHIHO
ONpeNensaeTcaA p-KEpamubil snympenruii yenmp Xpi.

B pasn. 2 n 3 ykassiBaaoch, 970 UEHTPH rpada Jerko MoryT GHTb
MOJy49eHH M3 MATPHI(W B3BeIIeHHHIX paccroaHmil. OQHAKO HAXOTHTH
TaKAM K€ cnoco6oM (moMHHM nepeGopoM) p-LEeHTP MOKHO JMINb IS
Hebonbmux rpadgoB M Aas HeGOJABIIHX 3HAYCHMIH BeanIuHEH p. [lpm
TAKOM HOAXOJE HAal0 NOCTPOMTh BCEBO3MOKHBEIE MHOKECTBA BepIIUH
X, = X, cogepxamue p BepIIiH, a 3aTeM, HCI0ab3ys Gopmys (5.18)
u (5.19), wemocpencreenso Haiitu mMHOxKecTBa X m X3¢, 06pasyomae
p-uenTprl. Ecan opeano:iomuTh, 4YTO MATPHNOA pacCTOAHHI yiKe
M3BECTHA, TO HENOCPeJICTBEHHOe NpHMeHeHne cooTHomeHmit (5.18)

g (5.19) morpebyer sBumonHuTE p-(n —p)-( :) cpaBHeHuid. IJTO

uncio npu n = 100 u p = 5 pasuo 3,58 -10'°, 410 3HawUTENBLHO mpe-
BHIIITAET BO3MOMKHOCTH cymecTBylomux JBM.

6.1. 3agava pasMemeHHA HECKONBKMX NYHKTOB OGCIY:KHBAHHA

B pa3n. 3.1 6r1a pacemoTpeHa 3amava pasMemeHHEA OXHOH 60Jb-
HAIH (WM ORHOTO NOJHULEACKOTO Y4acTKa, MJIH OJHOTO MOKAaPHOIO
neno) B rpade, npefCTaBAAIIMEM PealbHY 0 ceTs Jopor. OXHAKO 0YeHDb
9acTO MMEET MeCTO Takad CHTYyalus, KOTAA OQHOr0 HYHKTa 0GCIyKu-
BaHHMA HEOCTATOYHO, HOCKOJBKY OH HE B COCTOAHMHM 0OCHYKHTH BCE
DOCTYNAOIHe BHB30BH, U TOTAa BO3HMKAET 3afaYa 0 HAMIYYIEM pas-
MEN[eHHH HEeCKOJBKHX TAKUX DYHKTOB ofcaymmpanusa. IJTy 3afavy
MOKHO cOpPMYJHpPOBATH TAK.

Hajfitm HamMeHbIIee 9MCIO IOKapPHHX Aeno (HAaIpEMep) U TaKoe
BX pasmemense, 9TOOL PacCTOSHHE OT KasKA0TO0 FKAJIOTO paiioHa A0
Gamkaiiero x HeMy II0KapHOTO [eno He NPEeBBINIAJI0 Hamepe; 3axaH-
Bofi BenmuWEH. KEcild jKe 9ACA0 MOMKAPHEIX [em0 M3BECTHO, TO
TpeGyercs pasMeCTHTh HX TAK, YTOGH OHLI0O MAHAMAJIBHO BO3MOMKHKM
paccToarme oT a06oro paitoHa 1o Gamkaiimero k HeMy feno.

Ecam npennosouTe, 910 m0KapHLEE XOTKHH pa3MemaThCA B Bep-
MHEHAX COOTBETCTByWOmero rpaga G, To 3amaua 6yager COCTOATH
B HaXOKJAeHAHu p-ueHTpoB rpada qna p = 1, 2, 3, ... B T. A. Ko Tex
Op, DOKA YHCIO pa3[ieleHHA p-LeHTPa He CTAHeT MEHbIIE WIH PAaBHO
3amanHomy paccrosnmi. [loaydennoe (mocnenunee) smavenme udmcia
p OyneTr HaUMEHBIINM IACJIOM IOMAPHKWX HeI0, a P-IIEHTP — MX ONTH-
MaJbHLIM Da3MeNeHHeM, YNOBJIETBOPAIOMMM IIPeIbSABIAEMEM Tpebo-
BaHAAM.

ANropuT™M HaXOMIEHHA pP-LUEHTPOB MABJAAETCA YACTHBIM CJIydaem
aaropurma pemennsa Gosee obmeil aagayn, cocroAmeil B oOpeneeHUN
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P-TIeHTPOB, pacHoJaralmuxca, Boolmie roBops, He B BEPIIEHAX
rpaga. Paccmorpenne o6mero aaropuTMa mOHCKa p-IEHTPOB MK OTJIO-

KEM 10 pasd. 8.5, moxa He GyAeT HCCIOAOBAHA COOTBETCTBYIOMAA
6onee o6masn 3amava.

7. AGcomoTHRE P-UERTPHI

Ecam orpanavenme, COTrIacHO KOTOPOMY TOYKH pP-IEHTPA AOJKHHE
nexaTh B BepmuHAX rpada, CHATO M AONYCKAETCA Pa3MeIMMeHHe TOYeK
Ha Ayrax, To moJaydaiomeecs npm aToM (6oxee o6mee) MEOMKECTBO H3
P TOYEK Ha3HWBaeTcsa abcosomuwim p-yenmpox. Takmm o6pasom, TOT
00BeKT, KOTOpHIA B pa3. 5 65 HasBaH a6COMOTHHM EHTPOM, B COOT-
BeTCTBAH ¢ HACTOAMMEH TOPMHHOJOTHEH MOMHO HA3BAThH a6CONIOTHRIM
1-wenTpOM.

3anaua HaxomJeHHA aGCOMIOTHOTO p-NEHTPA MOMeT GHTH cHopmy-
JAEpoBaHa caenymomEM o6pasoM.

(a) Haiitm onmTmmManbHOe pasmemenme B J06HX Toukax rpada
3aJl@aHHOr0 YECHa (HampuMmep, p) NEHTPOB IPH YCJAOBHH, ITO PACCTOA-
HAe (BpeMsA) X0 caMoil OTHaJEHHOH BepPMEHH OT GawxKaiimero x mei
OeHTPA ABJIACTCA MHHHEMAJNHHO BOSMOMKHHM.

Bropas 3ajava, ouens Gimakan K safiage (a) ¥ xoTopas, Kak Gyner
IIOKA3AHO MO3Ke, MOKeT GHTH pemeHa TeM ke METOIOM, YTO H 3ajada
(a), cocTomT B Caexylome.

(6) qIna 3amaHHOTO ¢KPHTHYECKOTO» pACCTOAHHA HAHTH TaKoe
HaEMEHbIIee YHCJIO IEHTPOB H TaKoe WX pasMemeHue, 9TobH Bce Bep-
B rpadga JeKajiH B OpefeJaXx 3TOr0 KPHTHIECKOTO PACCTOAHHSA
(mo xpaiimeii Mepe Ka:kRasA BepmmHA — OT GumKalimero X Hell HeH-
Tpa).

9ro — o6man 3amava ompepfeNeHus aGCONOTHHX p-IEHTPOB.
HNumenno onma HamGonee 4acTo BCTpeYaeTcA Ha NpaKTEKe. OXHAKO
pemarh ee ropasjgo TPyAHee, 9eM KAaKOi-1HGO H3 ee ¢«OrpaHAYCHHEIX»
BapuanToB. Meron Xaxumu (7, 8], upusenennwit B pasn. 5 u nmpenna-
8HAYEHHH ]I PemICHHA 3aJa9d C OXHHEM aGCONIOTHHM HEHTPOM, He
Mosxer GHTL 0606men Ha ciygait a6COMIOTHRX p-nenTpoB. [as Baxox-

menns taxknx nerrpos Cmarep [12] mpexnoxnn mexoropmit aspmcTHye-
CKHM MeTOf.

B mamHOM pasjese MH IMO3HAKOMHMMCH C HTePANHOEHHM aJTODHT-
MOM pemenus 3anaud 06 abcomOTHNX p-neATpax rpada. s npusenesn-
HHX Jajee pesyAbTATOB BHYHCJCHWA BHJHO, YTO 3TOT AJTOPHTM
asaserca 6rcrpo cxomammMca. Merox o6aafaer caexyOIMEME TBYyMA
OPeEMYMIeCTBAME:

(i) IIpomecc MoxkHO 3aKOHYHTH CpPa3y e, KAK TOJBKO MOCTHTHYTa
Heo0XoNHMasA «TOYHOCTb» B PACHOJNO/KeHHHM HEHTDOB.
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(ii) Meton nerxo BHEOR3MEHHTH TakAM 06pa3oMm, 3To6H MOKHO
6ni10 HaXOOWTH pemeHHs, ONM3KWe K ONTAMANLHOMY, H, CJefoBa-
TEJHHO, NPOBOAUTL AHANHA3 YCTOHYMBOCTH DEINEHHA.

Papgm yopomerus 060osHadeHHH ME GyleM pacCMaTpPUBATh TOJIBKO
HeopHeATEpPOBaHHHE rpadu. PacmpocTpameHne mOJydYeHHHX pe3yiib
TaTOB HA OPHEHTHPOBAHHHE rpadhl 0CYmeECTBAAETCA 0UeBHIENM 06pa-
30M.

IIyers Y, — mpom3BoapHOE MHOKECTBO KAKAX-TEGO p Touexk Ha
rpade G. Uncao pasnenenns s (Y,) MHoKecTBa Y, onpeaensieTca Tak:

s(Y,)=min [vd (Y ,, z))], (5.20)
ijX

rae
a(Y ,, z;)= min [d (y;, z;)].
ViGYp
AbGconmoTHHE p-nentp rpada G oupefensieTcd KAK MHOMKECTBO TOUCK
Y3, Aas KoTOporo

s(Yp)= szl;;lG [s(Y )l (5.21)
p

8. ANropaTM HaX0KIEHHA AGCOMIOTHHIX P-HEHTPOB

PaccMoTpEM mo odepeam KaMAYI0 BEPIIMHY &; B «YraybmMca» mo
BCOM BO3MOKHHRIM MapIIPyTaM, BHIXOAAIDMM W3 Hee, HA PacCTOAHHEe
8; = Mv,;, rme A — 3ajaHHAA KOHCT2HTa, KOTOPYW MH OyneM Ha3h-
BATh KOHCMAKMOU (NPOHUKHOSEHUR).

Ilyers Qa (z;) — MBOKeCTBO BCex TOYex y Ha rpade G, B3 KOTOPHIX
BepmMMHA Z; MOCTHKEMAa B IIpefle]aX PACCTOARMA §; NpHM 3afaBEEOM
sgagerm® A. MHoKecrBa Q) (z;) onpenenArTcs ¢ NOMOMBIO COOTHO-
menua (5.14) ma pasu. 5.2. 3TH MHOKeCTBA BEChHMa JETKO MOMKHO
HOOCTPOMTh, NPHEMEHAA AaJropuT™M, NORoGHEHE axropmrmy Jleikcrpa
[4] (no3ponsromemy HaxomaTs KpaTyaiimme nyTE B rpade, cm. ra. 8).

Onpenennym obaacmbv @) KaK MHOKECTBO TAKHX TOYEK y Ha Trpade
G, 9T0 M3 Ka)[0i TOUKH y MOCTHKEMO B Ipefejax paccroasmsa !) §;
(opm 3apamEEOM A) OXHO B TO 7Ke MHOKeCTBO BepmuH rpada G. O6aacts
MoskeT GHITH, HaUpAMep, JacThI0 pefpa MK MOKET CONepPKATH TONBKO
onHy To9Ky. PaccmoTpmm B KavecTe mpmMepa rpag, m3o6pakeHHEHIR
Ha puc. 5.7. [lycTs Bce Beca BepIIME paBHH eQWHANE, a AJWHH pebep
PaBHH Cq,, = 4, €3 = 8 ¢34 = 6. Boasmem A = 3. Torma §; = 3
IV BCAKOTO { W CYINECTBYET IIECTh pasAMIHHX obaacrei.

1) B pannmeitmeM (B Tex cAyd9asx, KOTAa He MOTYT BO3HEKHYTH Hefopasdyme-
HHA) CJIOBa «B Ipefelnax pacCTOAHHA... TIPH BAJAHHOM A» omyckaotca.— Ipuxs.
peo.
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0 (2): = ——
0 (3):—-——-

Pmc. 5.7. O6Gnacth, ofpasosamEme mpE A = 3.

Obaacmo 1. Touxa a (enMHCTBEHHAS TOTKA, A3 KOTOPOIi B mpefenax
PacCTOAHASA, PaBHOTO 3, AOCTHKEMH BOPIIMEH Iy H Zy).

O6aacmy 2. Otpesok pebpa (zy, z,) or b no c. (Us moboik ToukE
3TO# 06MACTH NOCTH;KHMH BEPHIWEH Z; B Tg.)

Obaacmy 3. Orpeskn (a, z,) 1 (z,, b) coorercraylommx pebep (ma:
TOYEK 3Toi 061acTh JOCTE/KEMA TOJBKO BEPIIMHA ).

Obaacmpy 4. Orpesku (a, z,)  (z3, €) cooTBercTByIOMUX pebep (ma.
KQKNI0H# TOYKA 3TOH 061aCTH JOCTHKEMA TOJABKO Zg).

Obaacmy 5. Otpeskx (c, Z,) & (z,, d) (B8 Touex 8T0i 06MaCTH KOCTE--
AHMA TOJNBKO Z,).

O6aacmb 6. OTpesok pe6pa (x4, Z,) OT € A0 d (48 TOUeK aTOl 061a--
CTH He [OCTHKEMA HUKAaKafd BepPMHHA).

B ofmem cayvae Bce obmacrm @) MoxEHO caepyommEM o6pasom
OOCTPOHThL M3 JOCTHHKHMHX MHOMECTE Q).

O6axacrn, W3 KOTOPWX He NOCTHKEMH HHKAKEEe BePIIHEH !), onmm--
CHBAIOTCA COOTHOINCHAEM

0. (0)={y|y ma G}— UQa (=), (5.22)

T/ie BTOPOil WieH HCKIo9aer Bee o6nacTu rpada G, B8 KOTOPHX MOMKHO-
HOCTHTHYTD ') X0TA OH ofHY BepmHMEY Z;.

O6aactn, B3 KOTOPHX MOKBO NOCTHTHYTH !) DOBHO { BepmEEH
Ty Ty - - 0 Ty, (mna awboro t =1, ..., n), onpexeadlTca Ccie-

1) Beoay B sTHX pacCMOTPeREAX HOCTIKEMOCTH GepeTcsa ¢B mpefienax sajaH~
Horo paccrosEEA 8;3.— Ipux. ped.
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AVIOMEM BHIPasKeHHeM:
D, (T, Tiyy ooy Ti) = N On(ri)—
t =1 .t 9

—{{ N Q@ )INl U  Oa(=)l} (5.23)
=1, ...,t q g=t+1, ...,n q
rae BTOpOI"I YJI€H HCKJII09aeT TaKne O6JIaCTH, M3 KOTOPHX NOCTHXHHMH
BEePUIHAR Z; , Z;,, . .., Z;, W eIe X0TA OH ofHA X3 oCTaBIMMXCA BEp-
muH rpada.

C nepsoro B3riasja KasKercs, 4T0 IMCI0 061acTeil A3 COOTHOMEHHS
(5.23) mosker GuTH oveHs Beauko. OAHAKO HAa OPaKTHMKe NepecedeH:s
MHOKECTB, BXOJQAIIHE B BEpaskenne (5.23), CTAHOBATCA IYCTHMM YiKe
maa re6oNbmMX 3HAYEeHHH {. JTO IPHBOXMT K BHOJHE 0603pmMOMY
MHOiecTBY obnacreit. JPpPeKTuBHEE (C BHIYHCIMTEIBHOH TOYKH 3pe-
HAA) METOJH IOoCTpPoeHHA obaacreit, a TakKe fajJbHelmero ymMeHbIIe-
HHA 4HCITa HeoGXoqnmMEIX ofJaacTeil IPUBOXATCA B HACTOAIIEM DPa3jeie
HECKOJIBKO II03Ke.

8.1. Onncanmme anropmrma

Anropurm moctpoeHnsa aGconoTHOTO p-neHTpa rpada G = (X, A)
Ipil 3alaHHOM p BRIIIARHUT clegylomum oGpasom.

Maz 1. Ionoxurs A = 0.
Illaez 2. YBenmanTs A Ha He60abmMYI0 BeJAYBHY AA.

llaz 3. Tlocrpoure mHoxecrBa @, (z;) maa Beex z; € X, m HalTH
obracta O,.

lllaz 4. Ob6pasosate aBynoasHui rpadp G = (X' |J X, 4'), rae
X' —MHOXKeCTBO BOPIMH, KaK/1aA U3 KOTOPHIX COOTBETCTBYET HEKOTOPOit
obaacte My, # A’ — MBOMKECTBO AYr, Takoe, 9TO Ayra Mexay obaa-
CTHIO-BePIIMHOM M BEPIIMHOUX I; CYMECTBYET TOrJa M TOJBKO TOI/JA,
KOrjaa x; MO;KeT OhTh JOCTHTHYTA M3 3Tod obaacTw.

ITaz 5. HaiiTn BaumeHbInee JOMUHHPYIOIIE® MHOMECTBO rpada G
(cM. ra. 3).

Illlaz 6. Ecau 9ncao oGnacteir B NpPHBEIEHHOM BHINIE MHOMECTEBE
Oonpmie, 4eM p, TO BEPHYTHCA K IATy 2; B OPOTHBHOM CJydae oCTa-
roBaThcA. O6GmacTn aToro MHo;kecTBa 06pa3yioT aGCOMIOTHNI p-IEHTD
mexogHoro rpada G.

Crenyer orMeruts (cM. 1. 3), 4TO 9mClI0 o6NacTell B HAaMMEHBITEM
JOMUHHEPYIOINEM MHOKeCTBe npeAcTaBiseT (0 OnpefeNeHHI0) HAUMEeHE-
Jiee 9uciI0 To¥eKk B (, M3 KOTOPHX [AOCTHTAIOTCA BCE BepIMMHH rpada
B IpefteJaX PacCTOAHMA NPOHHKHOBEHHA A, HCHOJAb3yeMOTo B JaHHOM
urepanuu. Hago rakie oTMeTHTB, 4TO B Ipouecce mOCTpoeHAA abco-
JIIOTHOTO pP-IEHTPA IO YKAa3aHHOMY BEIIE AJTOPATMY MOKHO 330[HO
monyuntk abcoaroruee (n — 1)-, (n — 2)- u 1. n. neurpw. Taxum
ofpadomM, ecad B KOHIE HEKOTOPOi wurepanmm (OpomoJiKalomencs
¢ mara 2 no mara 6) 9ucao obracreit B HauMeHbIIEM AOMAHHPYIOIMEM
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MHOKeCTBe YMEHbBINaeTCA ¢ HeKoToporo yposHa I xo ! — 1, 1o o6aacra
aTOro HOBOro MHO)KecTBa obpasyor aGcomoTrmit (I — 1)-nenrp,
a BeIWIHHA A, B3ATAA VIS 9TOM mTepanmd, Gyner «abconoTHnM (I—1)-
pPagEycoM», T. €. OHA ABJACTCH (KPHTHICCKHM» 3HAYEHHEM A — IpH
MeHbMAX 3HAYCHHAX A He cymecTBYIOT (! — 1)-IeHTPH, H3 KOTOPHX
B IIpefle/laX B3BEIIEHHOTO PACCTOAHHSA A MOCTHKMMA KAKAAA BePHIMH&
rpada.

Ecam myxHO BaiiTH Takoe HaMMeHbINee 3HAUEHHE P, UTO KasKIam
BepIIAHA JOCTHKHAMA M3 HEKOTOPOro NeHTPA B Ipefejax 3ajaHHOTO
KPHTHYeCKoro paccrosnma (safada (b) ma pasa. 7), To marn ¢ 3 mo
6 B mpABelleHROM BHIIe aJTOPHTME CAELYEeT BHIOJHATH IPH A, PaBHOM
JTOMY ¢KPHMTHYeCKOMY» 3HavueHmIo. CooTBeTcTBYIOmMES IHCAO 0baacrei
B HaMMEHbIIEM NOMHHHDYIOIIEM MHOKECTBe ABIHETCA TOrxa Tpebye-
MLIM 3HAYGHHEM IIA p, H 06JacTH 3TOro MHOKECTBA 06pasyioT HCKO-
MHH p-IEeHTP.

8.2. BugucanTennHbe acOeKTH

IIpexnomnoskuM, 9T0 A 3aMKCHPOBAHO B BHYHCJAEHH DACCTOAHHSM
8; = Av;. Jli6oe peGpo rpada nmGo nocTEREMO nHEAmKOM, JTEGO
9aCTHYHO, JH60 COBCeM He JOCTHKEMO M3 BePIHHH Z; B Ipefenax
paccroarEna §;. Ecam poctmkuma Toabko gacTh pebpa (or Kakoro-
am6o KoHNa pe6pa MO HEKOTOPOX «ImpeleNbHON» TOYKH Ha HeM), TO
Hajf OpeflelbHOH TOYKOE CTABHTCH «METKa». ITH METKH CoOjepKaT
Bco nEGpopManuio, HeoGXoMEMYyI0 MIsA OmMCAHHA MHOKeCTB Q) (z;).
Taxem o6pasoM, Q) (r;) cocTomT M3 Touwek Bcex pefep (mam uacrei
pebep), mpEHamNeKkamEX KpaTYafIIAM MAPIIPYTAM MEKAY METKAME
H BePHIMHOH Z;.

Ilocne pasMemenusa Bcex MeTOK (A7 BceX BePIIMH) Kasuoe peb6po
Gyner pasneneHo Ha PAR YIACTKOB; KaKAKH yYaCTOK XapPaKTepHayeTcs
TeMH BePIMIHHAMH, KOTOpHe m3 Hero !) moryr 6HTh pocrmrryTtH. Ta-
KBEM obpasoM, n06o# y9acTOK MOMHO ommcaTh GHHADHHM (eamHENA-
HyJb) BEKTOPOM {jy, jg, - . .y jn} MIHEM R, B KOTOPOM j, = 1, ecnm
BePIINHA Z, JOCTHKAMA H3 3TOT0 y9aCTKA, H j, = O B NpOTHBHOM Cay-
qae.

CoBOKYIHOCTb BCOX y4aCTKOB C OAMHAKOBLIM GUHADHHM BEKTOPOM
o6paayer obnacrb, B, caenoBaTeabno, obmacra @,, saagaBaeMHe COOT-
HomeHHAMH (5.23), MOryT GHTb HOCTPOEHH C NOMOINLI0 TAKEX METOK.
ITockoabky o6nacTh JOCTEAKHMA TOJABKO M3 T€X BEPIIMH, [JIA KOTOPHX
j» =1 (B 6mEapHOM BeKTOpHOM IpeACTaBieHAM 3Toii 0o6jacTH), m He
H3 KaKHX IPYrEXx, TO B JaJbHelimeM 3TH GHHApPHHE BeKTOPH MH GyneM
HABHBATE cmpoeumu nepecevenusmu (SI).

Ipencranenne o6nacTe GHBEAPHNM BEKTOPOM He CONEDPIKHT HHUKA&-
Koli mEdopManuH O MecTe ee pacmoso;keHnsa Ha rpage. OnHaxo Takoe
IOpeACTaBleHHe BHTONHO C BHYHCIHTEAbHON TOYKHM 3DEHHA: OHO HE

1) To ecTh u8 Touek aTOr0 yuacrra.— Ipum. ped.
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TpeabABIAer Ooabmux TpeGoBaHME K NAaMATH MAIOHHH B IO3BOJAET
YMEHbIOIATH BpeéMAa BRIYHCJEHHA, OCOGCHHO IOpA BHIOOJHOHHWH IIara
5 anropurma. Ecim a6coMOTHEI p-NEHTD OMHCAK «HA A3KIKE CTPOTHX
IlepecedeHni», TO AajJbHeHmAA Ipomeaypa OCYIMIECTBJIACTCA YPe3BhI-
9aiHO NPOCTO: HAJO JHIIb BHIACHHUTH, KAKHE YIACTKA pe6ep coOTBET-
CTBYIOT 3THM CTPOTHM IepecedeHHAM.

Ha mare 4 axropurmMa Hajgo CTPORTH ABYROABHHE rpad
G' = (X' |JX, A'), y xoroporo BepmmEH m3 X' IpeJCTaBIAIT
obnactn @,. JTo MoxkeT mpmBecTH K rpady Goasmmx pasmepoB, UTO
CHJIbHO YBEJIHYAT BPeMA BHYACIEHHA Ha mare 5. OJHaKo ¢ NOMOMELIO
UPHBOJAMOR HHAKE TeOPeMH yRaeTCH YMEHbIIHTL pasMepsl rpada G':
HCKJII0YAI0TCA Te 001aCTH, KOTOPHE He BIRAIT Ha I0JyYaeMoe ONTH-
MaJIbHOE pelieHHe (HO eClH CYMeCTBYeT GoJbIIe OJHOTO OUTAMAIbHOT0
pemernns, TO OPH TaKOK Ipomefype HEKOTOPHE M3 HAX MOKHO LOTe-
pATs). [[pyrme myrn, mo3BoasOIEE JOCTHYh ONpPefieTeHHHX YIpoIIe-
HA#, oOUCaEH B paspg. 4.2 ra. 3.

Teopema 1. Ilpu sadarnoii eeaunuhe A 0i% nosyieHUs HEKOMOPO20
MUHUMAALHO20 GoMURUDYIOWe20 mHoxecmea zpaga G' momHo npedsa-
DUMeEAbHO Uckaowumb us mroxcecnea X' ece eepusunbi, cOOmeemcmeyio-
wue mem S, nad xomopumu domunupywm dpyzue S1 ¢ X'. Mw zo60-
pur, wmo (SI)y domunupyem nad (SI),, ecau (SI),® (SI), = (SI),,
20e @ osnanaem Gyaresckoe npoussedenue.

JloKa3aTeasCTBO 3TOH TEOPEMH OYeBHLHO.

B anropurme 3 mpepniymero pasgena mapaMmerp A IPH KasKToi
OY€peHOA MTEpPAaldA yBelwumBaeTcs (OO0 NOHATHHM IPHAYAHAM) JHMb
Ha Heoiapmywn Benmumay. CymecTByer MHOrO ApyrEx Gonee sddex-
THBHHX €10C060B BaphAPOBAHHA mapameTpa A. PeayasTaTh BhamCIE-
Hull, IpEBeNeHHNe B pask. 8.4, DONYYeHH C HOMOIMBIO NPOIPAMMEI,
HMCOOAB3YyIOmMe: HaupaBJGHHHEA NBOMYHEIN HOMCK IO A.

8.3. Hpamep

Paccmorpam rpad G, m3oGpamennntit ma puc. 5.8. Yncio, croamee
©OKoJI0 JioGoro pebpa, 3ajaeT ero AAMEY; Bec Kax ot BepmmHE rpada
paBeH equHENe. Tpe6yercsa HaiiTe a6CONIOTHRIA p-eATP C MAEAMAIBHO
BO3MOKHON BENMIHHOH apamMeTpa p M TaKoif, YTo6H Kak1as BepmIAHA
rpada OTCTOANA XOTA GH OT OJ{HOTO K3 3THX p NEHTPOB HA PACCTOAHAH,
fie IpeBOCXOxAmEM 3,5 eTAHHMIL.

Has A = 3,5 na pnmc. 5.9 mokasaHH MeTKH, oupefeAlOmEE MHO-
#ectBa ¢y (z;). OHE paccTaBAANECH Cpa3y ke B DpPONECCE IOCTENO-
BaTeJIBHOTO «OpOXoknenna» pebep. Unciaa B KpyKKax, CTOAIIAE OKOJIO
DPOM3BONBHOM METKH, YKa3HBAlOT «HOMEpa» BEPIIMH, KOTODHIM 9Ta

MeTKa GOOTBETCTBYeT. TaK, KPYKok (3 ma pebpe (2,3) osnagaer, ato
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e

4 3

'S

s 8

Pmc. 5.8. I'padp =8 mpmmepa 8.3.
Homepa BepmIEH NOA9EPKHEYTH.
Bce apyrme umcaa ABIAKNTCA AanHuME pebep.

TONBKO OTMEYeHHAs TOYKA AOCTHREMA M3 BepmuH 1 m 3 B mpefenax
paccroarra 3,5. Ha pmc. 5.9 Toukamm okonxo pefep moxasaEo no-
CTIREMO® MHOReCTBO (), (5), cooTBercTBymOmee BepmuHe 5. Beero B
JaHHOM IpEMepe cymecTByer 33 ydyactka peGep, BKI0O9as IyCTOH
y9acToR (H3 KOTOPOr0 HE Of[HA BePIIMHA HE MOKeT JOCTHTATHCA B IIpe-
nenax paccroaEda 3,5 epmann). IIycTolt yIacTOK pacmosIOKeH MEKIY
meTkaMu 4 m 5 Ha pe6pe (4,5). Hexoropue ms stux 33 y9acTKOB HMEIOT

Prc. 5.9. MeTKH IaA JOCTIKHUMHEX MHOKECTB.
MmuoskecTBO Q) (5) oTMeueRO TOUKaMH.



120 TJI. 5. PASMEIIEHHE IIEHTPOB

oamaakossie SI; cymecreyer Bcero 18 obnacreit co caegyromamu SI

(1) 000000 (7) 000011 (13) 000101
(2) 010000 (8) 110000 (14) 001001
(3) 001000 (9) 001100 (15) 111000
{4) 000100 (10) 100010 (16) 011100
(5) 000010 (11) 011000 (17) 110010
(6) 000001 (12) 010001 (18) 100011

Tax, manpamep, yuacTox Meskny merkama 1 m 6 Ha pe6pe (1,5)
oprHagaexuT obnactu ¢ SI, pasumm 100011, mockoabky ammb B3
TOUeK rpada, Ne;KamuX MeKAY dTHMHA ABYMA METKAMH, MOKHO JOCTHI-
HYTb3ngIIIHHLI 1, 51 6 (u HEKaKuWe ApyIme) B mpejenax pacCTOSHHUA
A = 3,5.

Ilocne mckawogesus Tex SI, koropwe nommEMpylOoTCA Apyrumz Si,
ocraercsa TorbKo 7 ofnacreit (¢ momepamu SI or 12 no 18). 'pad G’

06nacTu rpaga G

BepuwuKbl rpaga G

Prc. 5.10. I'pad G’ =3 mpumepa 8.3.
@® O6igacTs B HauMeHbIIeM [AOMEHEPYIOIEM MHO)KECTBE.

mocle BHIOJXHEHHA Mara 4 aJropUTMa BHIVIATNT TaK, KaK IOKa3aHO
Ha puc. 9.10. Jlasa HaxompgeHMsT HAUMEHBIIEr0 [IOMIHNPYIONIETO
MHO;KECTBA 3TOro Trpada MOMKHO BOCHOJB30BATHECA AITOPHTMOM,
ONHCAHHKEIM B TJ. 3 M npegHa3HadeHHHIM JJA PeIeHHA 3ajadi o Ham-
menpmeM Dokputna. OgHako B BameMm (mpocroM) HpuMepe HamMeHb-
mee MHOMKECTBO JIETKQ CTPOHMTCH ¢ IOMOINBI0 LIPAMOTO IIOCIeHO0Ba-
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TebHOTO mepeGopa; oHo «mopoxnaercsay SI ¢ HoMepamu 16 u 18 B npa-
sefienHOM BHme cnacke. O6aacTs, cooTBercTByIomas SI ¢ HoMepoM 16,
COCTOMT K3 OXHOH TOYKH, PACcIOO0KeHHOI Ha pebGpe (2,3) B ToM Mecre,

rie Haxommtcs Kpymoxk @3 . Ha pmc. 5.9 ara Touxa o6oamavena

6yksoit A. O6aacts, coorsercrByromas SI c. Homepom 18, mpencras-
aser coGoit ygacrox pe6Gpa (1,5) mesxny merxamm 6 m 1; Ba pmc. 5.9
oHa o6osnavena GykBoii B.

Taxam o6pasom, npu A = 3,5 Tpebyerca qBa IEHTpA; ONAH PACIO-
JIO’KeH B Touke A, a Apyroii — B a1060i Touke o6aacra B. Ilockoasky
obnacts A sABAseTCA TOUKOM, TO [Ba yKasaHHHWX IeHTPa oGpasyior
raxxKe abconoTHHI 2-eHTP M A = 3,0 ABAAETCA MAHHMAJBLEC BO3-
MOKHHM KPATHYECKHAM DPACCTOAHHEM [JA CYIECTBOBAHHA 2-NEHTpA.
Hoatomy npu A << 3,5 06nacTs A HCUeaHeT COBCEM, B TOTAA Y:Ke HYMHK-
HO CTPOMTH 3-LEeHTp.

8.4. PesyasTaThi BHYHCICHRX

AnropurM nocTpoennsa abcoaorHEoro p-nenrpa 6Hia onpo6oBaH Ha
9BM CDC 6600. Kapwii 6anapeni BexTop, 3agaromuaii SI, xpanurcs
B OIHOM CJOBE, TAK 4TO MOKHO MCHOAB30BaTh GyneBckme GyHKROHE
nias Gonee ymoGHOTO BHIOJHEHHS TEOPETHKO-MEOKECTBEHHHX oOme-
panmii. Ilockoabxy gammEa cnoBa B BHuHCAHTenbHo# Mammme CDC
6600 paBma 60 Gmram, To rpad, comepskamumii me Gosee 60 Bepmum,
MOKHO OHIJIO HEIOCPEACTBEHHO 3a7iaBATh B MAIIMHHOM KOJE.

B HexkoTOpHX 3afadaX, B YaCTHOCTH, KOTja umciao obiaacreii B mc-
KoMoM a6conoTHOM p-ueHTpe (T. €. YHCIO pP) BEAHKO, INAT 5 aJropHT-
Ma, ONACAHHOTO B paan. 8.1, Tpe6Gyer saHAUATENLHYIO 9aCTh BCEIO Bpe-
MeHH, 3aTPAYHBAEMOT0 Ha pemeHue sagaid. B Ta6a. 5.1 Bpems, Heol-
XOnEMOe JJs BHIOJHEHHA 3TOTO IUara, NPHBEAEHO OTAGJbHO OT IOJ-
HOro BPeMeHH pemeBHsA 3ajaun. B aToi TaGumne mpencTaBlieHH Bpe-
MeHa BHYHCJICHHs (B CeKyHAax) B ulcja BATepanmil, TpeGyeMne NpH
nocrpoensr abcomornnx 1-, 2-, 3-, 4- m S-meHTpOB ANA HEKo-
TopuX rpadoB. 3mech MH IOX YHCIOM HMTepanuii NOHEMaeM YHCIO
HOBTOPEHHH mAaros aaroparma ¢ 3 no 6 (ana pasnwIENX 3HaveHHH A),
BCeX TeX MOBTOPEeHHH, KOTOpHe Heo6XOAUMO OCYMECTBHTH AIA IOIY-
gyeHnsA a6COMIOTHOTO p-LeHTpa ¢ 3aiaHHOi ToyHOCTI0. I'padhl, KoTopHe:
6nam mCMONB30BAHH Hpm coctaBiaeHmM Tabx. 5.1, Bu6mpaance cay-
9afiEHM 06pasoM M ABAAITCA CBASHHMHE H HEODHEHTHPOBAHHLIMH.
Tpe6Gyemasa TOYHOCTH BO BCeX caydasx mpmHEMaiace pasHod 1% ot
cpenHedl AAmHH peGep paccmaTpmBaemoro rpada.

Kax Bmano m3 Taba. 5.1, aaropmrm, mpuseaeHEHi B pasn. 8.1,
MOKHO BechbMa 3)feKTHBHO MCHOJH3OBATH NPH HaXo:KAeHHH abcoJioT-
HRX p-OEHTPOB ROCTaTOYHO Goxpmux rpados.
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8.5. IlpaMenenne ofmero aaropuTMa A HOHCEA P-REHTPOB

Anropar m3 pasg. 8.1 MOXHO, O9YeBHJHO, HCHIOJH30BaTh IDH
pemenun Golee y3Ko#l 3ajavud, MpEBefeEHO# B pasy. 6, T. e. mpm
HAXO/KICHHE p-neHTpa. J{JaA 3TOr0 HAXO TOABKO WSMEHATH mar 6 Ha-
crogmero aiaroparMa (cM. pasn. 8.1) Takmm o6pasoM, 9TOOH ¢KOH-
TPONMPOBAJIOCHY HE ¥ucso obmacreit B BaEMEHbIIEM XOMHHEDPYONEM
MHO/KeCTBe, HalleHHOM HA mare o, a wucto éepwuk zpagpa G, codep-
aawuzca B aTEX obaacrax. Ecam moxydsernoe 9ECIO BepmmHE Goabme
P, TO HY}KHO BO3BPATHTHCA K mary 2. B mpormsmoM caydae aaropaTy
sakaHYEBaer pabory, H p-neHTpoM rpada Gymer MHOKECTBO BepIIHH,
coflep/RamuAXca BO BCeX TeX obxacTsax, KOTOpHe o6pasyloT JOMUHH-
pyloOImee MHOKECTBO.

ITockoasKy B aTOM ciydae HeOGXOXHMH TONLKO BEPHIMHH, COXEp-
JKammpecs B o6macTaAx, sajjaBaeMHx cooTEomemmEaME (5.22) m (5.23),
T0 aJropurM u3 pasa. 8.1 MokHO Ge3 maMeHeHWil IPEMEHATH AJAA Ha-
XOKACHHA p-IOHTPOB, ecad 06JacTH Ha mare 3 CTPOHTh C HOMOIIBIO
coorromenmii (5.22) m (5.23), mcmoassys Bmecro MHOMeCTB Q) (Z;)
sHoRecTBa R) (z;). Boaee Toro, ecim Bce n (n — 1) paccroanmi
8 MATpHINE PACCTOAHM ¢ CAaMOT0 HAJaJa PacIOJOKHTh B CTPOKY B IO-
panke HeyOuBamma [fy, fs, . - -y fa m-nl, TO Ha mare 2 axropmrMa
$HAYGHHA [JIA DapaMerpa A AOMKEH BHOHpaThCA JHIIb H3 3TOH CTpO-
KM, B HX He HA/[0 YBOJHYHBATbL HA .NPOH3BOJBHO MAJYID BEIHIAHY
8 Kampgoil mrepamum. Ilomck HaummaeTcA ¢ A = fy, 8 3aTeM mpomoa-
JRAOTCA OPH A = fg, fs H T. A. B COOTBETCTBHHE C YKA3aHHHM BHIIe
yunopaaosenneM. Caenyer samerurs, 9ro 3fech, 04eBHRHO, 6Hio Ou
BECHMa lcc'r;rm 6mmapmoe mpepcrasiaemme cemeiicrsa ') {fy, fy, . ..
« oo fam-n}-

9. 3apgaum

1. Haiite memrp rpada, npmBegenHoro Ha pumc. o5.11. Psamom
€ [yraMa yKasaHH HX CTOEMOCTH, a BeCa BeDIIEH 3aJal0TCA BEKTOPOM
{5, 3 1,7, 4,6l

2. Hatitn a6coMOoTHRHE HEeETP ¥ PafHyC HEOPAGHTHPOBaHHOTO rpa-
¢a, usobpamennoro ma puc. 5.12, mpepmonaras, 9To Beca BCex Bep-
mme paBaH 1. HcooxnsoBaTh MeTox XaKAME, a TAKiKe HTEPaIMOHHHIA
meTox M3 pasf. 5.4. CpaBHATb BHYHCIHTENBLHYIO TPYHAOEMKOCTh 3THX
IBYX METOHOB.

3. Toxrasats, ¥T0 B A060M HEOpHEeHTHpOBAaHHOM rpade G ¢ enm-
HHYHHMEA BeCaMH BepMEH CYMECTBYeT TaKoii MapmpyT Me:KAy HeKo-

1 B cexelicmee (B OTOIHYIEe OT MMONECMEE) MOTYT BCTPeUATHCA ONHHAKOBH®
9aeMenTH.— pux. ped.
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Topodl mapoil BepmAH Z; B Zj, 9T0o abcomoTHHE nemTp y* rpada G
NEeKAT B CePeUEe 3TOr0 MapmipyTa.

4. Vicnonn3ya CBOHMCTBO, HpHBEeHHOE BHme B 3ajaue 3, HadTH
abcomoTHHE neHTP B rpade, maoGpaskedHoM Ba pumc. 5.12.

Xy J
6 n
[os Jv ——
Xg 10 Xg 9 Xa
Pmc. 5.41.

5. OnpenennTs NOHATHE «CepegAHa IYTH» A IOKA3aTh, 9TO0 CBOH-
CTBO, IDMBEJIEHHOE BHIIE B 3afade 3, MmoxeT OnTh 0606meHo Ha
HEOPHEHTHPOBAHHHE rpadn ¢ NpOW3BOJIBHEIMEU BecaMM BepmEE [v;].

6. Wcoonpaya anroput™ m3 pasny. 8, HaiTE aGCOMOTHHIE 3-UeHTP
rpada G, npeBenersoro Ha pmc. 5.12, m moxasarb, 9T0 Ka/kAaA Bep-
muHa rpada G qocTHKEMA MO Kpaureidl mepe w3 ogHo#t obxacth abco-
JIOTHOro 3-WieHTpa B npenesgax paccroanua A = 6. HaxoBo HanmeHB-
mee 3HadYeHpme mapamerpa p, obecmeumBaromee JOCTHKMMOCTH BCEX
BepmeH rpaga G n3 abcolwTHOTO p-IieHTpAa B IpefeNaX PACCTOAHHA
A =5,

X, 5 X2

Xg 4 Xa

Pnc. 5.12.
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7. Hcnonnsysa anroputd m3 pasp. 8.5, maiira 3-memrp rpada,
u3o6paskenHoro Ha pue. 5.12, m mokasars, 9ro A = 8 ABNAETCA HaH-
MEHbIMHAM BO3MO)KHNM A, OUpeAeNANIEM CyIecTBOBAHHE 3-IEETpa

8. lycts X3 — p-mentTp B HeopmeRnrmpoBaHHOM rpade G. [{ora
8aTh yTBep:KHeHue: peGpam rpada & MOKHO NPAJATH TAKYI0O OPHOHTA-
om0, 9yro X7 6yAeT BHENIHAM p-IGHTPOM B HOBOM, OPHOHTHDOBAHHOM
rpage u paccroanma d (X3, z;) AnA Bcex BepIAH Z; OCTAHYTCA HOH3-
MEOHHBIMH,

9. IlorasaTh, 9r0 ecidm G — CBASHHII HEOPHEHTHPOBARHWE rpad
C OIHHHIHBIMA CTOHMMOCTAMHE peGep, TO HAMMEHhIIee SHaYeHHE Hapa-
Merpa p, o6ecHeTEBaOIEe CYMECTBOBAHHE D-HEHTPA C KOCTEKHAMO-
CTHI0, OTPAHEICHHOH YHCIOM A, YMOBJIETBOPAET HEPABEHCTBY

n
P<qyTTs

rae [A] — nenas gacrs A (cm. [5]). Ilpepmonaraercs, aro A <n.

10. Ucoonsays pesyasrar sagaudm 9, moxasaTh, 9T0, KaK0BO O
gHE GHII0 menoe mMoJaoRATeAbLHOe §, BCe n BepIIHA CBASHOrO HEOPHEETH-

poBarHOro rpaga G MOKHO HOKPHTH ftﬁ'ﬂ moprpadamm rpada G,
HMOOIMHE JHAMOTPH, He npeBocxoasmmae O (cM. pasa. 5.4 m pa-
Gory [5]).

11. IlokasaTh, 9YTO AAA CBA3HOTO HEOPHMEHTEpPOBaHHOrO rpada
G paamyc p 1 nmamerp § ymosaersopsior coorHomermIO §/2 << p<Co.
IIpmBectn mpEMepm rpadoB, AuAA KoTopHx ofe OmeHKE pajgmyca
ABJIAIOTCA RKOCTHAEMBIMH,

12. IlokasaTs, 9TO B ciIyuae OpHeHTHpPOBaHHOro rpada G HepaBen-
CTBa, NMOXOGHNEe IpHBENeHHWM B safade 11, He BHIOJHAIOTCH.

13. 3am0BO OonpexeaHEM YHCJIO BHENTHETO pasfeieHHA s, (y) 4 BHeN-
agmit aGconioraHi meHTp Y5 rpada G:

So (y) = max [d (y’ y')]’
¥y’ ma G
y$ ABaAeTcA Tako# Toukoi y rpada G, naA woropoi
8o (y2) = min [s, (¥)].
yHea G

O6o6mures MeTOAHN, NpPHBENEHHNE B pasd. 5, TakmM ofpasoM, ITo6H
MOKHO OHIO CTDOHTH ONpefeNeHHHE BHOe BHemHAe Aa6CONIOTHLE
neHTPH rpados.
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Fnasa 6

PASMELLEHUE MEQUAH B IPA®E

1. Beenenme

B pspe safal 0 pasMemeHHAH NYHKTOB o6CIyKEBaHHA Tpebyerca
TaK PaCHONOKETh HYHKT 06CayKuBaHHA Ha rpade, ITo6H cyMMa KpaT-
9afmEX PacCTOAHHHA OT 3TOT0 NYHKTA A0 BepmMH rpada Gniaa MmEm-
MaJIbHO BO3MORHOH. ONTEMAJNbHO® B YKA3AHHOM CMEICN® MECTO pac~
IONOKeHAA NYHKTA HasuHBaerca Meduanoli rpada. Mcxonsa ms mpm-
POANM neneBoil GyHKOUE, TaKAe 3aKa9H HASHBAIOT MUNUCYMMHEMU
sadavamu pasmeujeHus. OTH 3aa9¥ B PA3NAIHHX GopMax JacTo BCTpPe~
9aj0TCA HA NPAKTHKE: NpPH BHOOpPe MeCTa PAaCHOJOKEHHA KOMMYTaTO-
poB B TesieoHHONM CeTH, MOACTAHNMEI B dIEKTPoceTAX, 6as cHAbKEHH
(cknamos) B cerm pmopor (rle BepIIMHH NPEJCTABAANT HoTpeGmTe-
nel) AaA OTAENOB COPTHDPOBKH B HOYTOBOH CBABH.

C »TEM THIOM 3a]a4 KOHRTPACTHPYET MUHUMAKCHAR 3a0aua pasme-
WeKrus, BOSHEKAPOIIAA OpA BHGOpe MecTa ANA TAKAX IYHKTOB o6cay-
/KHBAHHA, KAK IOKapHOe AeNo, HoaMmeicKudl ydacToxk mau amyia-
TOPHS, H PACCMOTPEHHAsA B Dpefnaymeil raase. B macrosamied riase
paccMaTpEBAaeTCA MHHHCYMMHAA 3ajfiada pasMemenma. B wacrmocrm,
ofcyxnaerca 8ajada O HAXOKAEGHHM p-Meduant RaEHOro rpada G;
9To 8ajada 06 ONTHMAILHOM PAaSMOIPHHA 3aJaHHOTO YHCNa (CKaseM,
p) OYHKTOB OGCAYXHBAaHHA, IPH KOTOPOM CyMMa KpaTdaimmx pac-
CTosiEmI oT BepmmEH rpada G mo GrwxaimeEx K HEM IYHKTOB !) mpm-
HEMAeT MHEMMAJHHO BOSMOJKHOe 3HAYEHHE. 3aja98 HAXOMKIEEHA p-
MEHAEH MOMeT GHTH HECKOJBKO 0600meHa, eClH Ka)kNoH BepmmHEe
Z; COmOCTABATH HEKOTOPHI Bec vy (mpexcTaBiasiomuii, HaOPEMeD, ee
pasMepH HJH BajKHOCTB); TOTKa NeleBod ¢QyHkmmed, moxne:Ramei
MEHAMHE3AIHA, CTAHET CYMMA ¢(B3BEIMOHHHX» pPaCCTOAHHIA.

2, Mepmana rpajga

Ilycrs nam rpad G = (X, I'). Jaa rarpo#t Bepmeen z; € X ompe-
ReJAEM [Ba YHCIA, KOTOPHE HA30BeM NEpeOamOouHuMU THCIAMH:

0, ()= 2 vl (21, 2y),

x Jex

ot (z) = 2 v (z; zy),

x jex

(6.1)

1) CymmmpoBange BefieTCA IO BCOM BOpPMEHAM. JlAa Kaxaoli BepMIHHE
Gepercs KpaTuaiimee paccToAHEEe oT Hee R0 Gmmwnaiimero x Hell myaxTa :
sagEnA.— [Tpux. ped.
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rae d (z;, ;) — Kpardaiimee pacCTOSHHE OT BePIUAHH Z; A0 BePIIHHE
z;. Ymena o, (z;) B 0; (z;) HA3KBAIOTCA COOTBETCTBEHHO GHEULHUM
H GHYMPEHHUM NEpedamouHuMu Huciamu Bepmuun r;. dmcixo o, (r;)
€CTh CYMMA 3JeMeHTOB CTPOKH Z; MATPHIAI, HOJYYEHHOH IIOCIE YMHO-
JKOHHsA KaK[AO0ro cTonbna marpuum paccrosmmit D (G) = ld (z;, z;)]
Ha Bec COOTBETCTBYIOINEH TOMy CTon6Ny BepmIMHH, T. e. j-i cTojabern
YMHOKaeTCA Ha Uy, 9ACHO Oy (Z;) €CTb CyMMa 3JEMEHTOB CTOa0ma z;
MaTpHANBl, HOJYJYEeHHOH B Dpe3yJbTaTe YMHOMEHHA KaMKEOH CTPOKH
mMaTpunl paccrosBui D (G) Ha COOTBETCTBYIOIUE 3TOH CTPOKe Bec
(j-a cTpoka yMHOMKaeTcs Ha vj;).

Bepwura z,, xia Koropoi
0, (z,) =min [0, (z;)], (6.2)
x;€X
Ha3hIBAGTCH 6HewHel meduanol rpada G, a BepmmHa I, A KOTOPOH
o¢ () =min [0, (z;)], (6.3)
x;€X
Ha3WBaeTCH GHymMpenHell meduanoi rpada G.
PaccmorpEm eme pas rpad, maoGpaskemmmit ma pme. 5.1 (mas
KOTOPOTO BCE V; ¥ C;; IPDAHATH PAaBHHMH eIAHUNE), H BLIYACIHEM BHEII-

HHe A BHYTPDEHHHE IeépeJaTOYHhe 4YHCJia BepIIHH. 9ta wmcna opHaBe-
AeHBl B OPHCOEJHHEHHHX K MaTpune pacc'ronauﬁ CTPpOKEe H CTOJIGIIBZ

X, X, X, X, X Xg a,(x)

X, 0 1 2 3 2 3 11

X, 3 0 1 2 1 2 9

X3 4 3 0 1 2 3 13
D(G) =

x, | 3 2 2 0 1 2 10

X 2 1 1 2 0 1 7*

Xq 1 2 3 4 3 0 13
afx;) - 13 9* 9* 12 9* 1§

[To moaygenmslM DnepefaTOYHHM YHCJIaM BHJIHO, 4YTO BHeImHeil
MeJHaHOA ABIAETCA Ts C G, (Z5) = 7 U YTO CYWECTBYIOT TPH BHYTPEH-
HAE MeIHAHH (X5, Z3 X Is5), KAMKIAA ¢ BEYTPEHHAM IE€PeJaTOYHEIM THC-
jaoM, paBHEM 9.
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2.1, Bufop mecTa A1 CRIAnA

PaccsorpEM 3sajavy cHaGieHEMA psAna nmorpeGuTenedl ToBapaMm
HOCTYyHalomuMa ¢ oxHOro ckiaaga. IlorpebuTresneli MOKHO 0GBeTMHATD
B TpymoH TaKEM o0pasoM, uTOGH Kakaylo rpyummy o6ciay:msano
Yeaoe wucao 2pysosusos. Mammua BHea;KaeT coO CKIafa, obcay:kaBaer
HEeKOTOPYIO rpynmy morpeGareieid B BO3BpamaeTcA Ha CKAaA. I'pymom
norpebuTeNel MOKHO IPeCTABATH BOPIIEHAME Trpada, a cerb Qopor —
ero nyrame. Ha nmpaxkTmke kakmo#t rpymme morpeGumreneit npmcBam-
BAOTCA BEC U;, NPENCTABJAIONA ee ¢BAKHOCTLY (HAIPEMEP, U; MOKET
6HTH 9YHCIOM, DPONOPHEOHAJLHHEM TIOXOBOMY nOTpe6ieHmI0 umam
9aCTOTe, ¢ KOTOPO# TpaHCHOPT J0JkeR 06bes:kaTh aTy Ipynmy morpe-
6mTeneif, 9To0H yHOBIeTBOPHTH MX HOTpPe6GHOCTH).

B sToM ciyuae 3amada COCTOMT B ONPEJENCHHA TAKOIO MECTA AIA
CKIana, 9To6H o6mee paccroAHme, IPOXOAAMO6 TPaHCHOPTOM, GHIIO
6u mumEEManbHO BO3MOKHEM. Ecam Martpmma paccrosmmit D (G)
safiaeT MeHCTBHTENIBHHE DAaCCTOAHHA B KAJIOMETPaX, TO TpeGyeMuM
MeCTOM DPacUoJIOKeHHA CKiIafa Gymer Takas BepIEHA Z,, ;, AJdS KOTO-
poit cyMMa BHEIIHEX ¥ BHYTPeHHHX HepPeRaTOYHHX Yucea Gyner Ham-
MeEbmell. BepmmBa z, ; MoseT GHTH Ha3BaHA GHEWHe-GHYMpeEKHeR
Meduanoll m HaiileHa W3 COOTHONICHHA, aHajxormysoro (6.1). B cae-
RyomeM pasfene Gyner moKasaBo, 4T0 AiA MoGo# TouKE (BepmHER
HIH TPOH3BOJLHOM TOYKH [OPOTH), BHODaHHOE [N pasMemeHHA
CKJajia, o6Mmu# KEAOMETpax, MOKPHBAEMHH TPAHCIOPTOM, HE MOMKOT
6uTh MeHBING, WeM A BEPIIMHH Z,, 4.

3. Kparase mepmanm (p-menmann) rpada

B mpegmnymeit rnase, 0606mas NOHATAS HEHTPA, MK BBEJH IOHA-
e p-menTpa. IlogoGHEnIM e o6pasoM MoKHO 0606mETL HOHATHE
Me[lMaHH, ONpefeJJEB p-Me{HAHY.

Ilyers X, — mopMHOMecTBO MHOKecTBa BepmEH X rpada G =
= (X, T), u npexnnonomxem, wro X, conepker p Bepmmu. Hak m
mpexe, BBefeM ciefylomume oGosHAYEHHASA:

d(X,, z;) = min [d (2, z,)] (6.4 (a))
:,EXP
n
d{(zs Xp)= min [d(z;, )] (6.4(6))
slexp

Ecam z; — pepmEra us8 X,, Ha KOTOPOH MOCTAraeTcs MEEEMYM
B (6.4 (a)) mam (6.4 (6)), To roBopaT, YTO BEPIIMHA T; NPUKDENAEHGE
s z;. IlepepaTounne wmcia MHOMKecTBa RepmEH X, ONPOAGASOTCA
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TaK K6, KaK H JJIA ONEHOYHOM BePIIMHE:

0, (Xp) = 2 v;d(X;, 2)),
x,ex
a; (Xp) = 2 de (xj,Xp),
xjex
TRe 0, (X;) ¥ 0; (Xp) — CoOTBETCTBEHHO BHEIIHE® R BEYTPEHHE® Iepe-
JAaTOUHEE YHCIA MHOKeCTBa BepmIHH X,.
Muoxecrso X,,, AIA KoToporo

0o (Xpa) = min [0, (X,)], (8-6)
p=

(6.5)

Ha3HBAIOT 6HewHell p-meduaHoii rpada G; aHAJOrEIHO OUpEAeTAeTCHA
6HYMPEHHAR D-MeduaHa.

Hax m B cyvae p-neETpoB, pacCMOTPeHHHX B IPEHAYIEH riaase,
naxe MJaA rpadgoB CpeHAX Pa3MepoB C BHIYACAHTEIBHON TOYKH 3pe-
HHASA Hexeldecoofpa3Ho ACHOAB30BATE IPH HAXOMK/GHUN P-MEIAaH Hemo-
cpencTBerHo BupakeHds (6.4), (6.5) m (6.6). AnropuTMu mocTpoenms
p-MequaH GyAyT AaHW B pasf. O.

3.1. AGcomoTHEE P-MeIHAEK

C menp0 ynpoImeHMs H3J0KEHAA PACCMOTPHEM HEOPHEHTHPOBaHHEUA
rpad G. Unnexcs o u t Gyayr orcyTeTBoBaTh. Pa3fepeM cravana c.y-
gait meguaun (1-megmamir). CopammBaeTtcs, CymecTBYeT JH TaKas
TOYKAa Yy Ha HEKOTOpoM pebpe (He 0673aTeJbHO COBHAMAKIMAA C BEp-
muBod rpada G), NaA KOTOpoil mepeaTodHOe THUCIO

— \
o= 2 _vid(y, z)
xJEX
MeHbIlle, ueM IJas MefnaHH rpada G. Touxry 7, Ba KoTOpOH qOCTHTaeTCA
MEHUMYM BeluunHasl o (y), 6yneM HaswBaTh ab6coalomHol MedudHol
rpada G.

Ceitaac mMb1 nokaskeM [5,6], 9To He cymecTByer TOYKH §j, LA KOTO-
poii 6 (y) <<o (z), T. e. sfech COTyanuA IPOTABONOJOMKEA TOH, KGTO-
pasg mMela NeCTO NPH PAaCCMOTPEHHHM LEHTPOB.

Teopema 1. Kakosa 68 Hu Gwsa mouxka y 2paga G = (X, A),
6 HeM Halilemca no kpalinel Mepe 00HA 6epWUHaG I, 04 Komopou

o (z) < o (y).

Hoxazamesvcmeo. Ilycts y — Touka pebpa (z,, x), pacUmoJosKeH-
Basa Ha paccroanmm & or z,. Torma

d(_l/, zi) =min [§+d (Iav zi)v Cab_§+d(‘tb’ xj)]’ (6'7)

THe Cup — ANHHA pebpa (z,, Tp)-
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Ilycts X, — MHOMKECTBO TeX BepHIHH Z;, AJAA KOTOPHX IepPBHi
aned B (6.7) me Goarme BTOpOro, a X, — MHOMKECTBO BePINEH, AJH
KOTOPHX BTOpOil WwieH MeHsIIe mepBoro. MK MojKeM TOra HANHECATh

Y (y) =x,%x vjd (yv z}) =-“J ez;a Vj [§+ d (zm 1',)] +

+ Z 1 ] [cab""'§+d(zbv zl)]' (6°8)
xjexb

Hocnonmy H3 HOPABOHCTBA TPeYroJIbHHKa cCJaegyer, 4TO
d (xa’ zj)<cab + d (zb’ .1:1), (6‘9)

TO, BAMEHAA Cqp + d (%, Z;) Ba d (Z4, ;) B Bupakennn (6.8), moxy-
gaeM

o()> 2 v[E+d @2+ D vyld (2. z)—El.  (6.10)
x,exc x,exb

Tax xak X, | X, = X, 710, cuenaB meperpynonpoBky B (6.10),
AMeeM:

> 3 v,d (2, — > wl A1
U(y)>x;.e.|x vd(z zj)+§[x;§‘aw x,‘ef’l,,v!] (6.11)

Ilockonrky mas xaskmaoro pebpa (r,, z,) MM BOpaBe CAMH pemaTh,
KaKyl0 BepIHHY Ha3HBATh I, M KAKYIO Z,, TO BCErjga MOKHO HOOHTHCA
BHIOOJHEHAS HEPaBEHCTBA

i 4
Z v; > Z vj.

xjexa xjexb

3ameTnBs, 9TO mepBHil WIeH B nmpaBod JacTH HepaBeHcTna (6.11) pasen
o (z,), monygaem n3 (6.11) Taxoe coorHomeHwme:

¢ (y) = o (2.).

Takuam o6pasoM, AJA BepIIHHH I, BEeJHYHHA O (I,) He IpeBHIAaer
o (¥) m, ciaeoBaTeNIbHO, TEOpeMa [OKasaHA.
Teopema 1 mososibHO mpocto oGo6maeTcAa Ha caydail p-MeqHaH.

Teopema 2. haxoso 6w Hu 6bao MHoNcecmso Y, cocmosuee us p
mouex epaga G = (X, A), m. e. us p mouex pebep u ecepwun, naiidemes
no Kpaiineli mepe 0dno nodmrnoscecmso X, < X, codepacawee p eepuiun,
948 xomopozo o (X,) < o (V).

B Tteopemax 1 u 2 npeamonarajioch, 49TO NepeAaTOYHHE YHCIA
o (r) m o (X,;) oupenenensi ¢ momompio bupakenmit (6.1) m (6.5)
B pa6orax Jlesm [20], Foagmana {12] m Tonamana m Meiiepca [14]
6HJI0 NOKa3aHO, YTO TH TEOPEMH OCTAlOICA B CMJe B B TeX CAydasx,
KOTJa nepefaTOYHHE YUCJAA ONPENENAIOTCA KAK CYMMH IPOH3BOJBHHX
BOTHYTHX QYHKIHHA OT B3BEMEHHHX pPACCTOAHHM.
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N3 teopem 1 u 2 caexyer, 4To nomATHe abCONIOTHON MeQHAHH He
TpencTasiasier ocoboro mHTepeca (B NPOTHBOIOJOKHOCTh CHTYAIMH
¢ abCONMIOTHRIME HEHTPaMH, pacCMOTPpeHHRMH B Tia. 5). [loatomy
B OCTAJBLHOH 9aCTH 3TOif [VIaBW OCHOBHO® BHAMAHHe yHelseTcsa 3anade
0 p-MemaHe.

V4. O0oOmennaa p-mexamana rpaga

3anada HaXo'KNEeHHAA p-MeQMaHN rpada ABIAETCH IEHTpPATLHON
B obmeM Kixacce 3a/la¥, BCTPeYalOMAXCA B JATOPATYpe NOA Ha3Ba-
HEEM «pacopefeJeHHe M pa3MelfeH@e HEHTPoB obcny:msarmdy [5,
6, 9] mnm «pasmemenue cknagos» (8, 29, 30, 10, 15, 7, 28]. r; sagaun
ABNANTCA N0 HEKOTOpo# cremeHm Gosee obmumm, YeM sagada o p-
MeJHafe, B KOTOPOH BepIIHHAM CONOCTaBAeHH (HKCEPOBAHHLIE CTOH-
moctH f,. O606wennan sadaxa o p-meduane Moxer Gurh chopmyanpo-
BaHa caexymomuM obpasom.

Mns sagamnoro rpada G = (X, A) ¢ MaTpuumei KpaTyaimmx pac-
crosigmit [d (z;, z;)], ¢ Becamu BepmuH v; m ¢ PUKCUPOBAHHKIMHA CTOH-
MOCTAMH BepIHHE f; 3afada COCTOOT B HAaXOMKNEHHH TAKOLO IIOIMHO-

mecTBa X, M8 p BEPIIHEH, [ KOTOPOI'0 BeaRYMHA

z= 2 fi+o(X,) (6.12)
x; € Xp
OPpAHAMAaeT MHHAMAJBHO BO3MOHOE€ 3HAYGHME.
Taxkum 06pasoM, B 3TOM CiIydae MOHAMA3IAIAH IOMJIEIKAT He IpocTo

nepefarodroe ancio 0 (X,) MEokecTBa X, a nmonrsas $yHEKnEs nenm:,
cofep:kaman ¢mKcHponamHEsle CTOMMOCTA f; BEPIIMH Z: HOAMHOMKECTBA
X,. Ha npaxTuke f; mpeacrasaser, HaupeMep, GMKCHPOBAHAYIO CTOH-
MOCTE CTPOHMTEJILCTBA MYHKTA 06CnyKuBaHuMA (Ckiaaga, Pabpukm, mox-
CTAHIIHA) IpM pa3MeIeHMH ero B BepMIAHe z;. 3ajaya 0 p-Meq@aHe
COOTBETCTBYET TAKOMY CIydaio, KOrfia BCe f; ONMHAKOBH (HAaDpEMep,
‘PaBHH f), Tak 910 mepsui wien B (6.12) paBer mocTogHEOR BeamYHHE
pf BesaBmcamo or BHGOpa momMHOMKecTBa Xp.

Ouenp Gamaxoi K chopMyiampoBaHHOH Brume 3amave o6 oGobmeR-
HOH p-MeqmaHe ABJIAETCA TaKafd 3aJada, B KOTOPOH YHCJIO BEpINHH
| X, | Be obg3aTespHO PaBHO p, & MOKeT GHTH HEKOTODHIM IHCIOM, He
OPeBOCXORAMEM p. 3ajada MAHAMHE3ALEM BHpakeEds (6.12) mpm
yenosrr | X, | << p sABIAercs Pa3HOBHAHOCTHIO 3afaund (6 o6obmen-
BOH p-Me[HaHe M 9acTO BCTPEYaeTCH HA IPAKTHKe.

B 3agavax pasmemeHWs CKJIaf0B HEM3MEHHO OPHXONHETCH CTAJIKH-
BATHCA C OTPAaHAYCHHAMHE, KOTOPHX HET B ¢YHCTOM» 3a/la4e 0 p-MeTHaHe.
Yame BCero BCTPETAOTCA OrPaHKICHHA HA HambosbpIlee M HAaMMEHDIIES
BHAYEHHA, KOTODHE MOKET OPHHATH BHpa;KeHHe

kY vy (6.13)

1]‘ OpUEpeneCitiue K ‘xi
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ans ai06oif MenwaHHOH BepmMRW I; € X,. Bupaskennme (6.13) ompe-
HeJaAeT KOJANYeCTBO TOBAPA, BLIBO3UMOIrO M3 BEePIIMHH IT;, H, CICHOBA-
TeJBHO, SABJIAETCA Mepoil BMECTHMOCTH cKiama z; (8, 15, 7, 28l.

Ouesmaao, 9T0 Taroe ke 0606IeHAe, BOSHEKAIOMEe IPH BBeRCHHA
orpagmdenmit Ha Beamamny (6.13), BoaMOJRHO m B Bafawax 0 HaXOMKpe-
HEH D-IIeHTPOB B aGCOJITRHX p-NeHTPOB, PACCMOTPEHHHX B IpejH-
nymeit raase. OgEAKO NJIA OPAKTAYECKAX 3a/1a9 PAasMEINEHHAA sHepre-
THYECKHEX 00'HEKTOB, MMEHHO TeX 38/1a9, KOTOPHE CBASAHH C HAXOKIE-
HEeM D-NeHTPOB, YKas3aHEHoe 00o0menme umeer HeGoanmoe 3HaveHHe,
TAK KAK BCErJa 3TH OrPAHHYCHHS JIETKO BBOAATCA B aJTOPHTM, DpH-
BEICHHHY B pasA. 8 mpeampymeit IiaaBH.

CnomHOCTS pEemMEeHES NPAKTHYECKAX 38787 DASMEMIECHHA CKIANOB
oupefeasercs He MSMOHEHASAME B NONOJHATOIHHEHME OTPAENICHAAMH,
PacCMOTPeHHEIMH BHINE, 3 CBOMCTBCHHA IPHPOAe CaMOH 3ajadd O
p-MeREaHe. B cBeTe TOT0 PacCMOTPEM HECKOJABKO METoN0B, IPHIOf-
HHX JJIA ompefelenEsa p-MeXuaEH rpada. Ias ympomenms msmome-
HAA WHAEKCH 0 W I, YKasWBAalOmEe CBA3b OGHEKTOB COOTBETCTBEHHO
C BHOIIHAMA H BHYTPEHHEAMH MeRAHAMH, OYIYT OOYCKATHCH,
IOCKONBKY R3JaraeMHe MeTONH HOPAMEHEMH K 0GemM samavam.

5. Metronm pemenus 3ajxauym O p-MEJHAHE

5.1. ®opmyanporra 3ajaun
B TEPMEEAX NEI0YHCACHHOTO DFOTPaMMH[OBAHHS

Myers [E;] — MaTpEna pacmpeenenms, B KOTOPO&
' {1, ecIE BePIHEEA I, NPEKPENJeEa K BepIEEe Iy,
#e=00 s IPOTHBEOM cJyvae,

Nanee npamem §;; = 1, ecim BepmmBa z; ABIAETCA MENBAHHOH
pepmmEoit 1 §;; = 0 B DpoTABROM cAyTae. 3aaUa O p-MOJIHAES® MOMKET
66TH CHOPMYNHPOBAHA TOTAA CHENYIOIIEM 00pa3soM.

MzHuMESBEPOBATE (YHKIHIO

n n
Z2= ‘21 5§‘ d‘fE‘J (6.14)
npA OrpAHHYECHHAX
n
‘Zlgi,=1 ma j=1, ...,n, (6.15)
E{ tu=p, (6.16)

<8y nas ecex i, je=1, ..., 1 (6.17)
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£ij=0 mm {1, (6.18)

rae [d;;] — maTpuua B3Bemenunx paccroanuii rpada (ona nonyvaercs
M3 MaTpUOB DAacCTOAHMHE Hocle YMHOMEHHS KasKIoro j-ro croabma
Ha coorBercTBylomuii Bec U;). CoorHomenus (6.15) rapanTHpyloT
BRIDOJTHAMOCTh CIEAyIOmero ycjioBusa: diobas 3ajaHHas BepIIMHA
Z; NpEKpenseHa K OJHOH ¥ TOJMBKO K ONHOA MeJMAHHOH BepIIHHE
z;. Bupamenume (6.16) rapauTEpyer CymecTBoBaHEe B TOYHOCTH P
mequanneix BepmmH. M3 orpamuuenmit (6.17) caemyer, uro &;; = 1
TOJbKO Torxa, Korga E;; = 1, T. e. OPHUKpPENJIeHUA OCYIIECTBJIAIOTCA
TObKO K BepIIMHAM MeJuaHHOro MHoecrBa. Ecau [E;] sBasercs
OOTHMAJBHEIM pemeHHeM 3ajadé, OUOpPefeNseMOd COOTHONICHMAMH
(6.14)—(6.18), To p-menmana umeer BHT

Xp={=i lgn =1}.
Ecnn orpanmgenns (6.18) sumenpuseneitoil sajjaqai 3aMeHHTb Ha
&i; >0, (6.19)

TO BOJHNKaeT 3ajava Juaedroro nporpammuposasun (JII1). Ee peme-
HHe Nno.1y9uTh HeTpyAHo. (OTMEeTHM, 9TO I BEJIUYUHHL §;; YKa3bIBATh
BEPXHIOX0 TPaHMIly HE HYKHO, IOCKOJAbKY H3 cootrHomeHuil (6.13)
crenyer, uro §;;<C1.)

Pemenne 3apgaum JI[I He ofsasarennHo OymeT I1(eJ0YHCAELHHM,
§;; MoreT UpMHMMATH M JpobGHble 3HadeHnsa. Pesexs m Cralin [26]
nokasaan, 4to ApobGHbIE 3HATEHNA BCTPEJAOTCH KpaiiHe pejxo,
¥ T03ToMYy B GOJTBOIMHCTBE ClydaeB NJIA DOJYYEHHIS p-MEIUaH MOMKHO
HCOO0Jb30BaTh A3KIK M METONHI JAHellHOro mporpaMMmpoBauns. B Tom
caydae, Korga HeKoTopeie &;; ABAAIOTCS APOGHLIMII, pemende MOMKHO
OONYyYHTh C HOMOMBIO napeBosBmauoro ') momcka [11), npmuem opmmoi
BETBH, COOTBeTCTBYIODIEll Kakoit-1ubo JpobHoil Bennynte (DepeMeHnoi)
E;;, npunaerca 3madennme 0, a apyrofi BetBm — 3navenme 1. 3arem
IJIA KaKIOoH M3 NMoNydYeHHHX BeTBell (mog3agad) MOKHO IPOJOJIKHTh
nouck pemenus (kax 3agaum JII1) u peiicrBoBaTh mogoGHBIM 06pa3om
70 TeX mop, IoKa Bce §;; He NMpPHMYT 3HadeHnsa u3 muoxecrBa {0, 1}.

JIlpyroit mMoIXox, OTIMIHEIA OT METONA JIMHEHHOIO NPOTPAMMUPOBA-
HuA, npegnoxen Mapcrenom (23], Koropwit mokasan, uro pemennme
[E;] sagaun (6.14)—(6.18), coorBercTBywmee p-menuane rpada,
SIBJIAETCA 9KCTpPeMaJbHOH TOYKOHM HEKOTOporo MHororpaHsnka H,
npyudeM MHOTOTPAaHHUMK OyHeT OHUM M TeM jKe JJIA BCeX D, YIAOBJIETBO-
psromux yciaosmo 1 < p << n. Hcnonesys muommrenn Jlarpamxa
1 napaMeTpuYecKoe JHHeiiHoe nmporpamMMmmposanue, MapcTed mpegio-

1) Mmeetca B BHAY ¢ONCK, NCHONEL3YIOUIIT lepeso pemeruits (B OpUruaaie —
tree search).— ITpux. ped.
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JKHJ METOJ «IPOKJANKH IYTHY MEKAY HECKOJHKAMA IKCTPEeMaJbHHMH
TouKaME MuororpanHmka H. IIpE «npokaagxe» 5TOro OYTH mOCIEHO
BATEJBHO, B NOPAAKE YOWBAHMA p, HOPOKAAIOTCA HEKOTOPHO p-MEHA
Bl rpada. Hoe-kaxme p-mMegmamm (AnaA OTHeABHHX 3HAYeHmiA p)
MOryT OHTH He HOCTPOEHH, M, Ha060poT, MOryr OHTbL ¢IOPOKICHH»
TAKMe SKCTPeMaJbHHE TOYKE MHOTOrpaHHEKa H, RoTopHe He COOTBET-
CTBYOT p-MegmaHaMm rpada G, Tak Xak cofepaT ApoGHHE SHAYCHHA
peauuHH §;;. XO0TA 2TOT MeTON IpHBJEKaTeNeH KAK C TOOPETHIECKOi,
TAK # ¢ BHYACJIHATEJIHHOM TOYEK 3PEHHS, HO BCE Keé OH He BCerja IpH-
BOJAT K NOCTPOGHHEI0 p-MefAmaHu rpada mia rpe6yemMoro smagdenms p.
B pa6ore [23] nar npamep nmonHoro rpada ¢ 33 BepmEHEAME, KAA KOTO-
pOro yKa3aHHHM METOJOM HOCHEeJOBATeNbHO IMOPOKAAIOTCA P-MEeIRAHK
cp=233 32, ..., 10, HO mOoCTpORTHL TakmM cmocoboM 9-memmamy
u 8-MemmaHy yiKe HeJb3fl.

5.2. AaroparM HANPABIEHHOr0 APEBOBHAHOrO HOHCEA

Bmecto TOro UTO6H 3afjauy HAXOKIeHHA D-MeJAAaHH TOJIKOBaTh
KaK 33/lady NeJOYACHCHHOT0 NPOTrPAMMAPOBAHHAS, MOKHO [JIA €
PelIeHAss MCHONb30BATH NPAMOE JePeBO MOMCKA. JTOT HOAXOX Jydime
BCET0 COOTBETCTBYET CTPYKTYpe paccMaTpuBaeMoii sagauu. B Hacros-
meMm paspene OyAeT omECad OJAH H3 TAKUX METOROB, B KOTOPOM KajK-
maA moA3afavda, BO3HHKAIOMAA IPH BETBJEEMH B KaxoM-THGo yame
mepeBa, ompeneisaeTcA TeM, 9ro (Ipu 3aKaHHO# BepmIMHEe I;) MepeMeH-
Has §;; nonaraercsa paBHoH 1 [myiA HexoTopoil BepmuEHN Z;. PaBercTBO
Eiyy = 1 osmawaer, uT0 BepmMAA Z; DPHKpPeIJIeHa K BepmEHe Zj,
a Tak)e, 0YeBH/HO, UTO I; ABIACTCH MeJHAHHOH BePIIAMHOH.

9TOT HOMCK YROGHO BHINOJHATH ciaegylommM obpasom.

[MoctporM MaTpuny M = [m,;], j-it cronGem roTopoil comep:KmT
Bce pepmuHEH rpada G, pacmosoKeHHHe B NOpAAKe HeyOHBAHHA HX
paccTosHmil OT BepmWEBH ;. TaxaM o6pasoM, ecadm my; = Z;, TO BEp-
meHa z, 6yner k-i Gamradmei k z; Bepmmaoi. OYeBHAHO, YTO HEPBOH
6auwxaiimedl X z; BePIIMHOR SIBAAETCA OHA CAMa, T. ©. Myy = Ij.

Ilonck HauMHAETCA ¢ IOCHENOBaTEJbHOr0 IPOCMOTPA BCEX BEPIIMH
rpada, ¢ z;, no z,. BepmeEna z; BEauajJie IPAKPEIIAETCA K BepPIIHHE
m,;, 3aTeM K Mmy; H T. K., HOKa He GyRyT mepeGpaHK BCe BO3MOMKHO-
cra. HeoOxopmMo coenaTs HECKOJBKO 3aMeUaHMi.

1. IlockoAbPKY ONTEMAJBHOE pPeIIEHHe COCTOHT H3 P MeXHAHHHX
BepIINH, TO OPAKPeIJIeHHe BEPIIHHH B STOM peIleHEM K KakKod-am6o
ME[HAHROH BePIIEHe NON/KHO GHTh HAMIYIINHNM M8 P BO3MOKHHX HPH-
Kpemnesmii. UENME cioBaMm, miaa Kakaoll BepIMEH AOJRHO CymIe-
CTBOBAaTh IO Kpaflimeis mMepe eme p — 1 BosMoKHOCTeH NIPHEKpPONNEHAS
¢ HeMeHbIIeH# CTOEMOCTHIO, YeM y BHGpamHO# BosmoxHocTE. Caerno-
BaTelqbHO, W3 MaTpEnu M MOKHO yAanuth p — 1 mociaepHEX CTPOK,
H 9TO He OTPA3HTCA HA ONTHMAJLHOM PEeNIeHHW 3aJlaud O p-MefaaHe.
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2. llpennono;xuM, YTO BepPIIMHY Z; IPUKPENHJIN K BePIIMHE my.;
(koTopas saBasercda, Haopumep, BepmmHo# z;). Ilycts BepmmHa X4
Gynmer k-it Gawkajimell BepmMEHOA K HEKOTOPOH eme He IPEKpemJeH-
Hoil BepmuHe z; (j° <<j < n), coorBercTByNOmEl j-My cToabmy maT-
pun M, 1. e. my; = z;. Torma, oueBmgHO, BCe 3JAEMEHTH my,
¢ I > k moryt GHTh HCKII0OYeHN M3 JaJbHEAMero paccMoTpenus (oTme-
9eHH), HOCKOJBbKY, IPHKPENHB Zj» K Z;, MK TEM CaMbiM IDATHC]AEM
Z, K MeJMAHEWM BePIIAHAM A IOCKOJBLKY BepmIMHA I; MOKer OHTh
OpEKpeIJieEa K I; ¢ MeHbIIEeA CTOEMOCTBIO 1), ueM X a06oit Hpyroi
Bepmune my; upa L =k + 1, k + 2, ... . Aceo Takxe, uTO ecam
Ha HEKOTOPOM IIare BO3BPAMEHWA IPOLEAYPH NOHCKA H3MEHHTCA
pacnpefieleAAe BepPIIEHW Z;» OTHOCHTENLHO Z;, TO IJIEMEHTH myy
(HeHCKIIOYCHANEe B3 PacCMOTPEHAA, HEOTMEYEHHBE) HOMKHH OHITh
PaccMOTPERH 3aHORO.

3. Ilycts BepmmEa Z;; IpHKpPenyieHA K BEDPIIEHE my-p. Torma
MOMKHO LPENUON0MKHATb, UTO BCE BEPIIMHABI Myjr, Majry « « oy Mynropyj”
HEe ABIAKTCA MeJHaHEHMA BepPHIMHAMH, NOCKOJLKY B IPOTEBHOM
caydJae BepmaHa Iy GHIA OB pacmoJoKeHa Mo KpaiHed Mepe 0T OTHOR
¥3 HAX He faJIbIle, 9eM OT my-;- (¢ MeHbImei 1) pesyabTHpyOmE cTOR-
MOCTBI0). IJTH BepmIEHE, CIEeJ0BAaTeNbHO, MOLYT OHTh OTME@YEHHl
(eckm09eRH 13 PACCMOTPEHHA) BO BCeX CToaGOax ¢ momepaMH: j > j'.
Hyxnpo aMeTs B BUAY, 9T0 BEPIIEHL 3TH HCKANYAIOTCH BPEMEHHO H MX
HafO «BOCCTAHABJAHBATHL) BCAKAH pa3 Npd W3MEHEHMH pacupeieseEnsA
BEPIIEHKL Zj» OTHOCHTEJBHO My-j-.

4. Ecnr u3 pacCMOTpPEHES HCKIIOYEHH ¢ BEPXHEX 31€MEHTOB j-To
£Ton0Ia, COOTBETCTBYIOMIEro Hepacupefe]eHHOH (HenpHKpeIIeRHoil)
BepmuHe Zj, # (¢ + 1)-i aa1eMeHT, T. €. M4, y ABAACTCA MEIRABHOR
BEePIIAHOH, TO Z; NOMKHA OHTH NPUKpENJIeHAa K BEPIIMHE Mip4q)j-
B srom caygae mer HeobGxoamMocTm paccMaTpuBaTh Kakme-1nGo Apy-
rEe BO3MOKEOCTH JO TeX IOP, IOKa HEKOTOPHEe B3 ¢ BEDXHAX dJeMeu-
TOB He OKasKyTCA «BOCCTAHOBJIEBHHKMM» (BCIECTBAE H3MEHEHHUS B Ipe-
ANAYIMHAX pacOpefeJeHAAX BePIIAH, YTO OTPa3uTCAd HA MHOMKECTBE
«HCKJII0YEHHHX)» BepmMAHR). JTOT BHIBON ABIAETCA OPAMBIM CAEACTBHEM
BHINENPUBEeHELIX 3amedanmit 2 m 3.

5. Ecnim ma HekoTopoM »3Tame ¢ OpoBONAMOTre WoHCKa Oymer
NOCTPOEHO0 MHOMKECTBO M3 p MeJUAHHLIX BepmmuH (B pe3yibraTe IpPH-
MEHEHMH {(IPONEeAYPH UPHKPEIJIEHHA» BePIIMH), TO KAaXKAYI0 OCTARB-
MyICcA HepacnpefesieHAY0 BePMAHY MOMKHO NPHKDPEHRTHL K OamKail-
mei Mmeguango# BepmAHe. O4eBANHO, 9TO 3TO ABJAETCA ONTHAMAJIBHEM
3aBepmeHUeM JaCTHOIO pPEIMEeHHS, COOTBETCTBYIONEr0 OCYMECTBIICH-
HOMY NOpPWKpenJjieHMI0 BepmumH. Ha cieayiomem mare OponegypH —
mare BO3BpAaIleHAs — HOIKHO M3MEHATHCA pacupefeJeHNe BepIIHH,
MoJydeHBEoe B KOHIE ¢-T0 3Tama.

1) Togunee, ¢ Be Gonbmeil CTONMOCTBIe= Tpuse peds
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5.2.1. BoiuBcaenue HE:KHeM rpasEnbl. JamevanEs 1—5 MOKHO
HCIOJIb30BATH /IS OTPAaHMIEHHSA Pa3Mepa AepeBa MOMCKA HYTeM yMeHb-
IIeHAA YHACIa BOSMOKELX IPRKpenjieBuii BepmMAHHK Z; Ha M1060M sTame
nponenypu. Hpome Toro, Ha HekoTOpHX 3Tamax, KOTa mociaeaHeif
pacupenenseMoil BepIIMHOA ABAAETCA BEpHIAEA 1;, NJA OFPaHAYCHHA
NalpHEMINEero IOHCKA MOMeT GHTh MCIONb30BaHA HMMKHAA CPABHIA
BeJIHYMHH IOJHOTO ONTAMAJLHOTO PEMEHHA (UOJYYeHHOTO IIA YHKe
OCYIIeCTBIeHEHX IPHKPeIUIeHHH).

IIpenmonosmM, 9T0 BRNOJHOHHHE NPAKpeNJeHds (BKAWYaA OpHA-
KPenJieHHe BePIIMHEH Z;.) Kad® p’ (p’ < p) memansnx Bepmun. Torxa
OCTaBIIMECA NPHKPOMICHHS NOJKHN OPHBECTH K HAXOMKICHHIO OCTANb-
HHX p — p’ MepmaHHHX BepmmE. [Iycts J — MHOMKECTBO MHJIEKCOB
ele He pacOpeRejeHHHX BepmuH. B o6meM cayuae J ecTb MHOMKECTBO
HEIEKCOB j, AJIA KOTOPHX j << j<<n, 38 HCRIIOYCHHEM HHJEGKCOB TeX
BepIHH, pacHmpefeleHRe KOTOPHX MHAYNEPOBAHO pacHpefeleHHeM
OepBHX j' BepIHE Z;, T, . . ., Z; (B COOTBETCTBHE ¢ 3aMeuaHHeM 4).

IIycts mq JEMgy — caMuil BEDXHEH U CAOXYIOIuMi 88 HEM dJje-
MEHTH j-ro crox6na, KOTOpHe ABJIAITCA HEOTMEUYEeHHRMH (He HCKIIIO-
YeHHHIMH H3 paccmorpeRms). Torga HamJydYmaM pacmpeneJeHEeM
BeDIIAEN Z; GyfeT ee NPHKPENIOHHe K BePIINHE M P2 Ecma aucao
PASANYEKX BOPUIME Mg 4 AAA j € J paseo k m B = p — p’, 10 BCe
3TH HAWIyYImWe pacIpefieleHAs €Ie He NPAKPeNJeHHHX BepIFH
ABJAOTCA OCYMECTBEMHMHA (T. €. HOJYY3eTCA MHOKECTBO, COHepKa-
mee p MeRWAHHHX BepHIMH). JTH pacupegedeHmsa o6pasyloT ourd-
MaJIbHOe IONOJHEeHHe YaCTHOTO PeIeHHs, NOJYIeHHOTo IPH pachpe-
NeNeHHAM BePINIAH Iy, Ty, . . ., Ij. B TaKOM CAydae SaNHECHBAaETCH
PesyJbTAT H INar BO3BPAIEHHA MOKET GHTH NPEANPHHAT C TEKYIEro
9YACTHOTO peIeHHAsA.

Ecam, ogmaxo, k > p — p’, T0 115 DonydeEnA BCeX p MeIHAHHLIX
BepIIMHE HANO SaMEHHTh 0O KpalBeir mepe B — p + p’ ayummx
HasHA9YeHMH Ha BTOPHE Jydumwe HAm Xyamme. Torxa HamMeHbIIas
DONOJNIHATENBHASL CTOHMOCTh pACHpefelieHHMs ABIACTCA CYMMOM
k — p + p’ mammensmEx pasnocreiil

vild (z), mp 5) —d (25 Mo 5)] (6.20)
Do BCeM BepmHAHAM Zj, j € J.j
HmxuAa rpaHEna CTOMMOCTE ONTHMANBLHOTO PeITEHHA, NaBaemMax

TeKYyMuM YACTHHIM PeIIeHHeM, MOJydYaeTcA NpHGaBieHHMEM K CyMMe
CTOAMOCTEH y’Ke BHIIOJHEHHHX pacIpefeJeHni

]
2 vy d (2 ma)

cyMmMn h"— p 4 p’ BamMeBELIIEX pasHOCTeH, 3afaBAEMHX BHIPA’Ke-
mmem (6.20).

Mosxer cryunrscs, uto k mensme p — p’. Torna mamnyqmee nomoa-
HEeFNC TeKYMero YaCTHOTC PeNIeHMA'IaeT MEAARHHX BODITMH MEHBING
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ueM p. Ho mockonpky ouesmano, uro nepematownoe 4umciao o (Xp)

ONTHUMAJIbHOK p-meguaHn X, MOHOTOHHO yOHBaeT ¢ yBelHYeHHEM P,
Tonpnh <<p — p’ TeKyImee 9aCTHOE pelMeRMe HABEDHAKA HEe ABJIACTCA
9aCThI0 ONTUMAJLHOTO p-MEAUAHHOTO PEIIeHUs M TOTAA MOMKHO BHIIOJ-
HATL [NAar BO3BPaIleHHA.

5.3. JIpyroii anropaTM HanpaBIEHHOro IMOMCKA

PaccmoTpeHne asnbpTepHATHBHHX pacupefeJeHnil, BO3HUKAIOMEX
npu Brbope KOHKDETHHX 3HAYEHMH JIA NePeMeHHBIX §;;, IPHBOLHT
B Opolleflype HOMCKA U3 pasK. 0.2 K YaCTHHM INof3afgadaM. YKameMm
eme onHy mpouenypy moucka [18]; ona cocrour B mocrpoerun GuHap-
HOTO JiepeBa IOUCKA, IpAYeM 3TO HOCTPOEHUE OCYIIECTBIAETCA IyTeM
mocieoBaTeJbHOH IIPOBEPKH YCIOBUA: ABIAETCA HIHX HeT HAaHHASA
BepIIEHA MefpHanHOM BepmmuoM? IIponenypa moucka B sTom cnydae
aagaerca MHOMxectBaMn S*, S~ n F. [lepBoe MHOKECTBO COOTBETCTBYET
TEM BePINMHAM, KOTODHE B TEKYIIMI MOMEHT ABIAIOTCH MEAMAHHEIMH,
BTOpOE COOTBETCTBYET HeMeIMaHHBIM BEDIIAHAM, a4 TPEThe — BEepPINH-
HaM. 0 KOTODHIX IIOKAa HEJb3fl CKa3aTh HAYETO OIpefesaesHOTo.

Humuas rpadnma cToMMOCTH ONTHMAJBHOTO PENIeHNs, Onpeese-
Mas y;Ke OCyMIeCTBIEHHRIM paclpegesleHHeM HEKOTOPHIX BEepIIHH IO
MHOAecTBaM S* uam S, momer GuTh Beuncaena [18] comocodoM, ana-
JIOTHIHLIM OPHBEJEHHOMY B HpPefn/VINeM pasferne.

ITrak, sepmupa z; € S~ no1KHa GHITH NPHKpeILIEHA K HEKOTOpOil
Bepuinne muokecTBa ST ) F. Hamayamee na stux pacupenenenmii
HMECT CTOHMOCTH

u]—x,gélBF[v]d (25, xo)l (6.21)

C npyrofi cToponul, sepmmHa z; € F, Kotopas ne MOKeT CTaTh
MelHaHHoll BepmIiHOI, MOMKHA 06JamaTh CTOHMOCTBIO, paBHOH i10
KpaiiHell mepe

uj= min [v;d (2, z;)]. (6.22)
:riEléL*JUF

Hwxnanas rpaunmna Buuucasercs no gopmyse

’ [ 4
S w4 U, (6.23)
xES-
J
rae U” ectb cyMMa n — p — | S~ | HaUMeHbIIUX 9HCe] u;. Cnenyer
OTMETHTh, 9T0 7 — p — | 8§~ | ecTh YUCJO BEPHOIMH, KOTODHE IOKa

eme ¢BOGOIHBI. HO MOIYT OBITh MEIMAHHBIMH BEDIIHHAMH OKOHYATElb-
HOTO pemleHHA U, CJIEeX0BATeJbHO, MOKHH OHTH CONOCTABIEHH APY-
THM BEePIIHHAM.

B pabote (18] ouenxa m3 Bupamenms (6.23) ucmonmayercs npm
APeBOBHIHOM IOMCKE CHEeNHaJbHOro THNa (paBHOCTOMMOCTHOTO). Ilpm
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TAKOM IIOMCKe BeTBJEHHMEe NPOMSBOAUTCA B ysJaX [epeBa, COOTBETCT-
BYOIMHX HamMeHbmeH HWwKHeHl rpammne pemenns. Merogs IOHCKa
¢ OpHOPATeTOM N0 Iiy6MHe, aHAJOrMYEHC T6M, KOTOPHE pacCMAaT-
PHBAJHCh B HAaYajJe HACTOAMEr0 pasfesa M B KOTOPHX HCHOMb-
8YIOTCA ONGHKH, NOROOHHe npuBefieHHOH B BHpakexmEm (6.23),—
HECKONbKO MORu(EIEpOBaHHHE, ITOOH MOkHO 6HIO pemaTh 0606-
MeHHNe p-MeHaHHNe 387a9H, BOSHHKAIONEE HA NPAaKTHKe HPH Pas-
MEIMEeHEN CKAafoB (DYHKTOB 0GCIYKHBAHMSA), — BCTPEUAIOTCA TAKMKO
B paborax [29, 30, 15, 7, 28].

5.4, lIpaGamxennnil aaropuarM

Toiiry 1 Bapr [32] npepnoskean appucrudeckuit MeToq A HAXO0XK-
fleAna p-MeRmaHH. MeToq CoCcTORT B ClieAyIOmeM: CaAydaifHHM 06pasoM
BROMpAIOTCA p BEpIIAH, OHAM K 06GpasdyloT HadYaNAbHOE MHOKECTBO S,
annpoKcHMEPYIOmee p-MefHaRHOe MHOXec1Bo X,. 3aTeM BHACHAETCH,
MOKeT 1M HeKoTopasa BepmmHa Z; € X — S 3aMeHAT, BepIIARY
z; € S (kak MeqmaHHAA BepmMEHA), JJIA 9€F0 CTPOMTCA HOBOE MHOKe-
crBo S’ = (SU {z;}) — {z;} m cpaBEEBalOTCA HepeNaTOYHHe THCIA
0 (S')Yr o (S). Ecan o (S') <o (S), To BepmuHa z; 3amMeraeTcs Bep-
mWAHOH Z; W W3 MHOKECTBA S IONYJaeTCA MHOMKeCTBO S’, KOTOpoe
Ay4me annpOKCHMADPYeT p-Me{HaHHO® MHOMKECTBO X,. 3aTeM mccie-
Ayerca y:Ke MHOKeCTBO S', aHAJOIHIHO TOMY KaK HCCaeoBaioch S,
R 1. 4., DoKa He GymeT mMOCTPOEHO MHOMECTBO S, TaK0®, 9TO HE OXHY
€ro BepMHHY HeJb3A 3aMECTHTh BepmuRok u8 X — S & moNyIdTH NPH
3TOM MHOKECTBO C MEHBIIMM HepefaTOYHHM THcaoM, deM O (S). MBo-

:ectBo S Geperca B kadecTBe Tpebyemoro mpnéamxenmsa K MHOMe-
crey X,.

5.4.1. Onncanne arroparma

Ilaz 1. BuGpaTh HeKoTOpOe MHOMKeCTBO S M3 P BepImIdH B Kade-
cTBe HavaabHoro mpmbiamxenus kK p-smennane, Hasoseym Bce BepHIMEH
z; ¢ S «meompoGoBaHHKIMEY.

Illlaz 2. Baarh OpOHM3BONBLHYI0 «¢HeONPOGOBAHHYIO» BEPIIAHY W JJIA
Ra;kfoll BepmuHHW ; € S BHYHCAUTH «HpHpameHue» A;;, COOTBETCT-
ByOmee 3aMeHe BePHIAHH I; BepIIMHOH Z;, T. €. BHIACIHTH

Ayy=0(S)—a ((SU{zs)—{z:))- (6.24)
[Maz 3. Hadita Ayy = max (Al
xte

(i) Ecan Ay < 0, To HasBaTh BePMHHY Z; «ONpPOGOBAaHHOW» H

nepeiiTn K mary 2.
(ii) Ecam Ay > 0,70 S «(S U {z;}) — {=;}, nasBaTh BepmEAnRYy
z; «onpo6oBaHHOM» M IEPeHTH K mary 2.
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Xy 1 Xy

X5 2 Xy
Pmc. 6.1. KonTpupumep K npubiamuenHOMY AJropuT™My paspm. 5.4.

ITaz 4. TlosTopsaTh marn 2 @ 3 KO TEX mOp, NOKA BCE BePIIAUH M3
X — § me Gyayr ompoGosamw. drta mpoumenypa oQopMIAAETCA Kak
nuka. Ecam mpm BHmosEenEW DociefHEero HEKIa COBCeM He Gyner
saMemlenui BepmuE Ha mare 3 (i), To mepedTu K mary 5. B mporms-
'HOM CIIyuae, T. €. eCIH OCYIIECTBIEHO HEKOTOPOE 3aMelenue, Ra3BaTh
BCE BEePIIMHK «HeonPOGOBAHAKME» A BEPHYTHCA K mary 2.

Hlfae 5. Cron. Terkymee MHOMecTBO S ABIAETCA NOAXOXAMIEH
aNNpoKCAMAanuell p-MeIHaHHOT0 MHOMeCTBA X,.

OuesnnHO, 9TO UPHBENEHHEIH BHINE aJrOPATM HE BO BCEX CAYdYasnx
maet ontmMaabERil oTeer (18], MleficTBATENbHO, PACCMOTPEM HEODHEH-
TAPOBAaHHHE rpa¢, maobpaskemnnit Ha pumc. 6.1. Uncaa, crosmme
OK0JI0 peep, paBHH COOTBETCTBYIOMHMM pebepHmM cTommocTaM. Cum-
TAEM, 4YTO BCe BepPIINHHE HMMEIOT €JWHAIHLHEe Beca. ECIHM HCKaTh
2-Mefinany m B KadecTBE HAYAaNBHOTO MHOMKECTBa S B3ATH {Z,, Zg)
¢ mepefaToYHLIM WmCIoM O (S) = 8, TO mEKaKoe 3aMEmEeHHe TOJHKO
OIHOIl BePMIMHH He OIPHEBORHUT K MHOMKECTBY C MEHBIIMM HEPENATOUTHIM
anc oM. OXHaKO MHOKECTBO {z;, I} HE ABIAETCA 2-MeImaHON AaH-
HOoro rpada. CymecTsyioT faBa 2-MeJUaEBLIX MHOMKecTBa: {z;, z}
B {z, z;} c nepenatowsmmm wmcaamm A (X,) = 7.

AJITOpDATM, ONHMCaHHHHA B HACTOAIEM pasfielie, ABASETCA B Hefi-
CTBHTEJLHOCTH JIHIOb ONHAM M3 IEJIOT0 ceMeHCTBa aJiropATMOB, 6a3m-
PYOmMAXCA HA JOKAJLHOH ONTHMH3AaIMX H HA Hiee A-ONTHMAaJLHOCTH,
Buepsnie BBefenBoi Jlmrom [22] mus 3amaum komMmmBosKEpa, a BIo-
CJeICTBHA Da3BHTOM M HCIOJb30BaHHON B Apyrmx paborax [3, 4, 19]
OPH HCCIENOBAHAM DPAa3JIHIAHIX KOMOWHATODHHIX mpobieM.

Bepremca x mame# 3amave. MHoMecTBO S M3 p BepIIHH HA3HI-
paercsi A-ontmMansEbM (A <C p), ecaim 3ameHa Ja0OHX A BepmmH #3
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MHOKecTB& S NOOHME A BODIIAHAMH, HE IPHEAJIRAMEAME S, He
MOReT IOPOTHTH HOBOTO MHOKECTBA C IEPEXATOYHHM TYHCIOM, MOHB-
muwm, geM y S. Owesanno, IT0 ecRE S ABAAGTCA pP-MeXHAHHLIM [MHORE-
oreoM X, paccMaTpEBaemoro rpada, To § p-omrmMaxnso. Cosep-
IMOHHO OYeBHAHO TAKIKG, ITO 6CHH S’ ABIAAGTCA A-OUTHEMANLHHM MHO-
moecTBoM B S” — A-omTEManbHO® MHOXecTBo, To O (S°) << 0 (SY
mpr A" > A,

Cornacro mpHBejeHHHM BHII® OMPEJSNCHAAM DENIGHHe, UOJyYeH-
HO® C IOMOIMBIO aAropATMA H3 pasf. 9.4.1, MoHEO Hasparh 1-omrm-
MaabHEM. [Togo6HNe aNropETMH MOMKHO JaTh B IJIA IOPORICHHA
2-onTEMANBHEX, 3-00THMATLHHX # T. X. pemernmit. Urobu ybGemmrhes
B A-ONTEMAJIBHOCTH MHOKECTBA S, HY’KHO BHIIONHHTH

() ("7)
A A
BO3MOKHHIX 3aMemeHEA (a, cieqosareNbHO, H BHYACHKGHHA Depexa-

TOYHHX 9HCOJ C). ITO THCIO JOBOJABHO GHCTPO pacTer ¢ POCTOM A,

a Imo3TOMY TaKde AJITOPHTMH IPAKTAIeCKHE HeXb3dsd HCIONb30BATH KIS
SHaveHHH® A, Goapmax 3

6. 3agaum

1 Jloxasats, 910 KakoBO GH HA GHIIO MHOMECTBO Y, COCTOAIIe®
H8 P rovex, Je)Kamux Ha pe6pax mA¥M ABIAIONIEXCA BEPIIMHEAME rpada
G, Haiinercs xora 6u oxHO mopMEOMecTBO X, — X, yAoBaersopsiomee
yenosmio: | Xp | =p v o (X)) <o (Y)).

2. lIna rpada, m3obpamenHoro ma pmc. 6.2, HaiTE Megmam:,
2.yeMHAHH, 3-MeNHAHH M 4-Me[HAHH.

Xy 15 X2 6 X3 4 Xa
8 13 8 S
§ 9 7 16
Xy Xy Xg Xs
18 4 12 6
) 5 14 10
Xy X10 Xy X2
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3. UrtepanmoHHnil Ipouecc AJA peWEHHS 3aJa9¥ MNOCTPOCHHSA
1-mepmarn B caysae GeckoHedHOro rpada, BIOKEHHOTO B EBKJIHIOBY
TIIOCKOCTE, COCTOMT B ciaeqylomem [8].

Ilycts G — GeckoBeUHHH moJaHHM rpad, DpeACTaBAAIONHAR eBKIH-
NOBY IJIOCKOCTh, H NYyCTh S — 3aJaHHO® IOAMHO)KeCTBO BePIIHAH,
cocrosAmee H3 n To9eK ¢ KoopamHartam: (z;, ¥;), i =1, 2, ..., n.
Tpebyerca BHGpPATH HEKOTOPYIO TOUYKY (Zn,, Ym) AJASA PACHOIOIKEHHH
B Hell MeMaHHOH BePIIMHK M 4TOOH IpPH 3TOM BHPA’KEHHE

n
:

m = _Zi Vidim
=

6n10 MEHEMaJIBHEIM; 3/16Ch U; — «BeC» TOYKHE C KOOpAMHATaME (Zy,
Y;) ¥ d;, eBKIMIOBO PACCTOSHHO:
dim = V[(xi "“xm)2+ (yi - ym)zl'

B touke Munumyma ME mMeeM:

30m — o [0i (@i—2zm) ]

H 121 [ dim ]*— 0 (1)
n

00m __ l vi{yi—ym)]

dym >—J [ dim ]—0 (2)

ST YPaBHEHHUs MOMHO PEIHTL HTEPALIMOHHHM METOJ0M, IPEeJICTaBAB
HX TIIpeaBapHTeJbHO B CleAylomeM BHJIe:

n

21[ e o

i=

- 3[4/ 3[3) @

Hauwunas ¢ Hexotopoit To9kH (Zp,, Ym), MOMKHO BHIIHCJIATEH PACCTOAHASA
dim, & 3aTem, ncnonb3ysa Beipaskenus (3) u (4), naiiTm nosoe Nyumee
upubamkenne s (I, Ym). 3aTeM 3aHOBO BLIYHCAAIOTCA PACCTOM-
HES d;;, M KOODAMHATH Z,, 4 Y,,. IIponecc npofgorkaeTcsa 10 T€X 10p,
HnoKa He C'raﬁumxanpy}o'rc;{ BEJNMYAHH Ty B Ypy-

Hemonwnaysa oumcaunmii nrepaumonBsit MeToX, Hafitn 1-Menmamy
B TOM Cjiyd4ae, KOIJla MHOMKeCTBO S COCTOWT ®3 CHeNyXIEX TOYeK:
(2,2), (2,6), (4,8), (5,5), (6,1), (8,6) m (9,3) c Becamm nusA BCex Bep-
ImMH, pPaBHHEMH U; =

HonaaaTb 910 peaanTaT B 3TOM HUTEPAaOHOHHOM Ipollecce IpH
Haxouennu raobanpBoro ouruMmyma maa (zm,, Ym) HE 3aBHCHT OT
BHOOpa HAYaJbHOTO PACIOJOMEHHA 3TON TOYKM.
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4. PacnpocTpaHATh NPHBE/IGHHYH) BHIIE HTEPANHOHHYID CXeMY
Ha o6mui cayvalt HaxoRaeHAs p-menmaHH. IlosBoaser am sror 0606-
IMeHHH# METOX HOoNYIaTh ra00GaNbHHE ONTAMYM RIA p-MONHAHH?

5. Ilycrs rpad G = (X, T') aBngercs mepesoM ® mocae yaadeBHA
pebpa (z;, z;) pacmanaerca Ha IBe CBASHEE KOMIOHEBTH G; = (X,, I)
BGy = (X;, T), rne z; € Xy, 2y €EXym X; |J.X; = X. Boetem 0603mna-
9JeHHe:

v (S) ==‘Z€s v;.

IlokasaTs, aTo MenEana z rpada G_ynonnmopne'r YCIAOBHAM:

(i) ecnm v (X,) > v (X)), T0 z€ X,

(ii) ecm v (X;) < v (X;), To z He MeHAerca upm samexe rpada
G rpagom Gy, y KOTOpOTO BeC BEPIIMHH Iy IOJATaeTcs PABHHM U; +
+ v (X,). YaaTuBaa st QaKTH, KATH AJATOPHTM AIA HAXOKICHHA
Me[NaHHOA BEPIIHHH B lepeBe, KOTOPHE 6rn 6H Gonee aPdexTHBHLIM,

'llfgf] HeIIOCPeJICTBeHHOe HCHOJNb3oBanme ypaBEenmid (6.2) m (6.3) (cm.
).
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Fnasa 7

AEPEBbLA

1. Beenenne

OnueM #3 HamboJee Ba/KHKX NOHATHEA TeopHH rpadoB, KoTopoe
K TOMY Ke 4JacTo BCTpedaercda B 06JacTsAX, He HMEIOIMX HA HEPBHIH
B3TJIAJ HAKAKOTO OTHOMEHHAA K rpadaM, sBiaserca aepeso. B Hacros-
mieil riaBe BBOXATCA HOHATHS OPHEHTHPOBAHHOIO M HEOPHEHTHPOBAH-
HOTO IePeBbeB M AaeTcA KPaTKoe omucaHHe TeX o6aacrei, rae oHM OpA-
meraoTcs. HekoTopue ma sTux mpuaokeHmit Gomee moxpo6HO pac-
CMATPHBAIOTCA B APYTHX IIaBaX KHHIH.

Onpedesenus. Hmmecnenyomae oupefiefieHAsS HeOPEEHTHDPOBAH-
HOTO fIepeBa, KaK JIErKO IOKAa3aTh, 9KBHBAJNEHTHW ApPYr Apyry. (Cw.
samagy 7.1.)

HeopreRTHpOBaHHOE JEpeBO €CTh:

(i) cBaaHl rpad, conepxramuii n BepmeH u n— 1 pebep, anbo

(ii) cBasHm# rpad, He mmeommi MEKIOB, AUGO

(iii) rpad, B KoTOpoM KaKgas mapa BepIIHH COE[WHEHA OLHOM
H TONBKO OfHOM IPOCTO# memeio.

Ecam G = (X, A) — BeopuenTHpoBaHHNI rpad ¢ n BepmUHAMH,
TO ‘0OcmosHuM Oepesom (Mam, Kopode, ocrmogom) zpaga G masmBaeTcs
BCAKA#E oCTOBHHE moarpad rpada G, asamomumiica nepesoM (B CMECIe
npABeNeHHOro Bume onpeneienns). Hanpamep, ecin G — rpad, moxa-
3aHHHIH Ha puc. 7.1a, To rpad ma pmc. 7.16 aBaserca ocroBom rpada
G, kax ® rpad, mso6paxennnii Ha pac. 7.18. U3 chopmynmpoBannmx
BHIE ONPefieICHA BHITEKAeT, YTO 0CTOB rpada G MoKHO TakKKe pac-
CMATPABATh KAK MWHMMAJBHHI CBA3HHE OCTOBHHH moarpad rpada
G, rie «MHEAMAJLHOCTBY IIOHAMAETCH B TOM CMHCJe, KaK FOBOPHIOCH
B I 2, T. ©. BEKaK0© cOGCTBOHHOE NOAMHOKECTBO pefep aToro 0CTOBA
He obpa3yer cBAsHNE oCTOBHHWI moarpad rpada G.

IlonsTHe pmepeBa KaKk MaTeMaTHIeCKOT0 o6bexkTa 6wao BOepBHe
npennoxero Kupxrodom [36] B ceasm ¢ onpenenennem pyngamentann-
HHX OHKJIOB, NPAMEHAGMHX NIDHA aHAJIA3e JJEKTPHICCKAX Nemeil.
IIpr6anseTensao mecATsio Tomamm modxe Koanm [5] BHOBEL (He3asm-
camo ot Kapxroda) BBen nomsTHe nepesa m moayuma GONbIIYI0 9aCTh
HEePBHX PesyJAbTaTOB B 007aCTH HCCIONOBAHHA CBOHCTB [EPEBBEB.

OpmenTupoBaHHOE fepeBo (HA3HBAaEMOe TaKMKe OpesosudHOCH: bi0)
oupefenAeTcs aHAJIOTHYHHM ofpasom.
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Onpedeserue. OpmeETEpOBaHHOE [epeBO NPpENCTABJIAET CoGON
OpHEHTHPOBAHHHI rpad 6e3 MUKIOB, B KOTOPOM HOJyCTENeHb 3aXO0Ja
Ka/KI0il BePIIWHE, 33 HCKJIIOYeHNeM OfHOIH (BAaOpHMep, BepIINHH I,),
paBHA eJUHHEIE, A IOJIYCTENeHb 3aX0la BepIAHK ; (Ha3kBaeMoil Kop-
HeM 3TOI'0 JepeBa) paBHa HyJ0 U,

Ha puc. 7.2 nokasas rpad, KoTopuii ABIAETCA OpHEHTHPOBAH-
HEIM JIePeBOM C KOpHEM B BepmuEe Z,. M3 mpasenersoro onpenenenns

%

Puc. 7.1a. Tpad G. Puc. 7.16. OcToB rpa- Prc. 7.1B. Qpyroi
da G. ocToB rpada G.

ciefyeT, 9TO OPHEHTHPOBAaHHOE JEepPeBO C n BepmuHAMHA mmeeT 7 — 1
Ayr m cBA3HO. TaKKe OYEBHIHO, UTO HE BCAKHA OPHEHTHPOBAHHBIN
rpa¢ comepKUT 0CTOBHOE OPHEHTVPOBAHHOE J6PEBO. JTO NONTBEPAIALT
rpad, a3obpakenEn# Ha puc. 7.3.

Caenyer oTMeTHTB, YTO HEODHEHTMDPOBAHHOE AEPEBO MOKHO Ipe-
06pa3oBaTh B OPHEHTHPOBAHHOE: HAlO B3ATH €r0 IPOU3BOJLHYIO Bep-
[AHY B KadecTBe KOPHA ® pebpaM mpmmmcaTh TaKyl0 OpPHEHTALHIO,

Kopews: x, X,

Pumc. 7.2. OpmeRTHpOBaHHOE Jepeso.

1) Taxoe nepeso 9acTo Ha3WBAKT suzodawur (AN xopHesum).— [Mpux. ped.
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x Xy

Xe X3

5 X

Puc. 7.3. I'pad Gea opmeETHpOBAHHOr0 OCTOBHOTO rpada.

aro0H KaKnas BepIIEHA COeXHHAJNACH ¢ KOpHeM (TOJNBKO OXHOI) mpo-
croil nenvio. O6parro, ecim I' = (X, B) — opuenTEpoBanHOe AePeBo,
to T = (X, B), rne B — mmoxectBo ayr aepeBa I 6e3 yuera X OpHOH-
TaIAH, ABIAETCA HEOPHeHTHPOBAHHHIM [ePEBOM.

«['eHeanornueckoe fepeso», B KOTOPOM BEPIIEHH COOTBETCTBYIOT
JHIAM MY;KCKOrO I10JIa, & AYTH OPHEHETHPOBAHH OT POAMTENEH K NeTAM,
OpefcTaBiasieT c060# XOPOmO HM3BECTHHI LPMMEDP OPHEHTHPOBAHHOIO
nepesa. Hopess B 3TOM nmepeBe COOTBETCTEyeT «OCHOBATENIO» POJAA
(1uny, pomuBmIeMYCA paHBIIE OCTAJBLHEIX).

B BacTosme#l riase OPHBOXHTCA AJATOPHTM NOPOKACHHA BCEX
OCTOBHHX JIepeBbeB IPOM3BOJLHOI0 HEOPHEHTHPOBAHHOrO rpada m
NAlOTCA METOAW IPAMOr0 IOCTPOGHHA KpATYAMMIAX OCTOBHHIX
RepeBLeB BO B3BemeHHOM rpade (B KOTOpOM Beca NPENACAHK Ayram).
HKparaaiimee ocrosHoe aepeso (SST) rpada HaxomaT, 09eBHAHO, IPH-
MEHEeHHe IOPHE IPOKJafiKe Xopor (rasompoBofoB, JHHHN 3JeKTpomepe-
a9 ® T. A.), Korxa Reo0XogEMO CBASATL N TOYCK HEKOTOPOH CETHIO
TaK, 9T00H o0mas AJmHA «InHAHA cBAsH» Onna MEUHEMaiabHOi. Ecam
TOYKH JIe/KAT HA eBKJIMROBOM IJIOCKOCTH, TO HX MOKHO CYHTATH Bep-
maHaMu DoJHOTO rpadga G ¢ BecaMH AYT, PABHHMHA COOTBETCTBYIOMEM
«OPAMOJMHEHHHM» DPACCTOSHHAM MEKKY KOHIEBHMH TOYKAMH HYT.
Torpa, mOCKOJABKY «pasBeTBICHHE» NOPOr NOOYCKAETCA TOABKO B 3a-
NanHHX n Toukax, SST rpada G Gyner xax pas Tpebyemoii ceTsio Jopor,
HEMeomed HaEMEHBIIHM Bec.

Ecam e «pasBeTBNIeHHE» NOPOT MOKHO NPOH3BOOHTL H «BHE»
3aJaHHHX 1 TO9EK, TO BO3MOKHA H Golee «KOPOTKaA» (¢ MeHbIIel cTOH-
MOCTBIO) ceThb. HaxoskpmeHHMe TaKOH CeTH JOpPOT IpeCTaBiseT co0oM
xopomo m3secTrylo 3amady reitmepa. Kparkomy obcympaenmio aToik
3alla¥M HOCBAIEH HOCJENHHEA pasfe] AaHHOH TIiaBH.
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2. Ilocrpoenne Bcex OCTOBHBIX AepeBbes rpaga

B HexoTOpHX CHTyalMAaX BO3HHKaeT HeoOXOXHMOCTH B IOCTpOe-
HHME LOJIHOTO CIMCKA OCTOBHHX jJepesnes rpaga G. Haopnmep, B Tom
cayuae, KOTAA Hago oTobpaTh «HaMiaydimee» JepeBo, a KPHTEpHId,
M03BOJIANMME OCYMECTBATH TaKOH 0TGOD, SABIAETCA 0YEHB C.IOMHHEIM
(= naske 9acTRIHO CyOBEKTHBHAIM), TAK 9TO HEIOCPEACTBEHHOE pemie-
HAe 3ajays oUTHMH3aluE (He HCOOAb3YIOmEe NepedYncIeHHe BCex
OCTOBHHIX [epeBHEB) OKa3hIBAETCA HEBHIIOAHUMEIM. B npyrux cnrya-
UHAX, HAOPHMED [IPH HAXOMKIEHUH HepegaTovYHod GYHKINH CHCTEMH
[42,6] unm upn BHYuCIeHAN onpefeTuTeNeil HEeKOTOPBIX MATPHI B MaK-
POIKOHOMMIECKOH Teopuu [2], ¢ MOMOMBI0 TOPOKAEHIIA BCEX OCTOBOB
COOTBETCTBYIOMHAX FpagoB MOKHO [JOOHTHCA YOPOUNICHNA BHYMC.IH-
TEJABHHIX TPONERyp.

Yucno pasiandHEIX OCTOBOB HOJIHOIO CBA3HOTO HEOPHEHTHPOBAH-
HOTO IOMEUEHHOTOo rpada ¢ n BepmuHaMu Obl10 HalifleHo Buepssie Konu
[4]. Ono pasro n"~2. ¥ Myna {45] uprBognTea cnucok n3 6omdee uem
25 pabor, comep:kammXx pasHooOpa3Hhie JOKa3aTeabcTBa 3Toill Gopmy-
aui. (Cm. Tawke 3amagy 6.) Mopmyasl aas 9ncaa ocToBoB B Gosee
o6mux rpadax moxuo Haiitu y Puopgana [49]. Xora atn dopmMyam,
KaK OPaBMI0, O9€HD CJIOKHEIE IT X BRBOJ AJf HAIIHX 1ie.1eil He HyKeH,
HO CTOMT, IOMKaJyil, OPHUBECTH CJeAVIOMUNA pe3yIbTar.

Teopema 1. ITycmv G — n-eepwunnnii epag 6e3 nemeav u By, —
€20 mampuya unyudenyul ¢ odnot ydarennol cmpoxoii (m. e. c n — 1
HE3ABUCUMBLMU  CIMPOKAMUL). Hyemv B — mpancnonuposarnas
mampuya k B,. Toeda onpedesumess | B,-By | pasen uucay pazaux-
nux ocmosHux depegves epaga G.

JlokazaTeabCcTBO 3TOH Teopems MoHO Haita B [53] m B [1] (cM.
TaKKe 3agady o).

z .4

-

X xg

Prc. 7.4. T'pad G.
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2.1. nemenTapune mpeo6pasoBaHHA JepeBnen

PaccmorpaM nBa (OpPHEHTHPOBAHHHX NI HEOPHMEHTHPOBAHHHIX)
ocToBHHX fepeBa I'; = (X, A,)) u T, = (X, A4,) rpada G = (X, A).
«PaccToanme» Me;KkRy KBYMA AepeBbayMu oGoduavaercs sepes d (T, Ty)
B ompefienferca Kak umcao Ayr m3 Ty, KOoTopHX mer B T, (uam, 410
9KBHBAJEHTHO, Kak ducao xyr m3 T,, Korophx Her B Ty, MOCKOJBKY
o6a nepesa Ty m T, mmetor (n — 1) ayr). Eca d (T, T,) =1, 1. e.

ecad
(4, U 42)— (44N 4,) ={ay, a3},

THe a; € A; B ay € A,, 10 nepeso T, MokHO nonywnTh B3 nepesa T,
ynaaus w3 T; nyry a, u no6asuB Ayry a,. Takoe mpeo6pasoBarme
mepesa T’y B nepeBo T'; Ha3HBAETCA IAeMEHMADHNM npeobpasosanuem
depesa.

Teopema 2. Ecau T, u T, — ocmosntie depesvs zpaga u d (T,,
Ty) = k, mo depeso T, momem 6umv noayueno ua T, ¢ nomowwio
cepuli u3 k asemenmapnuz npeobpasosanuii.

Hoxasameavcmeo. Ilycts ab, ad, ..., at —k nyr ms T,, Koro-

pux ser B Ty, ma}, af, ... af —k nyr uwa T, KoTopHX HeT B T,
Ecam B pepeso T, mo6aBmTH Ayry ai, To B moxyumsmeMcs rpade,
COTNAaCHO ompenejieHmIo jpepeBa, Haimerca mukia. (Ha pme. 7.5(a)
KUDELIME JIMHHAMYK II0OKa33HO BEOPHEHTHPOBaHEOe pepeso T,
a NIYEKTHPHO# JuHEeH — Ayra a} = (5, Ze) nepepa I;, IpABEICHHOTO
Ha puc. 7.5(x).) B monyvYeHHOM mEKJNe COMEPIKHTCHA MO KpaitHed mepe
ONlHa fyra, He mpmHanAe;kamas nepeBy I',. CnenoBaTenbHo, €€ MOMAKHO
YAaJHMTh, PasopBaB TeM CAMHM LIHKJ, M 3TO AACT HOBoe fiepeBo 7.
Ilockonsky B T 9mcaxo Ayr, o6mux ¢ xyramu n3 T'), Ha enmEEDY 60Mb-
me (sem B T,), To d(Ty, T;) =k — 1. Ilpamensia aneMeHTapHHE
mpeo6pa3oBaHEA [ajbpdie, NOJYIEM IOCAENOBATENLHOCTh [ePEBbeB
Iy, Ty, ..., Tpoy, Ty, B Kotopoit d (T;, T4,) = 1 nna xampmoro
i=2,... k—1. Ha puc. 7.5(6)— (1) noxasaso, KaK ¢ IOMONIbIO
4 anemenTapHNX mnpeofpasosanmii ®W3 jaepesa T, mOJydaeTca Repe-
Bo T e

2.2, Ilponenypa noposxuenns Bcex nepesnes rpada

Iockonpky, Kak yme yIOMHHAZOCH B HAYAJE ITOTO Pashesa, THCAO
OCTOBHHX JiepeBseB rpada odeHL GHCTPO pPacTeT ¢ POCTOM YHCJIA €TI0
AyT, TO, OYeBHNHO, HyKeH 3(PPeKTHBHHIHE MeTOX NOPOKIEHHA HCIEp-
OHBalomero, Ho 6e3 mOBTOpeHWi, CITACKA OCTOBHHX AepeBbeB. Onmn
H3 TAKHX cIoco60B COCTOHMT B ACHO/IH30BaBHHA 3/16MEHTAPHHX npeobpa-
30BaMmMil IepeBLEB, ONMCAHHKX B MPEAHAYMEM paspeie, AJA mOCTexo-
BATEJILHOTO IOPOMICHASA OCTOBOB, HAYHHAA ¢ HEKOTOPOr0 HAYAJAHLHOTO
ocroBa T,. Meronn, ocHOBaHHHE Ha 3TOM HpHHOMOe, JaHW B paGorax
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Puc. 7.5. Tloposxaesne T, ua T, mocpeJCTBOM 3JeMEHTAPHHX MpeobpasoBammii
Aepesbes. (a) Ocros T, rpada ¢ puc. 7.4. (6) Octos Ty. (8) Octos T,. (r) OcToB Ty.
(1) OctoB Ty (k = 4).
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Maenn 142], ITayas [47], Yena [8] n apyrux [20]. Onnaxo mponeny-
paM, ONHpAaOIEMCA Ha 3jeMeHTapHHe npeo6pa3oBanms HepeBnes,
OpHMCYIE CIefyIomuil HeJOCTATOK: NJA LOPOKIGHHSA HOBOrO Jepesa
HeoGXooMMO DNpHBIEKATb BCe HailileHHHE paHee H&epeBbA. Umcao
JAepesbeB CTAHOBATCA CTONL GOABIIAM, 9TO AJAA XpaHeRHA WX Reobxo-
anMo (C BEYHCAMTENbHOM TOYKM BDPEHHA) MCHOOAbL30BATH BCIOMOTra-
TeJbHHE YCTPOHCTBA NAMATH, TaK Kak GHCTpofeicTBylomas onepa-
TABHAA HAMATh AIA 9Toi mend Mana. Ilockoasky mpm ofpamennm
K BCHOMOTATeJNbHHM YCTPOHCTBAM NAMATH 3HAYMTEJILHO BO3pacTaer
BpeMsA BHIHCJIEHHUA, To M0G0l Merox, Gasmpylomumiica Ha 3/1€MEHTap-
HHX @Opeo6pasoBaHHEAX [epeBbeB, OKA3uBaeTcA Hed(hPeKTHBHRIM,
ecim He Gyayr OpEMEHATHCA Tak@me npeofpasoBaHUsA, B KOTOPHX
HCOONB3YeTCA TOJBKO NOCHENHEee B3 MOJYICHHHX OCTOBHHX [@PeBbLEB.
(Cum. paspmex 2.4.) Ouesmpgno, 9T0 Hamaydmmm Gyaer Takoil axropaTMm
OOPO:XAEHHA BCEX OCTOBOB rpaa, KOraa COACOK OCTOBOB CTPOHTCH
6e3 MOBTOpeHHA M MOCTPOSHHHE OCTOBH 3AMECHBAKTCA BO BCOOMOra-
TeJNbHYI0 NaMATH, HO B Ipomecce paboTH aaropATMa W3 3TOH NaMATH
mEmgero He Gepercs.

B crexgyiomem pasgene Gymer omHcaH OXHH TAKOM aJITOPHATM, OCHO-
BAHHHHE Ha DOHCKe, HMCHOJL3yiomeMm faepeBo pemenmi. B paGorax
10, 9, 43] maiotesa apyrme aaropuTMH, 6asHpYIONEECA HA TOPOK-
JIeHHH BCeX TJaBHHX KBAaJPATHHX HOAMATPHI NPHBECHHOHX MATPHNH
mHungesnnit By, o KoTopo#i ymommHaN0Ch B Teopeme 1.

2.2.1. OcnosHoli MeTon. Mu mpEBOfAM OLECAaHEe aJTOpATMA NIA
caydJad HEOPHEeRTHPOBAHHOTO rpada, HO €ro pacmpocTpaHeHHe Ha
OpHeHTHPOBaHHHE TPadH — 1A TOPOMKIAEHHN BCEX OCTOBHHX APEBO-
BOJIHOCTell OPHEHTHPOBAaHHOr0 rpaja — COBEpPIIEHHO OYEBHIHO.

IlepBuit mar MeToa COCTOHMT B OpHMOMCHBAHMH HOMEpPoB pebpam
rpada G (peGpa mymepyiorcs ot 1 1o m, rxe m — amcio pebep B rpade G).
Ha xamnaom arame (T. €. OPH KaKIOM BETBJCHHA B [epeBe peIeHHi)
BHOHEpaerca pe6po, KoTopoe BMecTe ¢ OCTAJABHKIME, BHOPAHHEIME YR
Ha OpefmAyIuX 3Tamax, 6yaer 06pa3oBHBATH Y3CTh KOHCTPYHPYEMOro
aepesa. Taxkmm oGpasom, mpempxe deM oToGparh Takoe peGpo, BHsC-
HAOT, AelicTBETeNbHO JE nobaBieHme ero K 4acTuIao cPopMApoBaH-
HOMY epeBy (KOTopoe Ha 3TOM mare AiBjiseTcsd HaGoOpOM HONO6PEBLEB)
He NOpPHBONWT K HOABJEHENI0 IUKJAA: ECIM IAKA NOABIAETCA, TO
maBEHOe peGpo oTGpachHBaeTCA W UpOBEepKe MOXBEPIraeTCA CAeAyHoIiee
peGpo, ¢ Goarmum HOMepoM. Ecnm mmExaa HeT, To pebpo poGasaserca
K ApYyraM, y:ke oroGpaHHEIM, B OPOLeCC HPOROJNKAETCA N0 TeX Hop,
noka He 0ydeT IOCTPOeHO OCTOBHOe HepeBo. Pefpa mepeGmparorcsa
B TOpAIKe BO3PACTAHAA MX HOMEDPOB; 3TO OPHBOAHT K HCYEPIHIBAIO-
memy # 6e3 moBTopeHHmHl pemyeHHI0 3aJavH.

[dnsa oGnerdeBns MaHAOYJAANEA ¢ DONEPEBHAMH B Ka)KEOM IIOA-
nepeBe BHAGJAAIOT OPOH3BONLENM 06padoM KopeHb (HE@KOTOPYI Bep-
MPAY NOANepeBa) H 3aTeM PACCMATPHBAIOT MONXEPEBO YiKe KaK NPeBo-
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X

Xig X

HoBbin
KODEHb Xg

Crapbiit
KOpeHb I

(d)

Puc. 7.6. 3amena xopeA z, u3 (a) Ha z, um3 (6).

BHAHOCTh. [l opraHM3ammm NpOBEPKM HA BO3MOKHOCTh 06pa3oBa-
HuA uUBKaa (o0pu nobasnenum pe6pa) KaMAyl0 BEPUIAHY Z; IOMEYAIOT
papoi (r;, p;). Ilpolenypul BHABIEHAA [AKIOB, HCOONB3YIONIIE IOMET-
KM BepmmH, Bcrpedarwrca y moncona [32]), UlpmauBacana n Tomm-
cona [52], T'rosepa u Kinnrmana [25]. Ilepsas nomerka r; ykasusaer
«KOpeHb» IO[jiepeBa, CoOAepskamero BepmmHy ;. IlepBoHauaikHO
ry = x; IJIA BCex BepmnH z;. Ha HekoTopoMm mare ama momaepesa T,
# T, cpamusaioTcs HOCPeACTBOM Nobakienns pebpa a;, = (zq, Zg)
¢ BepmuHOil Zo 3 Ty n BepmuHoit g u3 T,. Ecau va atom mare ry —
«KODHEBas» NOMETKA BepmuH B I'j, a Iy — «KOPHEBasA» IOMETKA Bep-
muH B Ty, n ry <, (Hanpumep), T0 BCe BepmAHH B T, J0JKHBI «CMe-
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HHTH» CBOM KODHEBHE IOMETKH Ha I, H fABa mommepesa I, m T,
1COMBIOTCA» B €HHCTBEHHOe HOBoe fepeBo Ty,

Bropas momerka p;, IDHNHCAHHAA BepIIAHEe I;, YKA3HBAeT Bep-
MuHY, NpPefecTBYONYI0 BEepmEEEe IZ;, T. €. ecam (T, Z;) — Ayra
paccMaTpHBaeMOro mojfepesa, TO p; = Zx. HJaA KopHeBo# BepHIMHH
AepeBa TaKad IOMeTKa HoJaraercdA paBHOil Rymio. [laa mepema, m3o-
Gpancennoro Ha pumc. 7.6 (a), ps = %, P13 = Ty B py = 0.

A. Bamena xopua depesa

Ecau xopueM nepeBa T sABAsAeTcA BePIIMHA I M HYKHO B KaueCcTBe
KOpPHA BHOpaTh HOBYIO BEPIIAHY Z,, TO TAKYIO «3aMEHY» I' Ha I, MOKHO
OCYMECTBATh OPOCTHM o0pameHreM OpHEHTANME ARYT, OpPAHARJIE-
MamRX nema, uAymeit oT r K z,, He MEHAN OPH 3TOM OPHEHTAIIMIO APY-
rux Ayr (cm. pac. 7.6). CooTBeTcTBYIOMEAE M3BMEHEHHA MOMETOK GYyXyT
TAKOBH.

Hamenenue nomemor «npeduiecmeosanusy

1. Ilyers 2; =z, B z = p;.

2, Ilonoxknrs z; = 2, a 2z = p;.

3. lar ofHoBueHmA: p; = ;.

4. Ecam z; = r, To mepeiiTH K mary 5, B IPOTABHOM CJydae IOJIO0-
MHATh ¥; = Z; M OepedTH K mary 2.

5. Iloaoxkurs p, = 0, crom.

Hanenenue xopresur nomemox

1. V¥ Bcex BepmuH, HMEIOIEX KOPHEBYIO HOMETKY ', 3aMEHHTH ee
Ha TIOMETKY Z,.

B. Cpawusarue dsyz noddepesves

Ecam ocymecrBneno cpammsanme jByx nopmepepse I, m T,
(wyrem no6Gapnenmsa pebpa (o, g), Kak OHJIO ONHCAHO paHee), TO
B TOMETKH Heo6XOXAMO BHECTH CHeYiOIm@e W3MEHEHHA:

(i) ¥V BepmuE ¢ KOpHeBOH IIOMETKOH 7', 3AMEHHMTH 3Ty IOMETKY Ha
.

(ii) 3amennTs B Repese T, KopeHs r, Ha zg (TaK, Kak Gwao omm-
CaHO BHINE B OyHKTe A), IOCJAEe 9ero M3MEHHTH HOMETKY «IpelmecTBO-
BAHAS» ¥ BEPIHMEH 25 ¢ pg = 0 Ha pg = Zg.

B. Pacwyenaenue depesa na dse wacmu

Ilockonbxy MeTOX DOPOKAGHAA NEPEBHEB, PACCMATPHBAaEMH HAKE,
ABJAETCA MOHCKOM, MCHOJNb3YIOMAM NEPEBO PEMIeHHH, TO BO3HHKAET
geobxoqnMocTs yhalleHMs HeKoTOpHX pefGep (@a marax BoaBpa-
meHnA), 9To6u mcouTaTh 3areM Apyrume peGpa. B Tako#t cmryamum
yoanespe peGpa DpHBOJET K pACIIeIVIERNI0 HEKOTOPOTO AepeBa Ha
ABe dactn, HanpuMep Ha T, u T, ¥ B OMETKM OJHOIro M3 3THX HOAJE-
peBbeB MOJKHH OHTH BHeCeHH H3MeHeHHA. Ilycts ymansercs peGpo
(za, Tg), Tme 2o € Ty m 25 € T,. Torna nmpu py = z, (1. €. ecim peGpo
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(2o, Tg) B HEPBOHAYATBHOM fiepene OPMEHTHPOBAHO OT Zo K Zp) NOMET-
KH B Jiepese T'; MO)KHO OCTABHTb HDpeKHUMHU, a IIOMETKH B nepese T,
RoKEE OuTh M3menenw. Kcaw sxe p, = z, (1. e. pebpo (za, )
OPHEHTHDPOBAHO OT Zg K Zg), TO MOMKHO He MEHATh NOMETKH B Jepese
T,, Ho HyXHO H3MeHHTH moMeTkH B T,. IIpepmosaras, 4yTo momeTK:
MeHAloTcA B gaepeBe Ty, IOKaeM, KaK HAA0 «BOCCTAHABJIMBATHY
KODeHb B 3TOM Aepese.

1. Hoaoxurn S = {zg} n pg = 0 (z5 Gymer xopuem mepena T,).
2. HailTu Bce BepmmuuM Z; ¢ p; € S H A3MEHATh MX KODHEBEIE
IOMETKM Ha Iy = Zg. EcIm TakuX BepHINH HET, OCTAHOBHTBLCH.

3. Ilar o6nosnernna: § = § | {z; | p; € S}; BeprYTHCA K Mary 2.

Caexyer oTMETHTB, YTO HH Y OJHOI BEPIIAHH, KPOME HOBOLO KOPHSA
Zg. MOMETKH OPEJINECTBOBAHHS MEHATH HE HVKHO. 3aMEeTHM TakXKe,
9TO0 YHCJI0 ONWCAHHHIX BhIIIe maroB 2 w 3, Koropoe HeobXxommmo s
BOCCTAHOBJIEHHMA KODHA, DaBHO ITHHe caMoidl muamrHOl memn B T,
MCXOAAMEeH U3 BePHINHAL Ig.

2.2.2, Onncamne amroparma. BoabMeM npom3BonbHYO BepmIH-
By z* rpada G. Ilycrs ee cremenn paBua d*. Ilepemymepyem pebpa,
HHOMIEHTHHE JTOH BepmHAHE: @, 4y, . . ., Gg+. 3aTEM NEPEHYMEpYeM
ocranbubie pebpa rpada G: ageyy, . ... an. Ilpm nopomaenmm
nepeBpeB pebpa Gyayr nepe6upaThCcs B COOTBETCTBHH C BBEIEHHOI
HyMepanney.

HMlaz 1. IlpmoncaTe BepmmHaM moMmeTkm: (r;, p;), The r; = z;
np; =0, Vr; € X. Toaoxurey k = 1.

lTaz 2. Bubpates nna nccreroBanns Hekotopoe pe6po. Hanpnamep,
ay = (z;, z;). Ecaim k < m, rge m — 4ncno peGep rpada, To mepeiiTn
k 2 (i). IIpn £ = m + 1, 1. e. ecan «HenccaexoBanubX» pefep HeT,
nmepeifiTy K mary 5.

(i) Ecam r; = ry, To 5T0 03HAYaeT, 9TO BEPMHHH Z; U Z; IPAHAJIE-
HAT OZHOMY H TOMY e nogiepeBy u goGasieHue pebpa a, npmBeger
K noAsiaeHnio ymkaa. Oroépocurs pedpo ay, T. e. MOI0KATL A = k +
-+ 1 u BepHyThCA K mary 2.

(ii) Ecan r; 5= rj, 10 pe6Gpo a, Mo#HO K06aBuTh K pe6pam mocTpo-
eHHBIX noxjgepesbeB. llepeiitu k mary 3.

Ifaz 3. CpacTuTs mBa mOAMEpEBa, Y KOTOPHIX BEDPIIMHH IIMEIOT

KOPHEBHIC LIOMETKH I'; M T;, NDUMEHHB /A 3TOT0 METOJ, OMmHCAHHKI
BHIIE B NyHKTEe bB.

lllaz 4. OToGpar n — 1 pefep, MH HolyYaeM HEKOTOpOe HEpEBO.
3anoMHUTH 3T0 flepeBo u mepeiitu k mary 5. Ecxm oto6pano MeHbme,
uem n — 1 pebep, To moxoxnure £ = k + 1 n BepHyThCa K mary 2,

llaz 5. (Bospamenme.) ¥Ypamuts pebpo, mobGaBieHHOe HOCen-
uuM. IIpepmomomum, uro Takmm peGpom sasaserca q;. Eeam a; —
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Xy
a| a:
as
X, X3
as
as a‘
Xy 2, Xs

Pnc. 7.7. Tpad us npmmepa 2.3.

eQHHCTBeHHOE OoCTaBmeecHa NiaA mobGasiaenmsa peGpo, I = d*, To ocrano-
BHTBCA. Bce ocroBEHe pmepeBbsi, TaxmM oGpasom, moctpoenw. (IIpm
nio6oM panbHelImeM BeTBJEHHH JepeBa pemeHAi# BepmuHa z* ocTa-
HeTCA N30JNpOBAHHOM.)

B npormBHOM ciaydae Hago OGHOBHTH NOMETKHN, HEACTBYA TaK,
KaK ykaszaHo B nyHKTe B, moxoxurs K = ! + 1 m BosBpaTHThCH
K mary 2.

2.3. Iipamep

Ham Hy#HO IOCTPOHTH BCe OCTOBHbLIE NepeBba rpada, m3o6parkeH-
Horo Ha puc. 7.7. Bu6epem B KadecTBe 2* BepmUHY Z,; HMeeM d* =
= 2. OGo3uaumy peGpo (r,, z,) 9epe3 ay, a pebpo (x;, x3) Tepes a,.
Ocranpane peGpa mepeHymMepyeM, HampuMep TaK, KaK HDOKa3aHO
pa pnc. 7.7 (pebpa ay, a4, . . ., aj).

Ha pdc. 7.8 wu306paeHO COOTBETCTBYIOmMEe [epeBO pemeHHI
(oHO mopomeHo B mpomecce paGoTH AaArOpPOTMA, NPHBELEHHOTO
B pa3l. 2.2.2). Ecam Baars pefpa, yKasannHe B KPYHOYKAX KaKoii-
aubo yenn, BHXOAAMEH U3 BEPXHEro yaja aTOro JepeBa B OKAHIHBAIO-
meiica B caMOM HRKHEM y3Je, TO H3 HEX MO/KHO IOCTPORTH HEKOTOPHIi
0CTOB JaHHOTO rpada. ITH OCTOBH NepeHyMepoBaHK Yaciaamu ot 1 go
21 n npuseneHH Ha pmc. 7.9.

Jlerko mpoBepmth, wro y rpada, usobpa:kenHoro Ha pme. 7.7,
AeficTBuTebHO 21 0CTOB. ITO MOMKHO YCTAHOBHTDH C MOMOIIBIO TEOPEMbI
1 u3 pasp. 2. Marpana nruunesnnit B nagHoro rpada mMeer clenyio-
muii o (c4uTaeM, 9TO0 kaxkaoe pe6Gpo opuenTHpPOBAHO OT €ro KOHIe-
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Prc. 7.8. IlonHoe pnepeBo momcka ua upmmepa 2.3.

NENEARS

6 7

ICINSOR
SOL NN L

Pmc. 7.9. Bce ocrosu rpada ¢ puc. 7.7.
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B0ii BePIIMHEH ¢ MEHBIIUM HHAEKCOM K BepmuHe ¢ GonbImaM mEgeKCOM):

as a, as a, as Qg G,

x, [t 1 0 o o o o

3(
|
-
o
R d
—
(-4
(=]

Ynanas, HampaMep, CTPOKY Zg, mOJNy4nmM MATpPEOY B,.
Ilpomasenenre Matpun B, -B! Buraspmr Tax:

1 2 3 4

112 -1 0 O
2 |-1 3 -1 0
3({0 -1 3 -1
4,0 0 -1 2

Onpenennrens | B, B! | paBen 21. Caenoparennmo, mo Teopeme 1
SHCJI0 OCTOBHHX [epeBheB AaHHOro rpaga papmo 21.

2.4. T'pad ocrosos

Kaspomy ocroBy rpaga G comocTaABEM ONIpEeJeHHYI0 BepIIMHY
{moBoro rpada). /e BepmmHH B HOBOM rpade coegmEsioTca peGpom
TONBKO TOTAA, KOTAA COOTBETCTBYIOMEE HM OCTOBH rpada G ABaAnTCA
coCeHAMHE (T. ©. PACCTOSHHE MEKAY ITHMH OCTOBAMH, OLPENeIASMOe
B COOTBETCTBHE ¢ pas3f. 2.1, pasHo egmumue). I'pad, mocrpoeHHEIH
TaxuM ofpa3om, HaswBaercA zpagox ocmosoe (rpada G). Jlas rpaga
G, m3o6pakennoro Ha puc. 7.10 (a), moNHEKI COIHCOK OCTOBOB IpHBE-
pen Ha pmc. 7.10 (6), a rpad ocroBos — ma pme. 7.10 ().

Hammnare [15] m Mlaak [51) nokasanm, uro rpad ocrosom awboro
cBA3HOTrO rpaga sABiserca rammabToHOBHM. Iloaxke Hucw m Kapsura-
8m [37, 38] u Hamaa [33] paspaGoranm Meroan HaxoRuaeHus raMmib-
TOHOBHX IUKJIOB B rpade ocToBOB (H, CAEAOBATEABHO, METONK IOCTPO®O-
HHA BCex ocToBOB rpada G). ITE MeTONH LPEACTABAAIT B OCHOBHOM
TeOpeTHYeCKHA HHTepeC M He 3PeKTHBHH ¢ BHYACAATONLHOH TOYKH
8peRHS.
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1 2
4 3
(a)
1 2 1 2 1 2 1 2
0 O
[ | ]
c—t b
4 4
n 3 T 34 Ty Ts
1 2 1 2 1 2 ! 2
O= O Q
2 3 K 3
3
4 Ts 3 Tg 4 T, Ts
(6)

T, T,
[] (8) 5

Puc. 7.10. Tpad G u ero rpad ocrosos.
(a) 'pad G. (6) Ocromut rpada G. (s) 'pad ocromoe rpada G.

3. Kparyvaiimuii ocros (SST) rpada

PaccmoTpuy B3BeIDeHHBI CBA3HEI HEODHEHTHPOBAHHEE rpad
G = (X, A); Bec pebpa (z;, ;) o6osnagum c,;;. 13 Gonbmoro umcraa
ocToBOB rpada Hy:;KHO HafTH OAMH, Yy KOTOPOrO CyMMa BecoB pefep
nammeBbman. Takaa 3ajaua BO3HUKaeT, Hampumep, B TOM Caydae,
KOTJa BEepIIIHH ABJAITCA KJIEMMAMHE 3JIEKTPHYECKOH CeTH, KOTOphe
ROMKHK OBHITH COEIMHEHH APYTr € APYIOM C NIOMOIBI0 NPOBOXOB Ham-
MeRbmel oOme# HIMEH (1714 YMEHbIIEHAA YPOBHA HaBOUOK). Jpyroit
mpuMep: BePIIMHH IIPeAICTABJIAIOT TOPOAA, KOTOPhie HYKHO CBA3ATh
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(a)

Xa Xs X, (6)

X3 Puc. 7.41.

(a) Tpad G.
(6) Xepeso kKpaTuaiimmx myTeii

H3 .
(8) f(pa‘maimni’r octoB rpada.

Rq0 /’Xz (e)
X3

ceTbi0 Tpy6OmpOBOAOB; TOTAA HamMeHbmAA o6mas pamEa TPYO, KoTo-
pas No/KHA OHTH WCHOJB30BAHA A CTPORTENbCTBA (IPH YCJIOBHH,
9TO BHe TOPOJOB ¢Pa3BeTBICHHA» TPYGONPOBONOB He NONYCKAKTCA),
OIIpefieNAeTCA KpaTeafimmM OCTOBOM COOTBETCTBylomero rpada.
He coBceM HEmOCPEeACTBEHHO, & KAK NPOMEKYTOYHHI mar, Kpardaii-
mnit 0CTOB MCIOJNB3YETCA NPH pemeHHN 3a7aYE O KOMMEBOSKepe,
KOTOpAs MOBOJBHO 9ACTO BCTpedaeTCA HA MPAKTHKE M [IeTAJbHO pac-
cmarpuBaerca B ra. 10.

Caenyer oTMeTHTE, ¥ro SST rpada He mMeeT HEKAKOT0 OTHOIDEHHSA
K JepeBy, Jal0MmeMy BCe KpaTdaiimme IIyTH, BHXOAMEE H3 HOKOTOPOX
su6pannoii BepmmAN. Tax m1a rpada, mokasamHoro sa pmc. 7.11(a),
rie 9ECJA, CTOAIEEe OK0J0 pefep, ABIANTCA HX BecamH, Aepeso,
JaioIiee BCe KpaTYaiimme ITyTH, BHXOAfAIMHE M3 BOPIIWEH Iz, Bs06pa-
;keHo Ha pmc. 7.11 (6), a SST — ma pme. 7.11 ().

3amaua mocTpoerns Kpardaiimero ocroBa (SST) rpada sBaserca
ONHON N3 BeMBOrmX 3a7a4 Teopwm rpadoB, KOTOpDHE MOKHO CUHTaTh
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Ho.1HOCTbIO pemeHHnMM. Hrak, nycrs T; 1 T; — nBa mpou3BOAbHEIX
noajepesa, mo/1ydeHHBIX nyTeM nobaBienms peGep npm NoCTPOEHHH
SST. Ecau cumBoa T; ucmonp3oBaTh Tak:Ke A5l 0GO3HAYEHHS MHO-
ecTBa BEPIUMH [AHHOTO mOjjiepesa, To A;; MOKeT GWTL ompeneseHo
KaK KpaTdaiuiee u3 paccToAHN# Mexay sepmmuamu u3 T'; W Bepmin-
Hamu n3 T, 1. e.

A;j==min [min {c(z;, 2;)}], i 7% ]. (7.1)

X, €Ty €T,

Jlerko 1oOKasaTh, 9r0 MHOrOKpaTHOE NpPHMEHEHUE HIKeCIeNylomeit
oumepanuu npusogut K mocrpoenmio SST rpada.

Onepayus J: Jlas nonnepesa Ty HaiiTm Takoe momaepeso I s,
uT06Bl Ay« = min [Ag;]. Ilyers(z,, z;+) Gyner Tem pe6pom, Bec KOTOPOro
T

coorsercTByeT BeaminmHe Ay« B Bupaxesus (7.1). Torma pe6po

(zs, z;+) nprrapae:xnt SST 7 MokeT 6T J06aBIEHO K OPYTHM pebpam
qacTnaHo cdoprmuposannore SST.

Hoxrasamesvcmeo. Ilpeqmonoxum, 910 HA HEKOTOPOM aTAlE, Hampn-
mep Ha k-M, pe6pa B MOCTPOEHHBIX noaaepeBbAX LPHHALIEKAT OKOH-

gareapHoMy SST, a pebpo (z;, z;+), BHGpaHHOE B COOTBETCTBHN C IpH-
BeJleHHBIM Bhme ycioBueM, B SST ue comepsxmrcs. Ilockoabky mox-
zepeso Ty RomxHO GHTH CBA3aHO B KOHIE KOHIOB COTJIACHO ONpejelie-
HHIO C HEKOTOPHIM ApYTuM moagepesoMm, To B SST gomxuo cymecTso-
Bath pebpo (z;, z;), Takoe, uro z; € T, u z; ¢ T;. Ynpaaxus peGpo
(z:, z;) w3 SST, MBI pacmemiM 3To AepeBO Ha J{BE CBABHHE KOMIOHEHTH,
a nobGasus pebpo (z,. z;+), HONyIMM HOBOEe AepeBo, Golee KOPOTKoe,
ueM SST, wro nporueopewur onpemenenmio SST. Takmm o6pasoM,
pebpo (z;, Z;x) MOKHO n06aBHTH K 4YaCTHYHO chopMupoBaHHOMY
SST na k-m atane. 3ateM Hajio NepelTH K CENYIOMEMY ITAIY nocTpoe-
uua nepesa. Hyxuo ormernts, uto pesyinbrar He 3asueut oT BrGopa
nongepesa 7', IlockonbKy Ha HadaapHOM aJrtame (T. e. HOKa eme
HHKaKue pe6pa He BRIGPAHE) UPEIOTOKEHNEe 0 IPHHANJIEIKHOCTH pebep
K SST aBTOMATMYECKH BHINOJHEHO, TO MHOFOKPATHOE DpAMEHeHne
onepanmu J macr B Konue KoHuos SST rpada.

Mnuorme merons, moasoasiomue crpomrs SST rpados, ocHoBH-
BAIOTCA Ha YaCTHHIX CJHydYaAX ONMMCAHHOM Bhime omepanumm [40, 48,
41, 46, 17, 35, 26]. IlepBrlit N3 TAKAX METOMOB GbLT npengiosxen Hpa-
ckanom [40].

3.1. Aaropatm Kpackana
Illlaz 1. HadaTh ¢ BHOJHE HECBA3HOTO rpada T, copmepmamero
7 BEpIIAH.

lllaz 2. Yuopsapoanrs pebpa rpada G B mopsmxe HeyOnBanug
uX BECOB.
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Ilaz 3. HagaB ¢ nepBoro peGpa B 3ToM cnmcKe, nobasaars pefpa
s rpade T, cobmopmasa ycloBme: TaKoe foGaBleHHe HE HOJMKHO IPH-
BOJMTE K IOABJEHEK OEKIA B T,

{lae 4. IloBTOpaATs mAr 3 A0 Tex mop, MoKa 4Ymcao peGep B T
He craHer paBEHM n — 1. Ilonyumsmeecsa nepeso sBaserca SST
rpada G.

B aToM anropETMe AiA Ko6aBAeHAA K YACTEYHO CHOPMEPOBAHHOMY
nepeBy BHOEpaerca abcoamTHO Kparvaiimee aomycrEMoe pe6po,
a He mpocro KpaTyaiimee peGpo MexKy omEEM moanepesoM I, Hampm-
mep T,, ®m ApyrEM RakKEM-THGO moamepeBoM (KaK 8TO IpexmOJAara=-
aocs B onepanum J). Tax kar BHGpanBOe pe6po ABIAETCA, 0IEBERHO,
RpaTuaimAM MeKLY HEKOMmOpHM IOJJIePeBOM M KAKEM-TO APYTHEM
OOANepeBOM, TO OPABEAO BHOGOpa B 3TOM AINrOPHETMe NPEACTABIAAET
co6oif vacTEHIl cayuail omepames J. OqHaxo DPH BHIOJHEHAH 3TOr'O
ANTOPATMA MOKeT BOSHERHYTH TAKAs CHTYAIMA, KOTAA OYGPOAHOS
KpaTuaiimee pe6po, BHOpaEHOe H3 COHCKA, XOCTPOGHHOT0 Ha mare 2,
6yner CoOeRMHATH ABe BEPIIHHH OJHOTO H TOTO ke mommepena. [lo6as-
anTh 970 pe6bpo k T HeabsdA, HOCKOJABKY Takoe No0aBJIeHHEe TPHBOXHET
K noasaenmio nuriaa B T. [losromy Ha miare 3, mpezxae IeM X06aBAATH
pebpo k rpady 7, Hago mpPOBEPHETH, ABIAAETCH JH OHO MOIYCTHEMEIM
B YKa3aHHOM BHIe CMHCJe. TaKylo NIpOBepKY MOKHO BHIOJHHATH
Gonee apPpeKTERHO (IyTeM OCYMIECTBIEHAS OHOTO CPABHEHHS ¢ HCOOAb-
80BaHEMEM HOpPONGAYPH DACCTAHOBKHA IOMETOK, ONHCAHHOX B pasp.
2.2.1), a6com0THO TaK Ke, KAK 3T0 AeJaeTCA HA BTOPOM INare airo-
pETMa m3 pasp. 2.2.2.

Boasme Bcero BpeMeEH HO00XOXHMMO JiJIA BHIOJHEOHAS mara 2 pac-
cMaTpuBaemoro aaroparMa. [ana rpada ¢ m peGpamm EymHO!BHIOXR-
HATHL DOPARKA m logym omepanmit, YTo6M COCTABHTL MONHHIl CIHCOK
peGep B mopsake BO3pacTaHHEA MX BecoB. ONHAKO NONHHI CIHCOK,
BooGme rosopsa, He Tpefyercsa, TaK KAK BechMa IpaBpomoxo6HO, ITO
n — 1 pomycraMux peGep, o6pasyromux SST, 6ynyr HaiineHH mocie
OpOCMOTPa TONBKO ¢BepXHeH» 9YaCTH CHOHCKa, cofiepRamed r <m
pebep. Orciona EHeMe[JIeHHO CIeRyeT, YTO LOPONENYyPAa COPTEPOBKH,
HCHONb3YyeMasaA Ha mare 2, JoJKHA GHTH Dpomexypoil MEOTOKDPATHOTO
obpamenus, Raomeli KOPPeKTHO® pAaCIOJOMKeHHe LHepBHX p pefep
B KoHme p-ro mmkiaa ofpamenmsa. C moMompi0 Takod mpomexypH
[34] xparvaiimee pe6po HaXOAHTCA HOCPENCTBOM OXHOro OGpameHHs
K mary 2, sateM OCymeCTBAAETCA NpoBepKa peGpa B COOTBETCTBHE
¢ maroM 3; fajee- IPORCXOXHET BOSBPAIIGHH® K maraM 2 ® 3 ® T. A.
ITpomecc mpomoiasRaercss KO Tex HOp, OKA IOCHEe HEKOTOPOTO JHCIA
r Takax opo6 Be 6yAyT oto6pars n — 1 peGep, naomme (upm Kobapie-
gEn ux K T) SST rpada. B xorne Taroro mponecca 6ynyr apdexTasro
PacCOpPTHPOBAHH TOJBKO r peGep m mpm sTOM GyRYT BHIONHOHH
r logsm omepammit. OcransEne m — r peGep He morpebymrcsa.
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Ns cxasaEHOr0 BHIE CIefyeT, 4YTO, HECMOTDA HA CHeJaHHHE
yCoBepmeHCTBOBAaHHAA, aaropur Hpackasa ayume nmopxomar axs
rpados ¢ mebonemmm grca0oM pebep, YeM A DoaHmX rpados. Y moa-
HHX rpa¢oB m = n (n—1)/2; pna sroro caysas Ilpum [48] m Heitxcrpa
[17] nmpepnoskmam anropuTmu, Gonee s@deKTHBHO MCIONB3YIOMEE
ocoberrocTH omepanmum J.

3.2. Aaroparm Ilpama [48]

9rot aaroputM mopoxaaer SST mocpencTsoM pazpacTaEHA TONBKO
ONHOTO mojjepeBa, Haupmmep T,, cofeps;kamero Goarme onHOK
sepmuEH. «ONFHOYEHE» BEPIIMHK DPACCMATPHBAKTCHA KAK OTHEJBHHE
nonnepessa. Ilommepeso T, moCTemeHHO paspacTaeTcs 3a CYeT NPH-
coeqmaenns pebep (z;, z;), rne z; € T, m z; ¢ T,; npuuem nobasise-
Moe pe6po NOKHO MMeThb HAMMEHBLIIME BeC C;;. llpomecc mpopmon-
’aeTcd [0 Tex Iop, Hoka IAcao peGep B T, He craner paBERM n — 1.
Torma mommepeso T, 6ymer tpeGyemmm SST. Brmepsme Takasa wact-
Han Gopma onepanme J Gua mpegaokena Ilpamowm [48], a adpderTmn-
flgn? TeXEAKY ee peanmsanmu ganm Jeixcrpa [17] = Kespnr ¢ Yaran

ol.

Axroprt™ HaumBaer paboTy ¢ mpacBoennA Kaxgoi Bepmure z, ¢ T,
momerky [a;, B;], rme a; ma kakmom mare ecte Grmxaimas k z,
BepmpHa ®3 nojnepesa T,, a f; — Bec pebpa (o, z;). Ha kammom
mare BHIOOJHEHHA aJITOPATMA BepIIEHA, HAIPEMED Z;s, C HAMMOHbIIEH
nomerxo#t B; npmcoemmmserca k T, mocpencrsoM pofasiesma pebpa
(otje, zy+). Ilockonsky k T, mo6aBneHa BOBasA BEPIIAHA Ij«, TO, MOMKET
6ury, mpmperca mameHmTh HomeTkH [aj, B;] y Hekoropmx BepmmR
z; ¢ T, (ecnm, BampEmep, ¢ (Z;, Zy») MEHBIIE CYMECTBYIOIMEH MOMETKA
B;) m mocame atoro mpomoskmTH mpomecc. Takas mpomexypa paccra-
HOBKH IIOMETOK OYEHb HOX0XKa Ha Ty, KOTOPas HCHOJL3yeTcA B 3afa-
49e 0 KparyadleM IYTH DpPA OpEMeHeHHM aaropurma [leixcrpm (ri.
8, pasx. 2.1).

AJropETM EMeer cJefyOmMEA BAA:

a2 1. Ilyers T, = {z,}, rAe z, — OpouaBoabHO BHOGpaHHAA
pepmura, 1 A, = J (4, ABAAETCH MHOMecTBOM pefep, BXOAAMEX
B SST).

MMaz 2. Ina xaxpoit BepmueH z; ¢ T, HaiiTe Bepmuny a; € T,,
TAKYI0, 9TO

c(a;, z;)=min [c (7, 2;)] =B;,
€T,

® IpHEDECATh Bepmupe z; nomerky [o;, B;]. Ecam rakoii BepmmEm
a; Her, T. e. upa I'(z;) N T, = ¢, npamacars BepmEHE Z; MOMETKY
{0, oo].
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ITae 3. Bubparh Taky® BEPHIEAY Zje, YTO

je =min [f,].
B ne
O6uosrts gpammme: T,= T, | {z)s}, A,= 4, U {(ae, = 3}
Ecam | T, | = n, 10 ocramoBmTeCA. Pebpa B A, obpasywor é .
Ecam | T, | # n, To nepedita x mary 4.

Ilfaz 4. Nan Bcex z;¢ T,, Takmx, wro z; €I’ (z;»), o6mommTS
DIOMOTRHE CHOAyIOIEM 06pasoM.

Ecmu ;> ¢ (z5e, z;), To momommrs P; = ¢ (zj0, z), @y = 240
# BOPHYTHCA K IIATY 3’

Ecam B; < ¢ (zys, z;), T0 umepeiira k mary 3.

3.3. Popcreenmnie sajaun

Ho cax mop Mu sammManmcs samaueir Baxoxnerna SST m B ceAsm
€ STEM IIPRBEJE OLMCAHEE BYX AJATOPETMOB, KOTOPHE MOMKHO RCIOXL-
80BATH JIAA pemMeHEA 5Tol 8safgaud. IIpAMEeHEMOCTL 3THX MeETONOB,
O/fHAKO, SHAYMTOJNLHO IMHPE, Y6M KasKeTcs ¢ mepeoro Baraama. Omepa-
nea J, Ha ROTOPYI0 OLEPANITCA OTH METOAM, He HAKJAANNBACT HEKA-
KEX OTPAHHYGHMI Ea SHAK BECA C;y H, CIOAJBATENHHO, OMHCARHLIO
ueroau nocrpoenns SST npEMeEEMH TarmKe N1 rpadoB ¢ TPORBBOAL-
HEME (DONORETeNHHHMH, OTPENATONHHHME HJIH HYJXEBHME) BECAME
pebep. Orcioza HEMOJAOHHO BWTORAeT, UTO OAUNHeliwee OCTOBHO®
RepeBo rpada MOKEHO HAHTH TAKHM jXe cmocoGoM, Haf0 ammL HaMe-
HATh SHAKA BeCOB pefep Ha IMPOTHBONOJOKHHG H INPHMOEETH BATOM
ONEH B3 NPHBEJCHHHX BHINe aATOPHTMOB mocrpoemEa SST.

Bomee Toro, mpE [OKASaTENLCTBE YTBOPIRIGHHS, CBASAHHOTO
¢ onepamueii J, Be ECIONB3YETCA TOT AKT, ITO HOAHHIE BeC OCTOBHOTO
Jepesa paBseH cyMMe BecoB ero peGep. Ilpeamoaaranock TOABKO, 9TO
npe samene pe6pa ¢ Becom C Ha pebpo ¢ Becou C’ << C Bec jepesa
YMEHBIIAeTCs.

Taxem ofpasom, eciim Bec fepesa mpeacTaniaser co6oli MOBOTUHHO
BOSPACTAOIMYI0 CEMMOTPHIHYIY QYHKIMIO, 3aBECAMYD oT peGepHuX
BECOB, TO OCTOBHO® JIePeB0, MEEEMASHPYIOME® 8Ty BeCOBYIO QyHKIHEIO,
RomwxBO 6HTH TeM e caMuM SST (RoTopoe MEHEMHBMpyeT CyMMy
Becos pebep). Hanpumep, ecar Cy, Cy, . . ., Cp — cTOEMOCTE M PeGep
rpada G,T0 OCTOBHHM fepeBoM rpada G, MUHEMESHDYIONEM Ct +
+Ct 4. ot Cliymm Cy :Cy, o ... C,n_!, rme Cy, Cy,, ...,
C,n_‘ — Beca KaxkEx-160 n— 1 peGep, 06pasynomMAX 0CTOBHOE EPEBO
rpaga G, Gyzmer To e camoe SST rpada G. [lo6asmm, 9T0 HOCKOABKY

1) QyRRNMEA BA3WBAETCH CHMMOTDETHON OTEOCHTeNLHO HePOMOHEHX
%1, T3y + « +y Zpy, GCUH OHA HE MOHACTCHA NPH 3aMeHe X060t TADH MOPeMBEEKX ApYT
HA pyra. YCAOBEA MOHOTOHHOCTE M CHMMOTPHYHOCTH JHKTYIOTCA TeM, YTO NpR
nepexose or C K C’' < C Bec fippeBa MOMIKER YMOHMIATHCA.
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B IIePBO# M3 YNOMAHYTHX BHIIe QYHKUHA TPETHIO CTOIEHD MOKHO 33~
MEHHTh Ha M00yI0 JPYrylo CTeneHb p>0n IOCKOJBKY OPH p—- 0o

n—1{
L2 cpl —{_mex  [Cylp,

=1,...,n=

TO OCTOBHO® [6PeBO, Yy KOTOporo pe6po ¢ BamGoJbImEM BeCOM mMeeT
MHEEMAJIBHO BO3MOXKHHH Bec, cosmagaer ¢ SST rpada G.

3.4. Ipamep [48]

Ha rpade G, maobpaxemmom Ha pmc. 7.12, kamjas BepmmEa
opencraBiIfeT HEKOTOpoe JHNo, a pebpa (z;, z;) orpamkaior Tor daxT,
9T0 JHOO Z; MOKeT obmaTeca ¢ ammoM z; ® HaoGopor. Tpebyercs
OIpeNeqATh TAKOH cmocob mepemaddm KoHPMAEHOEAaIBHOrO COOGMEHMA
MoKy 12 nunmaMum, IpE KOTOPOM BEPOATHOCTh YTeUKH HWHPOPMALUM
6yner mammensmeit. Kasxnoit nepenate cooSmenns or z; K z; IPANHCH-
BAeTCA HEKOTOPas BEPOATHOCTH P;; TOTO, ITO NOCIAAHHE MOKOT GHTH
IepPexBaveHO LOCTOPOHHAM JHIOM. JTH BOPOATHOCTH B IpPOMEHTAX
fagx Ha puc. 7.12. O9eBEAHO, YTO HyTH HMepeaays COOGIMORAA JOMKEL
o6pasoBHBaThE OCTOBHOE AepeBo rpada G, m TpeGyerca HaWTH Taxoe
OCTOBHOE [IepeBo, KOoTopoe MEHEME3Hpyer emmummy 1 — II (1—pyy),
Ite mpodsBefieHEe OepercA mo TeM peGpaM, KoTopwe o6pasyior 3To
mepeBo. Ilockonbky ara QyHKOAA BO3PAacTaOmas M CHMMETDHIHAN
OTHOCHTENABHO P;;, TO TpeGyemoe OCTOBHO®e NepeBo GymeT cCoBmAgATHL

Xy 15 X3
6
X 8 1 8
18 18 6
11
X
5 X3 8
7 9 14
Xy 4
Xg 9 Xq
5
15 LR p B 19
X,
X 3 7 Xy 2 0
Xn

Prc. 7.12, Ipad m8 npmmepa 3.4.
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¢ SST rpada G, nmpm aTOM p;; NPHHAMATCA 38 4CTOMMOCTEY pebep
Cig.
Pemnm 3Ty samawy, ®cmoabsys aJAropeTM H3 pasi. 3.2.

Ifaz 1. Bossmem z, = z;,, Ty = {z,}, A, = &.

IMaz 2. ITpEMeM 3a MOMETKH ANA Z,, Z, B zy: [z, 6], [z, 11)
a [z;, 5] coorBercTBenHO. OcTanpEne momerkH paBHH [0, ocol.

IMaz 3. Hanmenbmas nomeTka f; 6yaeT y BepIIMHK 5, B IOCKOIb~
Ky ag = I;, To moctpomM pebpo (r;, z5): Ty = {z,, 5}, 41y = {(z1,

z)}.

Ilfaz 4. O6GHOBEM HOMETKH BEPIIRH Z,, Zg, Z; CACYIOIEM 06pa-
80M:

BAA Zy : By = 6 <c (x5, 7,) m Goabme oGHOBIATL He HAMO;

a8 zg : Pg = 00 > ¢ (x5, Zg) = 15, caegoBaTenbHO, NOMETKA IS
zs npuMer BEp [z5, 15];

BAA Zp P, =00 >c (x5, ) = 9 ®m DoMETKA AAA 7, HPHMET
sHauenme [z;, 9]

Ilockoasry z; ¢ I (z5), ee momeTka ocramercA Tako#l jKe, Kak
E Ha npefuAymel# wrepanmm, T. e. [z,, 11].

ITaz 3. TloMeTKE Temepp TAKOBH: MJIA I, : [z,, 6, nam z; : [z,
1), nna z4: [z5, 15], pua z; : [z5, 9]. Hammensman mnomerxa fi;
6yner y Z,;, H HOCKOJBKY @y = Z;, TO IOCTpoeHo pebpo (z;, Z,);
Ty = {&1, 25, 24}, A1 = {(x1, z5), (71, 25)).

Ilae 4. ABanormaeo 0GHOBHM IOMOTKH BEPINHH Zg, Z;, T; CAEAYIO-
maM obpasom:

R zg: [z, 15],

nas z, : [z,, 11] (o6HOBAATH He Hafo),

&a zq : [z5 9] (o6HoBAATE He Hamo).
Ilomerra nasa zg ¢ T' (z,) ocTaercsa Takoi ke, KAK M Ha HpeXHAymel
HTepanw®, T. e. [zs, 15].

Ilfaz 3. HamMenpmas nomeTKa f; 6yfeT y BepMIAHH Z7, H HOCKOIb-
Ky o7 = x5, pebpo (z;, z;) mocrpoeno. T, = {z), zs, 24, T3}, A7 =
= {(z1, T5), (21, Zq), (75, 27)}. ’

IlTaz 4. TloMeTkH BepmmH OGHOBIAITCA TAK e, KAK H PaHbIIe,
H DOKasaHH Ha puc. 7.13a BMecTe ¢ HEOGXOAMMHMHE JiA HOCTPOSHEA
JepeBa JRONOJHHTENBHHME pebpaMu.

ITponomman Takmm obGpasoM, moaysam B Konme SST, moxaaas-
B Ha pmc. 7.136, ¢ HoMepamm peGep, YKasHBAIONIEME, B KaKOH
IOCJ/Iel0BATEILHOCTA OHH BBONMJHECH B J{@PEBO.

[Ipomssenenme II (1 — p;;) ana peGep aroro aepesa pasuo 0,5214,
H, CJe[[0BATeJbHO, BEIHYHHA MHHHMYMA BEPOATHOCTH IEpPEeXBAT8
coo6meREs mOCTOPOHHEM JuuoM pasHa 47,86 %.
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X, o Xs
(Xy,15)
Xy
7|
oX4 0 Xy
7.7 (x,,9)
Xs 77_ ________ ?(9
(x,,4")
©Xg ox o X
.15 o (0,%) (x,13)
1
(%7,12)

Pme. 7.13a. Yacraaro chopmmponannoe niepeso 7; ¢ MOMETKAME HEA BopIIHAX,
He IPHHAIGKAIEX 1}1
— — — Hapo pobaeurs caegyiomee pebpo.

X2 X3
a.
Xy
as
a, Xa Xg
Xg

Pmc. 7.436. SST rpada ma puec. 7.12.

4. 3apaga Illretinepa

B mpemmnymem passpgene B samave ompemenemms SST, T. e. Ham-
KpaT4aifmmero fepesa rpada G = (X, I'), peGpaMu ¢«IOKpPHBAJHECES BCe
BepmuEn MHOKecTBa X. C aro#fi 3aajgaueidl TecHO cBA3aHA 3ajaua,
m3BecTHaA Kak «3adava IMImeiinepa na zpagazy [27, 18], mOo moc-
JIeNHAA B3HATATONBLHO TpYAHee.

B aroit 3anage TpebyercAa HaiTm HamkpaTdaiimee pepeso I', KoTo-
poe «cTArEBaers (¢OOKPHIBAET) BafaHHOe mofMHOMecTBo P — X Bep-
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mma rpada G. {pyrae Bepmann, npasapae;kamue X — P, moryr ambo
CTATHBATHECA fepeBoM I, ambGo HeT, B BaBHCEMOCTH OT TpeGoBaHEA
MBEEEMESAIEY JaBHH fepepa I'. Taxmu oGpasom, sagaqa lltTeltaepa Ha
rpade SKRBEBaJIeETHA HAXORAGHEK HAHRKpPaTIANIIEro OCTOBHOTO AepeBa
upoussoasoro moxrpaga G' = (X', T') rpada G npm ycnosmm P =
eX' =X

Esraudosa sadava IImeiinepa Buoepeme OHNa NOCTaBlAeHA KaK
reomeTpEuecKas safada [13, 14, 44, 24], B xoTopoit HyKEO MHOKECTBO
rTouek P HA eBRABZOBON IUIOCKOCTE COGREHATH JHHHAMHE TAK, YTOOH
cyMMa [UIEH OTpPesKoB Omia MEEEManbHA. ECIE He RomycRapTca
mepecedYeHHs AOOHX ABYX NHHMAHA B TOYKAX BHE 3aJaHHOIO MHOKECTBA

5 Py
(4,4
P,
0,3
(0 )4 Wreinepa
P lu,w s
Pa A
Pre. 7.14a. Kparsaitmee Pmc. 7.146. Kparuafimee
OCTOBHO® JBPOBO. pepeso IMreilwepa.
Naema = 10,123. Namsa 9,196,

P, To sajaua CBONETCA K ofHoili m3 sajnaw ompefenenma SST skmm-
BaJeBTHOrO rpada Ha | P| BepmmEEax ¢ MaTpENE BECOB, BHIHCAGHHKX
KAK GBKIH0OBO PACCTOAHHe MEKAY TOUKaMM MHO:KectBa P. Ecam
HOIYCKAeTCA HA ILIOCKOCTH BBEeHHe AONONHATeNHHHX (HCKYCCTBOH-
BHX» BepumH (HasuBaeMux Touramm Illreiimepa), To pammy SST
HA MHOMKeCTB® To04eK P’ > P MO/XKHO YMEHBIIATH COOTBETCTBYIOIIEM
non6opoM Touex. HampmEmep, nusa dWerHpex TOUEeK, NOKABAHENX
Ha puc. 7.14a, SST mumeer mimny, 66anmymo, wem SST rpada, mony-
yaeMOro mnocie nobaBleEmsa [ABYX HOBHX TO4YeK § M 3,, PacmoJo-
MOHHHX MEKAY» HCXONHHMH TOYRaME (cM. prc. 7.146). Taxmx
obpasoM, nns pemermmsa 3agaum IlreiiBeps MomHO X0GaBETH B JIO-
6HX MECTAX ILIOCKOCTH CTONBKO To9eK IlTeiimepa, croabko HeoGxo-
NEMO QA NOCTPOGHHA HAEKpaTiaiimero pxepesa, CTATHBAIMEroO
MHOecTBO H3 P Touek. [lonyuammeecs HaERpardaiimmee pgepeBo
HasHBAWT Haukpamualiwux depesox IMTmeiinepa.

3anaua Illteknepa Ha eBKAENOBON IIOCKOCTHE HOCTATOYHO XOPOINO
meywena [44, 24, 11, 12], u msBecTHO GoAnrmOe YHCAO CBOMCTB HAH-
xpargaiimero nepesa Illreifmepa. Hambonee BakHEME cBolicTBaME
apigwTea caegywmae {24, 11]:
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() Touxa Iteitmepa s; mmeer cremens d (s;) = 3. 310 MOKHO
JIeTKO IIOKAa8aTh C IIOMOIIBI0O 'eOMETPHIECKOr0 HOCTPOCHAS, IOCKOABKY
yroa Mexny pe6pamm, mHmEmenTHHME To4Yke IllTeitmepa s;, mommen
6urs paBen 120° u TounO TpM pe6pa mEMMAeRTHH m060it Toure IlTei-
Hepa s;. CaefoBaTenbHO, 9TA TOYKA ABIAETCA <UEHTPOM? (IEHTPOM
IMreitnepa) BoOGpaskaemMoro TPeyrodbHAKA, BEPIIHEAMA KOTOPOTO

P
—o P,
|
2
y p J
T3 - P,
1 t "
o )
P, < )
3 Bomomwj
TOYKH
lWiteAnepa
P
168 P;
] ( J ‘ T
Py |
4 T T T <5
ML B Toukn Wrennepa
Pre.Y7.15a. Kparqaitmee Prc. 7.156. KpaTwaitmee
OCTOBHO® JI8peBo. nepeso Ilrteiimepa.
Auena = 48, Anara = 15.

ABIAIOTCA TPH APYTHe TOYKH [iepeBa, ¢ KOTODHMHA OHA CBA3aHA C II0-
MONbI0 Hamkpardaiimero gepesa Ilreiimepa.

Hexoropue Toukm, sBasommecs Bepmummamm Taxoro TPeyIoas-
HAKA, MOTYT OKa3aTbCA Apyremu Toukamnm Ilteiimepa. Haupmmep,
Ha puc. 7.146 Touka Illreiirepa s, ABAsETCH HeHTpoM BooGpakaemoro
TPEYrONbHAKA C BEPIIMHAMH Pg, Py X §.

(ii) Xas sepmmun p; € P crenens d (p;) << 3. Ecam d (p:)) = 3,
TO Yrol MeXAy JOOHMH aByMa pebpaME, HHIAZEHTHHEME Pt
pomxern Onth pasen 120°. Ecum d (p1) = 2, T0 yrom wmemay ABYMS
pe6paMn, WENUIEHTHEIME p;, HOJKeH GHTH GONbBIIE HIH paser 120°,

(iii) Ymcno Towex Ilteitrepa B HamkpaTyaimenm nepese Hlreitnepa
paBEo K, 0 Chk<Cn — 2, rne n = | P |. [lokasaTenscTBo yoomMany-
THX BHIIe CBOMCTB MOMKHO HaiiTm B [24].

Hecmorps ma 10 BHEMaREWe, KoTopoe ymensanocs eBKIEIOBOK
safaqe llreiinepa, npe momomu cymecTByoOmmx axropurmos [44, 11]
PeIIEEAe BO3MOKHO TOJNBKO AJA HeGONIpmMEX mo pasmepy 3afadq (He
6omee 10 Touex B P) m, claemoBATENBRN, MOMKHO CUHTATE eBKIHI0BY
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santavy Hlreiteepa Hepemernoit. [lna sagav 6onbImOro pasMepa MoKHO
o6paTETECA K PARY 9BPECTHICCKEX Meromos (7, 50].

B Gonee mosmgmem BapmanTe sajaum IllTefimepa HA NJIOCKOCTH
Hemoassyercs OONIHO suneillnoe (BMECTO EBKIHIOBA) PACCTOSHE®
Mexy Toukamna. Takas nmocTaEHOBKa 3a7a¥ BIepBHe GHia mpepJose-
Ba XsmmoMm [28, 30] » cBasm ¢ paspaGorkoit TeopEE MOHTAXA TEYAT-
HHX CXEeM SJEKTPOHHHX YycTpolicTB. Paccrosmme MemAy TOYKAME
C KOOPIMHATAME (Zy, ¥), (T3, Y3) B 9TOM CIyYae OIpeeNAeTCHA CACLYIO-
meM o6pasom:

dy, 2=|zy— 23|+ |y —p2|-

IIpm 3THX yclOBHAX MOMKHO JErKo HOKasaTh [44], wro ecam uepes
RaKAYI0 TOYKY M8 MHOKECTBA P IpoBeCTHM BePTHKAJLHHE B I'OPR3OH-
TalbHHe JuHEE, To pemenme samadm [llrefimepa MoXEO HOAYIHTH,
paccMaTpEBas B KadecTBe BOSMOKEHX Toduex Illtefimepa Touxm mepe-
COYOHHA NOJYYOHHOH COTKH JHHHH.

Ilycts rpad G mocTpoeH Tak, YTO MHOKECTBO €ro BepmEH X fB-
JAAEeTCA MHOKECTBOM TOUeK II6PECeTeHMsA HOKOTOPOH CeTKH JHMHHMA
H pe6pa rpaga G COOTBETCTBYIOT JHHHAM COTKH, COSAHHAIIEM JBE
TOYKE mepeceveHEA. Toraa sapmaua IllteiiHepa Ha IIOCKOCTH C Jm-
Heitmoli MeTpEKoE nepexommr B 3amavy Iltefimepa AJMA KOHETHOro
rpada, ompefeleHHY® B Hadaxe 9Toro pasmeaa [54]. Ha pmec. 7.156
IoKasaH NpEMep HaEKparwaiimero Aepesa IllTeiimepa pus awmeiirol
8aJ[a¥A C IMeCTHI0 TOYKAMH, & JUIA CPaBHeHHA Ha puc. 7.15a mokasaH
SST sroit sapmaum.

3ajava Illreifmepa AuA OGWYEHX HEOPHEHTHPOBAHHHX TIpados
paccuatpmBagach Xaxamm [27] m Jpeiipycom m Barmepom [18].
OHE HamIM TOYHHE aJTOPHTMH peIleHAA TaKEX 3amad. OfEAKO 3TH
AJTOPHTMH C BHYHCJIHTeNHLHOA TOYKH 8PeHNA ABIANTCA He sddexTan-
HHIMHE NPONEAYPAMH, XOTA OHH H SBAYHTEJAHHO Jydime, 9eM NOCIex0-
patensanit mpocMorp SST Bcex moprpador G’ rpada G.. B mobom
cxyuae (KaKk B CIydae 3afa4 C eBKIHJOBHM DPACCTOAHHEM) MAKCH-
MauabHHI pasmep sanau Illteitmepa, Aaa pemeHHEA KoTOPHX Tpebyercs
pasyMHOe BHYACIHTEALHOE BpeMs, He nmpesnmaer 10 Bepmmnm (B MHO-
mxecrBe P). C s10it Toukm sperns safavy lllrteiimepa Ha rpade MoRHO
paccMaTpHBaTh KaK HepPemIeHHYI mpobilemMy, m oAa B 9TOH KHHAre
Gonsme He Gyner o6CcymmaThCA.

5.. Jagaunm

1. lorasaTh, uTO BCE TPH ONpPEAENEHHEA OCTOBHOTO JiepeBa, AaH-
HHe BO BBEJCHHH, 9KBHBAJICHTHH.

2. Ilorasate, 910 B Aepese, mMenmeM Goapme OAHOH BEPIIHMHH,
CYIIeCTBYIOT II0 KpaliHe#l Mepe B6 BepIIMHH CTemeHH 1.
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3. IlokasaTh, 4T0 neTepMwHAHT 1060 KBaApPaTHOH IOAMATDPHIN
MaTpuns mHOUAeHnmiA rpada paser + 1, — 1 mam 0.

4. Jlna maTpEnu pasmepa n X m a06as KBagpaTHAA MaTpHUIaA
paamepa min (n, m) X min (r, m) HaswBaeTcA raaBHOH mOAMATPH-
neid. Ilokasats, 9ro ecam B,, — raaBEas NOAMATPHNA MATPHIH
ARENHEIEHNAE cBA3HOTO rpada, To |B,, | ornimuen or myas (pasen + 1

X, X,

Pue. 7.16.

mae—1) Torna ® ToabKO TOrAA, KOrJa OCTOBHWA moArpad, coc-
TOAIEA H3 BCeX pebep, COOTBETCTBYIOMEX CToN6IaM HOAMATPHEIM By,
AIBJIAIETCA [EPeROM.

5. Haiith Bce ocToBHEE RepeBra rpada, oKasamHOro Ha pac. 7.16,
B, HCIIOJIB3Ys PeayiabraT Teopemu 1, y6eqdaTncs, 9T0 EX 9ACIO PaBHO
9HC1Y, OPHBEGHHOMY B Teopeme 1.

t
6. IlokasaTs, 9T0 npomasenenme marpmnm B, -Bo, HACIOJH30BAHHOO

B Teopeme 1, He 00A3aTeNbHO BHYHCIATL NOPOMHCKeHEEM B, m B:,
HO MOKHO LOJYYHTh HemocpejpcrsesHo ma rpada B Bmpge (n X n)
marpEnut M = [my], onpemenemmoit cremyiommm o6pasom: Amaro-
HaJIPHHE 9JeMEHT m;; 6CTh CTeNeHh BOPIIMHH Z;, & BAEMEHT m;; —
9MC/I0 IapajuIeNbHKX pefep MedIy BEepPIIRHAMHA Z; H Z; CO 3HAKOM

muEyc. Yro6m moxywmTh B,,-B;, AOCTATOYHO LOCTPOHTEH TOJBKO
{n,— 1) cTpor u cronbumos MaTpmmm M.

7. Ucnonnaysa Teopemy 1, mOKa3aTh, YTO THCJIO OCTOBOB IOJHOTO
CBA3HOTO HEOPHMEHTHPOBAHHOTO rpada ¢ n BeDIIEHAMHE DPaBHO n™2,

8. llycre matpuma M = [m;] pna opmemrmpomammoro rpada
oupejesiesa caepynmum o6pasom: m;; = d; (z;), cTemens moxy3axona
BePIIAHH Z;, my; = — k, rae k ectp 9mciao mapaasienbHHX JYT B3
z, 8 z;.'lokasaTs, 9TO OPHEBTHPOBAHHKIA rpad ecTs OpHEETHPOBAHHO®
nepeso(C KOpHEM Z, TOTAa ® TOABKO TOTRa, Korma m,, = 0, m;; = 1
OpH i =/ r A ONpefeJHTeNbh NOAMATPHOH, NOJYJAlOMEedCA BHYEp-
KHBAHHUEM I-A CTPOKH M r-ro croabma ma M, pasen 1 (cm. [19).
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Pxe. 7.17,
4 3
3 X,
y X
2 L]
1
] X3 Xa
0 1 2 3 4
X —
Pmc. 7.48,

9. IIycrt M — marpeEna, oupeneneHEas B sapgave 8. Hcmoabsya
HOJNyYeHHH BHIN® PesyJbTaT, NOKA8aTh, UTO IHCIAO OPHEHTHPOBAH-
HHX OCTOBOB C KODHOM Z, B opnemponamxou rpade (Ges merean)
PaBEO ONPERENHTEN0 NOAMATPEIH, NOJYYCHHON BHYCPKHBAHEOM
r-% CTPOKRH ® r-ro cronbna ms M (cu. [i] crp. 163, = [2]).



172 INI. 7. AEPEBBA

10. Hanmcatp anaropET™ mepeumcienus BCeX ocToBoB rpada Ges
LOBTODEHHH, MCHOJNL3YA 3JeMeHTapHHe npeoGpa3oBarus Hepesa
(cm. [42, 47, 8]).

11. Haiirr SST rpada, nokasarroro sa puc. 7.17, nsyma aaropmr-
mamu — Kpyckana v [Ipuma.

12. Haiite nna nonxmoro rpaga Ha MHOMKECTBE BePIIMH {zy, zs,
Z3, 7}, Kak nokasagHo Ha puc. 7.18, ¢ Becamm pe6ep, ompeieleHHHX
K8K eBKIHMIOBH PacCTOAHAA:

(i) SST,

(ii) Jlepeso IllTeiimepa ma miaockocta. (McmonwsaoBaTh cBoHCTBA
rouex IliTefinepa Ha miockocTd, naEHWe B pasn. 4, B PaccMOTpeTh
BCO BO3MOKHHE TONOJOTHWHM (T. €. MATPUON HENUAeHNEH). Pemmrs
Ty e 3ajlady, noJarag Beca pebep PaBHKEMHM JTHHEHAHHM PACCTOAHHEAM
MEXAY TOYKAMH.

13. Hosropurs ympamuenme 12, jo6aBnB NONOTHATENBLHYIO BEp-
NMIEHEY Z5 A ONEHHTH yBeJWdeHHEe 06heMa BEUHCICHHI,
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Fnasa 8

KPATYAWLLME NYTU

1. Bpepenme

ITIyers mam rpad G = (X, T'), ayraM KoToporo HmpENACAHH BEc&
(crommocTr), sanaBaemmie Marpmmer C = [cyy). 3adava o xpamnaii-
UleM nymu COCTOHT B HAXO/K/EHHH KpATYAMIIEero OYTH OT 8afaHHOX
HavaabHOM BepmuEH 8 € X no sajamEoi KoHeuHO# BepmmEN { € X,
OpHE YCJHOBHH, YTO TAKOX OYTh CYMECTBYeT, T. 6. IPH YCIOBHE
t € R (s). 3pecs R (s) — MHORECTBO, ROCTH;KHMOe M3 BEDIIEHH 8,
Kak 970 GHIIO ompefielleHo B TA. 2. ONeMERTH ¢;; MATPEON BecoB C
MOryT GHTh HOXORETENHHHMHE, OTPHIATONLHKEMA HIR BHyaauu, Epwa-
CTBEHHO® OTDAHHYEHHEe COCTOHMT B TOM, WTOOH B G He GHIO LUK-
0B ¢ CyMMApHHM OTPHOATENLHNM BecoM. Ecam Takod mura @
BCe 7Re CYIIECTBYeT B z; — HEKOTOPAA €ro BepmmEHA, TO, KBETAACH
OT 8 K Z;, 06xona sareM @ fmocraTouHo Goabpmoe YMCIO pas ® moma-
HaA HaKoHeNm B !, MW HOAYIAM NYTh CO CKOJb YTOAHO MAJEIM
(— — oo) BecoM. Tarmm o6pasoM, B dTOM ciyuae KpaTdalimero
OYTH He CYImeCTBYeT.

Ecam, ¢ apyroit CTOPOHH, TRKHe IEKJIH CYMECTBYIOT, HO HCKJIO-
YaJ0TCA H3 PAacCMOTPOHHA, TO HAXORJAGHWe Kparuaiimero mytm (mpo-
cTol memE) MeKAY § B ! SKBHBAJNOHTHO HAXOKJAEGHHI0 B 3TOM rpade
Kparvaifmero raMEAbTOHOBA IYTH C KOHIEBHMH BepMEHAME 8 B {.
9to MOKHO ycMoTpers H3 cleayomero ¢axra. Ecam m3 rakmoro
9J6MEHTA C;y MATPENH BecoB C BHYECTh JOCTATOYRO GOJMLIIOe IHCIO
L, 10 nonywmrca HoBas Marpmnma BecoB C’' = [ci;], Bce amemenTH
ci; Koropo#l oTpmmatensEH. Toraa xpartdaimmé DyTh OT S K ! —
€ HCKJII0YeHAEM OTPHNATENLHHX MEKI0B — Beob6xonmmo Gyaer raMmnnb-
TOHOBHM, T. €. IPOXOAAIIAM 9epes Bce APYyrme BepmmEH. Tak xak
pec J1060ro raMEIBTOHOBA IYTH ¢ Matpumed BecoB C’ paBen Becy
aToro WMyTH ¢ MarpEnedk C, HO YMOHBIIEHHOMY HA INOCTOSEHHYI BeJH-
aeny (n — 1)-L, To Kpareafimmi myTh (MpocTad memb) OT § K £ ¢ MaT-
pune#t C’' Gyner xKpargafimEM raMBIBTOHOBHM NIyTeM OT § K f IPH
mepBoHauaAbHO# Marpume C. 3ajavYa HAXOMIGHHA Xpardaiimero
TaMBEALTOHOBA IYTE HAMHOTO CIOKHee, UeM 3ajiada O Kpardaiimem
nyre; osa o6cymnaerca ormennno 8 ra. 10. Iloatomy Mu Gynem mpen-
noJaraTh, 9To Bce MUKJIH B G EMeT HEOTPANATONLHEE CyMMapHHIE
Bec. Orciofia TaxXe BHTeKaeT, IT0 HeOPDEGHTHPOBAHHN® Xyrm (peGpa)
rpada G He MOryT EMETh OTPHIATOALHEE Beca.
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Crnepyiomue 3agavd ABAAKTCA HONOCPEACTBEHHHMHE 0606IeEMAME
c¢popMyJHpOBAaHHOHR BHINE 3afa9H O KPATYAWINEM IIYyTH.

(i) Ina sapaEHO# HaYaJbHOE BEPWAHH § HAWTH KpaTdaimue OyTH
MEXIY S ¥ 6cemu [PYTrAMHE BepmmHAME I; € X.

(ii) Haiite xpaTyaimme OyTE MeXKY 6CeMU napamu BeplidH.

B mocrenyomux pasgenax Gymer moKasaHO, IT0 HOYTH BCe METO-
A, DO3BOIAIIHAE PEMHTH 3afKaYy O KpaTiadmeMm (s-t)-myr:, AAOT
TaKKe (B Ipomecce pemeHHMs) M BCe KpaTIaimme IyTH OT §
K z; (Az; € X). Takmm o6pasoM, OHH HO3BONAIT PEIIHTh 3ajady
¢ He0ONMBMHMA JOUOJEATEIBHHMH BHYHCIMTEILHHMHA 3aTPATaMH.
C npyroit croporn, 3agada (i) Moxer 6HTH pemema am60 n-KpaTHRIM
NpUMEHeHHeM aJiropETMa 3afadm (ii), nDpmYeM Ha KaKAoM Imare
B KavyecTBe HAYAJbHOE BODIIMHK § 0epyTcH pasjMdHHE BepHOIMHH,
ar60 OTHOKPATHHM IPHEMEHEHHeM COeNHajJbHOr0 AJTOPHTMA.

B macrosamei riraBe MK JajfaM o0I#e aITOPATMH PeMeHHA CHOPMY-
JIAPOBAHHHX BHINe 3a7a9 M YACTHHE aJTOPHTME XJIA CIyYaeB, KOrJa
BCE ¢;; HBOTPHIATENLHN. JTH JaCTHHE CAydYaM BCTPEYAIOTCH HA IPAaK-
THKE JIOBOJIBHO JacTo (HampHMep, KOIJA €;; ABJIAIOTCA PACCTOAHAAMHE),
TAK 9TO PACCMOTPEHMe 3THX CHeNAAJbHHX AJIrOPATMOB OOpPaBIAHO.
Mu 6ynem mpexmnoaaraTs, 9T0 MaTpHUAa He YHOBJETBODAET, Boobmie
TOBOPA, YCIOBHK) TDEYroJbHAKA, T. €. He obmsaTexsHO ¢;; < ¢j +
+ cpy maa Bcex i, j m k. B mpormBHOM ciayyae kpaTuadimmi myTh
MEKIY Z; B Z; COCTOMT A3 ONHOH efMHCTBeHHOX Ayra’) (z; z;) ¥ sagaua
CTaHOBMTCA TpMBHAXbHOH. Ecam B rpade G nyra (z;, z;) orcyrer-
BYyeT, TO ee BeC II0JaraeTci PAaBHHM oo.

Ha npakrmke 9acto Tpefyerca HaiTA He TOJNBKO KpaTdadmmic
OyTh, HO TaKKe BTOPOH, Tpermd M T. A. Kpardajimme nyTm B rpade.
Pacmonaras sTumm peaysibraTaMd, MOKHO DEIATH, KAKOH IyTh BHIG-
pate B KauecTBe Hamaywymero (yKasaHEHH NOAXOX IIOJE3€H IIpPH
MCHOJNb30BAHHM TAKHX KPHTEPHEB, KOTOPDHE SBIAITCA CYGBEKTHBHHI-
MH II0 CBOeHl mpHpoje KA He MOTYT GHTH HENOCPEICTBOHHO BRJIIOYEHH
B aaropat™). Hpome Toro, Bropoit, Tperuit m T. X. KpaTdaiimme myTHm
MOXHO HCIOJB30BaTh IPH AaHAAA3Ee (IYBCTBHTEIHLHOCTH» 3amavud
0 Kparvyaiimem nytw. B 3roif rraBe MH omHIIeM HEaBHO MOJydYeHHLIR
anropat™ BuYAcAeEAs K KpaTYaAmMX TPOCTHX Nemed Memxay
ABYMsa 3aJaEBHMA BepmuaaMu ofmero rpada.

B wacTosme# riaBe oGCYMIAIOTCH TaKKe B3aJ3a9M HAaXOMKICHHA
B rpadax OyTed ¢ MaKCHMAJILHON HANEHHOCTHIO M C MAKCHMAJILHON
OPONYCKHO# cIOCOGHOCTRI0. ITH 3ajavye CBASAHH C 3ajavedl 0 KpaT-
9afilieM OyTH, XOTH B HAX XapPAaKTeDHCTHKA OyTH (CKameM, Bec)
ABJAGTCA HE CYMMOH, @ HOKOTOPOR ADPYrod yHKIEe# XapaKTepPHCTHK
(secom) nyr, o6pasyomux nyrs. Takme 3agaum MokHO mepedopMy.In-
poBaTh KAaK 3alavm O Kpardaimem nyTe. OQHAKO MOMKHO IOCTYIHTH

1) Ecnm Takas pyra cymecresyer — Ipuy peds
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AHAYe: HOIIOCPeACTBeHHO NPHCHOCOGHTH IJi BX POHIHAS Te METOMH,
KOTOpHe NPHMEHSIOTCA B 3ala9aX O KpardaiimeM OyTH.

O6cyxpaerca Tagke ciaydail, KOria YIMTHBAKTCA B HPONYCKHHE
CHOCOOHOCTH, B HANE/KHOCTH AYr. JTO HPHBOAAT K 3ajade 0 OYTH
¢ HamGosbmeit okuRaeMoil mponycKkHEo# cmocoGHOCTEI0. I X0TA TaKaR
JacTEAA 3afava He Moker OWTH pemeHa HmpH HOMOMY TOXHEKH OTH-
CKaHHA KpaTdaiimero OyTH, HO HTOPANMOHHHHE AaJATOPHTM, HCHONAB-
3YIOIE 3Ty TeXHHMKY B KavyecTBe OCHOBHOTO mara, AiBaseTcA aPdex-
THBHHM METOXOM HOJYYeHHsS ONTEMAJIHHOTO OTBETA.

3agaum o KpaTuaiimeM myTH, B KOTOPHX HA OYTH HAKJIAXKBAKTCA
Hexoropnie orpammuenss (cm. [4], [12], [23]), B macrosme#t riase
HE PacCMaTPHBAIOTCA, TAK KAK K HAM HOIOCPEJCTBeHHO HE IPUMEHH-
MH Te METOAH pPACCTAHOBKH IOMOTOK, Ha KOTOPHX Gasmpyorcs Bce
ODHCAHHHE 3[6Ch AJTOPHTMH HAXOMAGHMS Kpariaiimero ODyTH. OTH
384a9M C OTPAaHMYCHHAMHA 9aCTO HACTOABKO CJOKHH, 9TO COOTBETCT-
BYOIIEe AJTOPHETMH MO3BOJAKT HAXOAHTh ONTHMAJIbHHE pEMICHHSA
JUIIb TAKAX 3aJad, pasMepH KOTOPHX (HampEMep, YHCJIO BOPIINH)
Ha HECKOJbKO HOPAAKOB MeHBINE, YeM y AHAJOTMYHHX 3afad Ges
orpanudeHmé. PAx BaRHHX 8afal ¢ OTrpAaHMYCHHAMHE, HaOpEMeEp
aajala O KpaTYaiimeM TraMEJAbTOHOBOM ILYTH, pacCMATPHBAeTcCA
B OTHEeNbHHX TIIaBax.

2. Kparvaiimuii myTh Mexpy AByMA
3a/j[aHHEIMA epmMHaMHA 8 H ]

Cravana MH mpEBeXeM O4eHb IPOCTOX B 3PPeKTHBHHE anropmrm
pemieHms 3TOoH 3ama4m AaA caydad ¢y =0 (Vi,j), a sarem pacmpo-
CTPaHAM ONHCAHHHI Meronx Ha o6muit cxydait ¢;y = 0 ¢ orosoproit,
9T0 OUKNAH C OTPHOATeAbLHHNMHA BECAMH OTCYTCIBYIOT.

2.1 Cayualt meoTpEnaTennHO MATPAIL BecoB

Hau6onee apherTHBHNE anropaT™ pemeHAs 3aNaYd 0 KpaTIaimmen
(s-t)-mytm mepBomavansEo man [eitkcrpa [10]. B o6mem cirygae aror
MeTOJ OCHOBAH HA IPHMIOACHBAHAHE BOPIMHHAM BPEeMEHHHX IIOMETOR,
OpEYeM IOMETKA BeDHIMHH JaeT BEPXHII0 TPAHANY MJIARH NYTH
OT 8 K 9TOil BOpIIAHO. ITH IOMOTKH (HX BeAMIAHH) NOCTENCHHO YMEHB-
ImaTCA ¢ HOMOMBIO HEKOTOPOH HTePANHOHHOM MPONEAYPH, A HA KaXK-
ROM IIAT® MTOPANHHA TOYHO ONHA M3 BPEMEHHHX HOMETOK CTAHOBHTCH
mocroArnoii. IlocnexEee ykaswBaer Ha TO, 9TO IOMeTKAa y&Ke HE
ABIAETCA BODXHeld rpammEneil, a Aaer TOYAYH NIHHY KpaTdaimero
uy-m6 OT $ K paccMaTpuBaeMoii BepmmuEe. OQmEmeM 9TOT MeToR HOX-
pobHo.

2.4.4. Aaroparu [elirerput (cy; = 0)
IIycrs ! (z;) — moMeTka BepmEEH z;.



178 L. 8. KPATYANIIAE OVTH

ITpuceoenue navarbhuxr anaweHull

IlTaz 1. Tlonoxnats ! (s)=0 ® cumTaTh BTy DOMETKY NOCTOAHHOM.
Ionomars I (z;) = oo fNA BeeX Z; 5= S ¥ CIATATH ITH NOMETKHE BpEMEH-
BuME. Iloaoxmrs p=s.

O6rosrenue nomemox

ITaz 2. Nasn Bcex z; €T (p), mOMETKE KOTOPWX BpEMEHHHS,
HBMEHATh NOMOTKE B COOTBETCTBEH CO CJCAYION[AM BHIPAKEHHEM:

l(z;) < min [l (z,), I (p)+c (py zy)). (8.1)

Il pespawerue nomemru 8 nNOCMOAHHYK

ITaz 3. Cpenm Bcex BepmEE C BPEMEHHEIMHM LOMETKAMH HaiTm
Takyw, Ras kertopoi I (z?)=min [I (z,)].

Illaz 4. CaaTaTh i'OMETKY BOPINMHH I7 NOCTOAHHOH H IOJOMKHTH
p=4.

Iaz 5. (i) (Ecau rado waiimu asuwd nymoe om sk t.) Ecam p=1¢,
o ! (p) ABAAETCA NAMHOH KpaTdaimero OyTH.

Ocranos.
Ecau p 5 t, nepeiiTe K mary 2.

(ii) (Ecau mpebyemca naiimu nymu om S Ko 6CéM OCTMAAbHHM 6€D-
WUHAM.)

Ecam Bce BepIIMEE 0TMEYeHH KaK IOCTOSHHHE, TO 3TH MOMETKH HAIOT
OJIEHEE Kpatdadmmex nyteir. OCTaHOB.
Ecan BexoTophie mOMETKH ABJIAIOTCA BPEMEHHEIME, IEPOHTH K mary 2.

JloKka3aTeabCTBO TOTO, YTO BHIIGNPABENOHHKA AJMTOPATM AeACTBA-
TeJBHO /1261 KpaTIadmme OyTH, YpesBHYARHO mpocToe, fafum Habpo-
COK STOrO J0OKa3aTeNbCTBA.

HomycTaM, 9T0 Ha HEKOTOPOM 3TAme IOCTOAHHHE NOMETKH RAl0T
ANMEH Kpartdaimmx myrei. Iycrs S; — MHOKecTBO BepIIEH ¢ 3TEMA
OOMeTKaMH, a8 S; — MHOKECTBO BOPUIEH ¢ BPSMEHHKIMH IOMETKAMH.
B komme mara 2 kakmoil mTepammm BpéMeHHas momeTxa I (z;) maer
KpaTJ9aimmil DYTh OT § K Z;, OIPOXOAAIIAE MOJHOCTHIO IO BEPITEHAM
maoKecTBa S;. (Tak Kak DpE Ka)mo# HTEpanuHm B MHOMKECTBO S,
BKJI0Ya€TCA TOJNbKO OfHA BepmHA, To obHoBIemme moMmeTxm ! (z;)
TpebyeT TOABKO OTHOTO CpaBHeHWsA HA mare 2.)

Ilycte xpaTiafmmE# myTh OT S K Z! He DPOXONHET NEJAKOM IO S,
4 CONEepKHT O KpailHe# mMepe ORHY BepmmHY W3 S,, H IyCTh
z; € Sy — mepBas Takas BepOIEHA B 9TOM OYTH. Tak Kak mo mpen-
TOJIOMAKEHHI0 ¢;; HEOTPHNATEIBEHN, TO YaCTh NYTH OT Z; K X MOJIIKEHA
aMeTh BeoTprOaTennEHi Bec A ® Il (z)) <l (z]) — A < A(z}). 3o,
OIHAKO, IPOTEBOPEYHT YTBEpHMAeHRI0, IT0 [ () — HamMeHbmas Bpe-
MEeHHas DOMETK&, ¥, CJIe[0BATeJIbHO, KPaTIaHIME#A NyTh K I} DPOXONAT
OOJEOCTHIO IO BePIIMHAM MHOXecTBa §,, ® moaromy I (z}) asaserca
ero NJIHBOM.
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Tax Kax BEAYAJNE MHOKOCTBO S; PABHO {S) B IPH KaXXKAo# HTepaAnEE
K Sp RobGaBaserca zf, TO mpeamoxomenme, 49to ! (z;) paBHO AAMEE
KpaT9aiimero mytE V x; € S;, BHIOJHAEGTCA IOPH KasKKOH HTepammm.
Orciona Do MHRYKOHHE CJIeAYyeT, YTO AJTOPATM RaeT ONTHMAJbHEIN
OTBeT.

Ecan TpebGyerca BaifiTH KpaTuafimme IyTH Me;KAY S B BCEMH XPYTH-
MH BePIIMHAMHE DOJHOTO CBASHOTO rpada ¢ n BepHIMHAMH, TO B IpO-
necce paGoTH aaropETMA BHIOJHAKTCA n (n — 1)/2 onepanmit caosxe-
HHA H CPaBHeHHEA Ha mare 2 H eme n (n — 1)/2 onepanmit cpaBHeHns
ga mare 3. Kpome Toro, npm ocymecrsnennn maros 2 m 3 Heo6xoam-
MO ONDEJeJHTh, KAKHAe BEeDIIMHH ABIAITCH BPeMOHHHMH, & JAA
atoro HyxHO eme n (n — 1)/2 omepanmit cpaBHeHHA. 3TH BeAHIAHK
AIBIAITCA BePXHEMH IpAaHANAME JJA 9HCJA omepanuil, HeolGxoxm-
MHX IOPH OTHCKAHHE KpaTiaifimero nyTH MeKAy SaJAHHHME BepIIA-
gaMi § B . OBE JeHCTBHTENBHO NOCTHIAWTCA, OCAH OKAMETCH, 9ITO
BepmuEBa ¢ OymeT DociaefHe#l BepmuHOM, NONYyIABIIEH HIOCTOAHHYIO
momerky. (B [22] [{moHCOE mnpennoKMA TaKk BaSHBaeMHU MeTOH
COPTHPOBKH, IO3BOJMIONMA YMOHBIIHTh IMCIO OUepammit Ha mare 3J.)

Kak Tonpko njamEm KpaTvaitmmx myrei or ¢ 6yayr Hakfnesn (omm
GyayT 8aRMOYHETENBHHMH SHAYCHHAMH IOMETOK BePIIME), CAMH DYTH
MO’RHO TIIOJYYHTHL IPH DOMOIA PeKYPCHBHOH HPOLEAYPH C ECIOJb30-
pagmeM cooTHomeHEA (8.2). Tak Kak BepmHAHA Zi HENOCPEACTBOHHO
OpefmecTByeT BepIIEHe z; B KpaTdalimeM OyTHE OT § K Z;, TO AIA
moGofi BepmMMHH Z; COOTBETCTBYIIYI BepIIEHY Zi MOKHO HA#TH
KaK OffHY M3 OCTABNIAXCHA BOPINAH, AJAA KOTOPOH

L(z5) +-c (=5, 2;) =1(zy). (8.2)

Ecam xpatuaiimmit nyrs ot s Ao iA06oil BepmEHEN I; ABAAETCA
eMHCTBOHHKM, TO AyrE (Zi, ;) aToro Kpardyaitimero myrm o6pasyior
OPHeETHPOBAHHO® JAepeBo (CM. HOPeAHAYMYI0 TIIaBy) ¢ KODHeM S.
Ecnm cymecrByer HECKOJABKO dKpaTdaiimmxs myTe or § K KaKoM-
an6o Kpyroi BepmmEHe, TO OPE HEKOTOPOH (HKCHAPOBAHHOY BepIIRHEe
2 coorHomenme (8.2) Gymer BumoxHATHCA AN Gomee UeM OXHOM
BePIIMEH I;. B sToM ciy1ae BHGOp MomeT 6uTh AE60 NPOESBOJILHEM
(ecim EHymem Kaxoii-To ofMH KpaTdaimmil nMyTh MERAY 8 ® Z;), Arbo
TAKHAM, 9TO PACCMATPHBANTCA BCe AYTHE (z{, z;), BXoAAmMEe B KaKoMH-
ag6o m8 KpaTdaimmx myTeil, @ NPHE 9TOM COBOKYIROCTH BCEX TAKHAX
nyr ofpasyer He OpHEeBTHPOBAHHOE AepeBo, a o6mumit rpad, masusae-
mEil 6430l omKocumeabro S BIM KPaTRO — $-6asoii 1),

2.1.2. IIpumep. PaccMoTpmm rpad, msoGpaskemHnit ma pmc. 8.1,
THe KAaKji0e HeOPHeHTEPOBAHHOE Pe6po paccMARTPHBAETCA Kak mnapa
OpPOTHBONOJO/KHO OPHEHTHPOBAHHHX AYT paBHOTO Beca. Matpmmna

1) 3ameTEM, 9TO HET ARKAKO CBASH ME)KAY UonsTHeM 6asH m monaTmeM Gasu
rpada, BBefleHEHM paHee B ra. 2
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secor C, npuBefieHa Hmke. Tpebyerca HaiiTm BCe KpaTuaimme myTm
OT BepIIEHW Z; KO BCeM OCTAJbHHM BepmmEaM. MW Bocmoibayemcs

X2 X3
X7
X, Xa
X
[ Xo [
Lo —
Xg Xs

Puc. 8.1. T'pad m3 npmmepa 2.1.2.

anropeTMoM [Jedkctpel. I[locroanmme mnomerkn 6Oynem caabxarh
8HAKUM -}, OCTAaJbHHE IOMETKM PACCMATPMBAKTCA KAK BpPeMEHHhIE,

X, X3 Xy Xg  Xg X X, Xy X
Xy 10 3 6 | 12
Xy 10 18 2 13
X3 18 25 20 7
X, 25 5|16 4

C, = xg 5 10

Xg 20 10 14 | 15 9
X, 2 4 14 24
Xg 6 23 ;15 5
Xy 12 | 13 9 | 24 5

AaroparM paboraer Tak:
Mae 1. 1(z)) =0* l(zy) = 00 Vz,5 2,, p =1;.
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IIepeas umepayus
IMaz 2. T (p)=T (z,) = {x5, 2;, Ty, Ty} — BCO NOMETKH BpeMeB-
dane. BosbMmem cnauana z,. M3 (8.1) monygaem
1 (z3) = min [co, 0* + 10] =10,
agagormaEo I (z;) = 3, I (xg) = 6, I (x) = 12.
Maz 3. min (10, 3, 6, 12, o) = 3 coorBercTBYeT Z7.
- e e R
Xg Xy Xg Xy Xa,X,XgaXe

lMaz 4. z; nonyqaer mocroAHEYI0 moMeTRy {1(z;)=3*|,p = 7.

IlTaz 5. He Bce BePIMHH HMEIOT HOCTOAHHHE IOMETKH, HOBTOMY
mepexonaM K mary 2. IlomeTkm B Havanze caenywomed HETepanEm
uoKasaHM Ha puc. 8.2 (a).

Bmopas umepayus
a2 2. T (p) = T (z;) = {zs, zi, Zg, 2y} — BCE IOMETKE BPEMEH-
awe. M8 coorHomenms (8.1) mmeem
1 (z;) =min [10,3* 2] =5,
apanormaEo [ (z) = 7, I (zg) = 17. l(zg) = 12. Ilometrkr wuaoGpa-
wean Ha pmc. 8.2 (6).
Maz 3. min [5, 7, 17, 6, 12, o] = 5 cooTBercTBYeT Z4.

Nt Nmt Nt gt
Xy X4 Xq Xg Xg X3Xe

IlTaz 4. z, monyd9aer HOCTOAHHYIO NOMETKY |l(z,)=5*'. D="2s.
Iae 5. Tlepeittm x mary 2.

T pemvs umepayus

mMaz 2. T (p) =T (x5) = {x;, 3, %7, Zy} — TOABKO BepMUHE
Zy B Zg HMOIOT BPeMEHHHE HOMOTKH; U3 cooTHomenuA (8.1) moaygaem

1 (x3) = min [oco0, 5* 4 18] =23

A aHAJOTHYHO
1(z,) = 12.

Maz 3. min (23, 7, 17, 6, 12, co] = 6 cooTBeTCTBYET Z§.
% B 3 m ¥

MMaz 4. zg nonyvaer DOCTOAHHYIO noue'rxy‘ i (:cs)=6*| , P=23
IIaz 5. TlepeiiTv k mary 2. ‘

IIpomomkaa 3ToT mpomece, WOJYIHM OKOHIATENbHYI0 KapTUHY
PacCTAHOBKE HOMETOK, H3o6paskemnyo Ha puc. 8.2 (). [las maxox-
NSHAA KpaTdaiilmero UyTH Me;KAY BepMMHON I, (HaIpHMep) U HAYaJb-
HO# BepIIMHOH Z, MHl NOCHeJOBATEJ]BLHO HCIOJbL3yeM COOTHOMEHHE
(8.2). Takum of6pasoM, moaaras z;=2a,, RAXOQAM BOPIIUHY Z,, BENO-
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0#

Puc. 8.2. (a) ITomerkm B Komne 1-it mrepanmu. (6) IloMeTKkr B Komme mara 2 Ha

10 hd
3+
3 =
- _J
o0
(@) -
3+

(6)
—_— 23"
3+
n+ 17t
s+ ) ]2+
(8

7+

2-it mrepanmum. (8) OKoHuATENHHKE NOMETKN BePmMH B z,-0asa.
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CPeNCTBeHHO LPeJMECTBYIOMYI0 Z, B KparJaimeM IYTH OT I; K T,!
BOPMEHA Z; ROJUKHA YAOBIETBOPATH COOTHONMGHHIO

1 (x2)+ ¢ (2qs Za) =1 (7)) =,

EnmucrBesnoli Taroil BepmEHO ABIAeTCA z;. anee, mpEMeHseM
sTopoif pas coorHomemme (8.2), Gepa =zy=2z;; NOJAyIa6M BOPIIHHY
Z;, HeNOCPEe[CTBOHHO NPOAWCTBYOIY® 2; B KparjaiimeM OyTH
OT Z, K Z,. BepmEHA z. yRoBIeTBOPAGT COOTHOINOHHIO

1(27) +c (27, 2) =K(21) =3.

EnunacreeRnofi Takoil BepmEHOK ABIACTCA I;, M IOTOMY Kpardaimmmi
OyTh OT Z; K Z4 €CTh (T, Z7, T3). Z,-6asa, faomas Bce KpaTvaiimme
OyTA OT I,, mpenpcraBaser co6oll nepeBo, mM306paKeHHOe MHPHEMHA
auHEAME Ha pmc. 8.2 (B).

2.2. Cayuali ofmelt mMaTpunm BecoB

Tonpro 9ro ommcamHHA anropaT™ [(eHKRCTPH OpPEMouuM JHIIL
B TOM caydae, Korha ¢;; » 0 gaa Bcex i m j. OnRako ecam marpEnma
C sasnserca MmaTpEmeil crodmocreil, TO AyrA, IpHHOCAMEe XOXOJA,
RO/KHW HMeTb OTPHOATOJBbHHE ¢CTOERMOCTE». B aToM caywae mian
HaXO/RNOHAA KPATIAAMHAX OyTeik Me:KAYy BepPIIHHOR § M BCeMH P yTHME
BOPIIMHAMA MOKHO BOCHOJb30BATHCA OINHCAHHOR HM/Ke mpomenypoil.
90T MeTox TAKKe ABAAGTCA HTEPANHOBHHM H OCHOBAH HA IOMETKAX
BepIIWH, OPEIEM B KOHIE k-ii MTepamdE DOMETKH PaBHH AJMHHEAM TeX
KpaTyalimEx myrte# (0T § KO BCeM OCTAJbHHM BEPUIAHAM), KOTOPH®
comep:xaT He Goxtee k¥ + 1 nyr. B ornmume or axropurma HeitkcTpH
BHKaKasA A3 IOMOTOK BO BPeMsA 3TOT0 IpoIecca He PACCMATPHBAOTCH
KaR OKOHYaTeabHaA. OOHECHBAGMHE MeTOX GHI MePBOHAYANBHO Ipef-
noxen B cepexmae 50-x ronos @opnom [14], Mypou [26] u Benama-
som [2]. IlepefineM k ero ommcaHHO.

2.2.1. AxropaTd fam odmeid MaTpunsl Becon

Mycrs I* (z;) — noMerka Bepmmant z; B Komme (k 4+ 1)-& mre-
panem.

ITpucsoerue Hauaabuuz sHanui)

ez I .Tlonowam S =T (s), k =1, (s) =0, I' (z) = ¢ (5, 2,)
naa scex z; €T (s) m I* (z;) = oo mua BCeX OoCTANBEHX Z;.

O6noesenue nomemon

Olaz 2 Nna xamnoiék sepmaaw z; € I' (s) (z; 7 5) {mamernuts ee
IOMETKY caeayomuM ofpasoM:
1 (z,) = min [* (z), meizl} {* (z)) +¢ (5, z)}), 8.3
ot il |
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rme T; = I' ' (z;) N S. (MuoxecTBO S ComepKuT Teneps BCe BepIIA-
HE, IAA KOTOPHX KpaTyadmme OyTH H3 S COCTOAT H3 kK Ayr.)
MguoxectBo T; COmepsKHT Te BepmEHHK, AMA KOTOPHX TeKyIue
KpaT4aiimme OyTH U3 S cOCTOAT ®3 kK ayr (T. €. Te, BePIIMHK KOTOPBIX
aesxaT B S) H JNA KOTOPHX CYMECTBYIOT AYTH K BepmmHe Z;. OTme-
@M, dro ecam z; ¢ I' (S), To kKpaTeaiimmit OyTh OT S K Z; HE MOMKeT
cocToATh B3 kK + 1 Ayr m moaToMy MBMEHATH NOMETKY BEDPIIMHH I,
e mHymHo. Ian wepmmn z; ¢ I' (S) momommm ™1 (z,) = I* (z,).

Hpoeepxa HaQ OKOHMaHUuEe

ITaz 3. (a) Ecnia bk < n—1 = ' (z;) = I* (z;) nna Beex z;, 10
IOJTyYeH ONTHMAJBHHE OTBET W NOMETKHM PABHLI JJHHAM KparTdailmux
nyreii. Ocranos.

(6) Ecam k <n —1 m I*'(z)) =~ I* (z,) nna mekoTopoir mep-
MBHK Z;, TO NePEUTA K mary 4.

(8) Ecim k =n —1 u " (z) %% I* (z;) nna mexotopoit Bep-
IMEHK Z;, TO B rpade CymecTBYeT LAKI OTPRAIATEILHOTO Beca B 3aJada
He mMmeer pemenms. OcraHoB.

Ilvdzomoexa x caedywwel umepayuu
Ilae 4. O6HOBUTH MHOIKECTBO CieAyIOmuM o6pasom:

8= 1z,| M () # I (2,)). (8.4)

(Hosoe MuomxecTBO S COREP/KHT Temeph BCe BEPIIHBL], KpaTdaiimne
OYTA [0 KOTOPHX U3 § UMEKT mauny k -+ 1.)

Hlaz 5. Tlonomuts £ = k + 1 u nepeiitu k¥ mary 2.

Kak TonpKo IOJyYeHHN [IHMHH KpaTdaimux nyreit oT s K Kaskaoi
R pYToii BepmuHe, TO CaMa IyTH OIATH HAXOAATCH IIPOCTO, C NOMODIBIO
cootHomenuA (8.2). Ilyte MoryT 6HTEH DONyYeHH M APYrEM CHOCOGOM,
eCJH B JONOJHEHNE K IOoMeTKe I* (r;) WA Kamoif BOPIIMEEI XPaHHUThb
BO BpeMs BHUMCJAeHEHA Jpyrymo nomerky O (x;). Ilomerka 6% (z,)
yKa3pBaeT BepIEHY, HENOCPEJACTBEHHO NPENmIECTBYIONYI0 BEpIIAHE
Z; B KpaT4all IeM IyTH OT S K &, BO BpeMA k-it mTepaunn. MomBO Ha1aTh
¢ 8! (z;) =sV z; €T (s) u 117 Bcex oCTanbHHIX BepmIEH 7; BHGPaTh
6! (z;) mpomaBoabHO (ckamem, paBuoit 0). ITomerxm 0* (z;) moskuo
TOrla B3MEHATb B cooTBeTCTBHU ¢ coorHomenHeM (8.3). Taxmm obpa-
aom, 0%*1 (z;) = 0* (z,), ecnm B KBaJIDATHBIX CKOOKAX B BHIPAKEHHH
(8.3) 6ymer maumenpmmm nepBwit wien, mam 0*! (z,) = z;, ecxnm
HAEMEHBIIUM fIBJlfAeTcA Bropod uieH. Ecam 0 (z;) — Bexrop, cocras-
nenHslil B3 noMeTok O mpm 3aBepmerun paboTH aJrOpATMA, TO KpaT-
galimnil OyTh OT S K Z; MOJydYaeTcsl B oGpaTHOM HOPANKE, 4 UMEHHO
s, ..., 03(zy), 0% (z)), O (z;), z;, The 0% (z;) ABAAETCA COKpameHleM
ansa 0 (0 (x;) m 1. 1.

JokasaTenpCTBO TOro, YTO HPHBEJEHHbII AJTOPHTM fAaeT ONTH-
MaJlbHOE pemnenue, BeCbMa IPOCTOE. 3TeCh MH ero He npaBofuM. Onna-
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KO 38METEM, 9TO OHO 6as@pyercs HA IPHHIANG® JAHAMEYECKOTO OpO-
rpaMMHEDOBAHEA ¥ ToM (aKTe, YTO ©CAM He CYNIECTBYeT HEKAaKOro
ONTEMANHHOTO OyTH H3 kK AYyr, TO HE MOMKET TAK/Ke CYIIeCTBOBATH
B HEKAKOr0 ONTHMANHHOTO IyTH, comepmamero & + 1 myr [4]. Onm-
CaHHHI aJTOPHTM MOKHO IPEMOHATH H B CAYydYae HEOTPHOATeILHON
MATPHIH BeCOB, XOTH 9T0, BOOGM® roBOPA, HAMHOIO XY/KO, YeM HCIOJb-
sosanme aaropmtma [lefixcTpn. B cayuae monsoro cBasHoro rpada
¢ n BepIMHEAMH 3TOT 8JAropuTM TpeGyer mopanka n® omepammii ciaosxe-
HEA B CPaBHOEHA, B TO BpeMA Kak B aaropatme JleiixcTpH Tpebyercs
n? omepanmii. HekoTopue yaydYmeHEA ONBCAHBOTO AJTOPETMA, IpeH-
aoxennne Menom, D0oSBONAIT yMEHBIIATH THCJIO ONEDANEI B YeTHpe
pasa, HO NOPAROK POCTA OCTAeTCA PABHHIM TPEM.

2.2.2. ITpamep. Paccrmorpum rpad, msobpameHEwit Ha pmc. 8.3,
TRe OUATH HEODRMEHTHPOBAHHHE pe6pa pPacCMATPHBAIOTCSA KAK IApH

X2 -5 X3 24 .
-3 15 8 -10 16
x 6 X 4 e
] 12 ] 7 22
e 0
X 20 Xe -13 xp

Puc. 8.3. I'pad u3 mpumepa 2.2.2.

IPOTHBONOJNOMHEO OPMEHTHPOBAHHHX AYr ¢ PAaBHHIME BecaMH. Beca
YKasaHEHl Y COOTBETCTBYIOMEX AYT ¥ MOTYT GHTH KaK IOJAOKUTeAbHHMH,
TAK B OTPERATeABENMHE YRcA2aME. Tpebyercs HaiTH KpaTuaiimme nyTn
OT Z, KO BCEM OCTAaJbHHM BepIIEHAM, PR yCAOBHAA, 4TO rpad He comep-
KET OAKJIOB OTPHIATENHHOTO BeCa, MJIH HAHTA TAKOH MUK, eCl1H OB
CYmEcTBYeT.

AnroputM paboraer caexylommm oGpasoM.

Il puceoerue navasvnuiz snavenui

Maz1l.s =z, 8 = {4, 7}, L (2)) = 0, P () = —3, B (z5) =
= 2, ! (;) = oo gaa Bcex apyrux z;. Ilonoxmrs bk = 1
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llepsas umepayus

a2 2. T (S) = {x3, z3, Ty, Zsy, Zg}. llosroMy mua z,: T3 =
= {;, 75} N {7y, 75} = {25} @ @3 coorHomermma (8.3) moxyuaem

I2(z;) =min [ —3, {I! (z5) ¥+ ¢ (5, :1:2)21 =

£j=x,
=min[—3, (24 12)] ==
Ans zs Ty={z3, 2, Z1, Za} () {2 Z5} ={Z2}»
I? (z3) = min [o0, (—3—5)]= —8§;
N s
xj=xi
s x,: Ty ={x,, Zs, s, T2y Zg} () {Z2 T5} = {Z3) T}
I? (z;) =min[ oo, min {(—3-15), (2—T7)}] = —5;
s . et e ey sl
xy=x, xy=x,
Ana ZTs: Ts={zy, z; z6} N {22> z5} ={Z2}s
P (z) =min [2, (—3+12)] =2;
na ZTe: To = {xh Ty T7y xﬁ} ﬂ {12’ 555} = {35}'
2 (z¢) = min [ oo, (24 20)] =22.
N e’
xg=x,

[Tomerxa /? (z;) Takomm: [0. —3, —8, —5, 2, 22, oo, oo, ool nan
£ =212, Z4, ..., Ty COOTBETCTBEHHO.

laz 3 (6)., IleperTm k mary 4.

Mae 4. S = {z3, 7, 74}

IMaz 5. k = 2, nepeirtm ® mary 2.

Bmopas umepayus

ez 2. T (S) = {z,, z3, i, Zs, Zg, T, T3, Tp);

Ras Zy: Ty={z3, 2\, T, s} V{23, s T} = {2i},
B (zy) =min[—8, (—5+48)] = —8;
[
xj==x‘
Aas xil T ={z,, z3, 5, 4, Zo} (1 {3y 5, 26} = {23},
B (z,) =min [—5, (—8+8)] = —5;
L

===
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aasn zg Ty ={z,, 23, Ze} N {23+ Zss Ta} ={Te}»
B(z5)=min[2, (22+20)]=2;
N oo

qu.
s ze: To={zus Z5s Z1, T} N{Zsy Zi» Za} = {Zi}s
3 (z¢) = min [22, (—54-18)] =13;
e
b

ma g Ty ={zi, Zoy 2} ) {Zas Zis Zo} ={Tss e},
B (z;) = min [oo, min {( —5+44), (22+9)}} = —1;
Vg N et
o *5~*s
A g Ty ={z3, .} ) {3y Z4s Za} ={Za}»
I3 (z4) = min [oo, (—8 4 24)] =16;
D e
xytx,
ARR Xy Ty ={zss 28} N {Z3s Ti» Zo} = {z)s
1% (z9) = min [o0, (—54-11)] =6.
N g
b el
omerrx & (z;) passu (0, —3, —8, —5, 2, 13, —1, 16, 6] nan
%y =1, Zy, ..., Z9g COOTBETCTBEHHO.
ITaz 3 (6). MepeiTa k mary 4.

lllaz 4. S = {xOv Z7, Zg, z’}°

IMaz 5. k = 3, nepefira K mary 2.
. na

IIpononmas sTor mpomecc, MOoJAydYaeM pesyALTATH, IPHEBeXCHHHS
HEKe B KpaTKoil dopme.

T'pemva umepayus

Maz 2. T (S) = {zs Tus Tss Zsy T1y T3y To}s
Ty = {z5, s}, I (z5) = 11,
T& = {.131, Ig}, I (I‘) = —'5’
Ty = {zo}, I (z5) = 2,
Ty = {z4, 2o}, B(2g) = —T,
T; = {zﬁv -fs}: i (z‘l) = —1,
T. = {37}, l‘ (.1:.) = 15,
Ty = {za}, I (zg) = 6.

Bexrop momerok I (z;) pasem [0, —3, —11, —5, 2, -7, —1

15, 6.]
a2 4. S = {zy, %5, Z4}.
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Yemsepmaa umepayus

Maz. 2. T (S) = {ag, zi, T5, ZT7, Tz, Tg},
T3 = {133}, l.’l (xa) = _'11’
Ty = {as}, I*(z) = —5,
Ty = {z¢}), I°(25) =2,
Ty = {zq, zg}, I (zq) = —1,
Ty = {xs}, I (z5) = 13,
Ty = {zg}, I° (z) = 6.
Bexrtop momerox I (z;) pamem [0, —3, —11, —5, 2, —7, —1,
13, 6.
llaz 4. § = {zg}.

ITamas umepayus

Mlaz 2. T (S) = {3, 7, To},
Ty = {zg}), I (z5) = —11,
Ty = {zg}, I (zy) = —1,
Ty = {zo}, 1 (zg) = 6.

Ilfaz 3 (a). Ocranos.

Bextop nomerox 8 (z;) cosmanaer ¢ I3 (z;), #, ciefgoBaTennHo, aTH
DOMETKA paBHB ANMHAM KpaTdaiimmx wpyrefi. Camm mytm crpostcs

-3 -n 13
Xy X3 Xy
o

Xy

Xs Xg X9

Pnc. 8.4. OKxoHuaTeJabHHE HOMETKM BepIIDE M I,-Gasza.

I0CJIe0BaTeNIBHO, KAK @ B TOM CJydae, KOILAa MCIOIb30BAJIOCH COOT-
domenme (8.2). CooTBercTByOman 7,-6a3a DoKa3aHA KUPHBIMYI TAHUA
mu Ha puc. 8.4.
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3. Kparuaiilime nyTH Me:xay BCeMH NapaMH BepmimH

Ilycrs rpeGyercA HaiTE KpaTYalimme OYTH MEMKAY BCOMH HADaMA
sepmuE rpaga. OueBEnENi cOO0CO6 MOAYIHTH OTBET HA 3TOT BOIPOC
8AKJINYAETCA B N-KPATHOM NPHMEHEHHHE &JTOPHTMA NPENHJYIIETO
pasjesa, OpHYeM KamIHE pas B KavecTBeé HAYAJNbHOM BEPIIHHH §
Gepyrca pasnmuEHe BepmuHH. B caywae moamoro rpada ¢ meorpana-
TenbHOM MaTpEmed BecoB C BpeMs, HEOGXOXEMO® AJAA BHYHCACHHH,
IPONOPRHOHANLEO n®, a IS OPOESBOJBHOM MATPHIN BECOB OHO IPO
nopmEoBanbHO nt. IloaToMy ecam sajmaga 0 KparvalimeMm nyTH mMeeT
GonbImyI0 pasMepHOCTDb, TO €6 HeBOSMOKHO PEIIATE ¢ MOMOMLI0 IOCJIe-
ROBATEJNHLHOT0 NPAMEHEHAA AJrOPATMA M3 pasy. 2.2.

B macroamesm pasfene MH oNMMeEM COBEPmMIEHRO HHOH HORXOA
K 8afavUe HAXOKMAGHHA KpAaTYafimmx myred MeRNY BCEMH NAPAMB
BOPIIHH. 3TOT METOX DPEMEHEM KAK K HeOTPHIATOALHEM, TAK H K UPO-
HSBOJBHHM MATPHIAM BECOB B BpeMs, HeoOGXomuMoe A/ BHIHCJICHRAH,
apouopnEoHaxbHO n®. Ecna aror MeTon DpEMeHUTH K rpadaM ¢ HeOTpH
naTenbHOH MaTpHRe# Becos, To OB caxoHOMET mouTE 50% Bpemens
{11] no cpaBHeHEW ¢ n-KpaTHHM DpEMeHeHHEeM aaroparma Jle#KCTPH
Meron 6nn mpemnosxen mepeoHavaapEo Duoimom [13] m passur
Mepunangoum [27]. On Gasapyercs Ha HCIIOIB30BAHHE IIOCTOXOBATOND-
HOCTH H8 i mpeobpa3oBaHRi (ATepanuil) RAIAABEON MATPHOK BecoB C
IIpm oToM Ha k- HTepammm MarpEma mpefcraBiser RAWHH Kpartdaii
X OyTeil MeKAY KasKRO# IMapoil BEPIIMH ¢ TeM OrPAHAYCHEEM, ITO
UyTb MOKAY T; B Z; (1A MOOGHX Z; B Z;) CORGP/KAT B KAYeCTBe IIpoMe-
MYTOYHHX TONBKO BOPUIMHH M3 MHOKECTBA {Z;, Zy, . - ., Zn}.

3.1. Aaroparm ®noliza (A1A OpOESBOALHOH MATPHENK BECOB)

IIpegmonoREM, 9T0 B HAYAJLHON MATDHOE BecoB ¢;; = 0 maIa Bcex
t=1,2, ... nEcy = oo, ecam B rpade orcyrcrayer ayra (z;, z;).

Ilpucsoenue navasvruix snavenul

Maz 1. Monomurs &k = 0.
Hmepayus
Maz 2. k =k 4+ 1.

IMaz 3. Nan Bcex i 5= k, TaREX, 970 ¢4x 5~ 00, H IJIA BCOX j 7= k,
TAKHX, 9TO ¢y 5% 00, BBOIEM OLIOPALHIO

¢yy=min [ey;, (con +cay))e (8.5)
O posepra na oxonuarue

IMaz 4. (a) Ecam ¢;; <<0, T0o B rpade G cymecTByeT MUK OTPANS-
TeABHOTO Beca, CORepsRampall BePMERY r;, u pemeHnsa Her. Ocramos.
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(6) Ecanm Bce ¢;; >0 m k = n, 1o nonyseno pemennme. Marpuna
le;] naer mammm Bcex xparvaiimmx nyrei. Ocramos.

(8) Ecam Bce ¢;; >0, HO k << n, TO BepHYTHCA K mary 2.

Joka3aTenbCTBO ONTAMAJBHOCTE OTBETA, NOJYISHHOTO ¢ IOMOIIBIO
3TOro0 ajropmrMa, Ypesendaiino mpocroe [21], [27], ® Mu npenocras-
nseM ero umrtarteao. OCHOBHAsA ouepandsA AJrOpPHMTMA, ODpefeiaseMan
cooromenneM (8.5), BasmBaeTca mpermecmHol onepayuei. OHa
HMeeT pasHOoGpasHhe MPUMEHOHHA B 3ajavyaX TOH jKe UPHPOXH, TTO
7 3aflada O KpaTdadmeMm nyrtu. Takme 3afainm of6Cy:KHaloTCA B mOCHe-
AYIOIIEX pasgenax.

Camnm KpaTd9aiimpe OYTH MOMKHO HAWTH N0 HX JJIXHAM C IOMOIIHIO
pPeKypcHEBHOA mponepypw, mofo6HO# TO#, KOTOpASA BHIIEG ONPONeNs-
nach coorsomenmeM (8.2). C xpyro# CTOpPOHH, MOKHO HCIOJb30BATH
TeXHEKY, upennoxensyw Xy [21], ana sanucm madopmammnm o cammx
nyrax (sEapajgy ¢ mEQOpMAanHWeid O HIMHAX UyTel). JTOT LOCIEXHHAM
METOJ aHAJIO'MYEH HMCOONB30BaHHOMY B pasfi. 2.2.1 m ocobenro moue-
86H B TeX CJOyUasmX, Korja tpebyerca HaiTm B rpade OUKI OTPHOA-
TeJBHOIO Beca (ecnd Takoil cymecTByer). B aToM MeTome B momonHEeHme
K MaTpuiue BecoB C xpaBATCH B 00HOBAAeTcA Bropas (n X n)-MaTpmOa
6 = [6,;]. OnemenT 6;; yraswBaeT BepmEHY, HENOCPENCTBEHHO HPOJ-
MecTBYOMYI BEePIDME® z; B KpaTiadmem OYTH OT Z; K Z;. MaTprne
6 npmcBamBalOTCA HavalJbEHe 3HaveRHA 0;; = z, MIA Bcex z; M Z;.

B coorsercrern ¢ (8.5) Ha mare 3 anropuTMa 0GHOBJISHES MATPHIH
HPOMCXONHUT TAK:

O, ecam (c;p+cCry) <<cjy B KBaApPATHHIX CKOGKax
6;;= ¢ B Bupawxenun (8.5),
HEe MBMeHAGTCH, eCld Cy; < (Cqn + Cay)e

B xoBne anaropmTMa Kpardaimme OyTH HOJYYAIOTCA HENOCPEACTBEHHO
B3 BaKJIIOYATeNbHON MaTpunu 6. Taxmm oOpasoM. Kpariaimmi oyTh
MEKNy ABYMA BEDHIMHAMH Z; M Z; [AeTCA CleAylomel mocieqosa-
TeJbHOCTHIO BePIOHH:

Ziy Lyy « « oy Ty, Zgy Zg, Zj,

TRe Zg = 04y, 2 = Oia, Ty = B B T. B. RO Z; = G,v.

3nech clefyeT OTMETHTb, YTO eCJH BCEM ¢;; IPUJAATH HAYAJILHHE
sEauenEsas oo (a He (), To KOHeYHOe 3HaUYeHHe BEJHIHHH C;; Gyner
paBHO BeCy IenH, IPOXOJAMEeH 3epes BePIMAHY Z;. JIeTKO TaKKe BUAeTh,
9T0, HCXORA M3 CTPYKTYPH MATpHIH O, monydeHHOH B mpomecce Toi
ATEPANAE, KOTA8 9JeMEeHT ¢;; CTAHOBHATCH OTDPANATEJAbHEIM, JErKO
HaATH OUKJ OTPHUATENLHOr0 BeCad, COOTBETCTBYIOMHA 3TOMY 3Je-
MEHTY.

910 ofbcroaTenscTBO HCmoabsyercd B ria. 11 mpm peaamaanumm
OCHOBHOTO IIara B aJTOPHTME IMOHMCKAa B rpafe mOTOKa MHHMMAJIBHOM
cTronMocT. OHO OKABHIBAGTCH TAKKE NOJE3HWM B BO MHOTHX APYrEX
npaaoxenaax (06 aToM roBOPHTCHA B CIefYIOIIeM paspee).
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4. OCnapy:xeEMe IHKIOB OTPHIATEILHOTO Beca

3ana9a BHABIEEHS LNAKJIOB OTPANATEAHHOTO BeCa B IPOMSBOJL-
HoM rpade BakBa Kak cama mo cef6e, TAR B B KavecrBe OCHOBHOIO
mara B Golee CIORHHX aaropmtmax (cM. pasm. 4.1 Bmke m ra. 11).
B macroamem pasmene sTa 3amada o6cympmaercsi HOCKOAbKO Gouee
noApo6HO, YeM B OPEAHAYINEM.

B paspn. 3.1 orMewamoch, wro aaropmtd Quolfa HaXOXKAeHHA
KpaTyaimmx nyTei MeKAY BCEMH DA PAMH BePIIEH MOKET GHTH HCIONb-
80BAH B A o0HapY:KeHHA B rpade IHKJIOB OTPHNATENHHOTO BecA.
Kpome Toro, B Tex cayuasx, xoraa B rpade HmeeTcs BepmHEHa S,
H8 KOTOPOH NOCTHKEMH BCe OCTalbHHE BEPIIEHH 9roro rpada, nas
HAXO/KIEeHEA NEKJIOB OTPHIATEIHHOIO BOC2 MOKHO TAK)KEe HCIOJbH30-
BaTh anropaTM m3 pash. 2.2.1 (kak 3T0 ykasuBaercsa Ha mare J()).
Ecan He Bco BepmuHH rpada G gocTHXHEMH B3 § (HADpRMep, KorAa G
ABASeTCA HEOPHCHTHDPOBAHHHM rpadoM, COCTABJGHHNM HE MeHee
9eM K8 IBYX CBASHHIX KOMIIOHEHT), TO aArOpaTM pash. 2.2.1 saBepmuaT
pabory (kak ® A0KHO GHTL) UpPH CAEAYIONMEM PacOpPefeeHHHE IoMe-
TOK: y BepIIHH H3 KOMIOHGETH, COflepKameil s, IOMeTKH KOHEeYHHe,
& IOMETKM BeDIIMH B PYTHX KOMOOHEHTAX PaBHH co. B arToM ciayuae
OEKAH OTPHENATeNHHOTO Beca, JeKalEeé B JAPYTAX KOMIOHEHTAX,
He GynyT o6Bapymenn. TeM He MeHee B0 MHOTHX BA/KHHX IPHIOMKe-
HHEAX aJATOPETMA OCHApY)XeHHA NEKJIA CTPHIOATENLHOro Beca (cM.,
sanpaMep, ra. 14, pasg. 5) Bcerma Emeerca B PacHOPAYREHEH Bep-
MABA §, B3 KOTOPO# MOCTEJKHMHE BCO OCTAAbHNE BePIIEHH. B Taxmx
cAydYaAx aAropETM H3 pasf. 2.2.1 npm nmomcke NEKAOB OTPHNIATENH-
HOTO Beca NPeANoYTHTe/]bHeH ¢ BHYHCNHATENHHON TOYKH BPeHHA, IeM
aaropurd Qaoiina.

Ilpapmna ocTaHOBKE anropuTma m8 pasf. 2.2.1 maworca B dopme,
mo8BONAKIEN MHHEMHSEPOBATh 00BEM BHYHCIGHHM NIpPH IOHCKe
KpaTiaiimux wyTell B8 BOPIIHNEH §, €CJIH TOABKO B rpade G 0TCYTCTBYIOT
IEKIH OTPHOATENHHOTO BeCa. JTH NPABEMAA MOTYT GHTh BEXOM3MEHOHH
TaK, 9T00H IEKJIH OTPHNOATENBHOTO Beca 0GHAPYKHBAIRCH IO BO3-
MOKHOCTE OHicTpee.

Ilocae Kampaoro EsMeHEHHA HOMOTKH BEPIIRHN I; H HaXOXACHHAA
mopxoasAmel BepIIMHN Zy», YROBIeTBOpsome# cooTHOmeHEK (8.3),
MOKHO IPOBEPHTb, AeHCTBHTENbHO M Z; OPEHAJIEKHET TEKYIIeMY
KpaTyafimeMy IOYTH OT § K Zj» (9TOT IyTHh MOKHO HaliTE, HCIONB3YH
TeKymme noMerrH 0). Ecam 810 Tak, To BepImMHA e 6mm TIOMeYeHa
gepes z; m Es HepaBeHcTBa I* (z;4) + ¢ (20, z;) < (z;) caenyer,
9TO 9ACTH TEKYIero KpaTdaiiniero myTH OT Z; K Xy« BMECTe C Ayroi
(z4+, z;) moaxBa 06pasoBHBATL MEKJA OTPHIATENLHOTO Beca H paora
AJTOPATMA MOKET BAKOHIHTHCH. ECHH 7Ké IOMETKAa BepIEHH Z; 1H60
He msMemsercs (B coorsercrBEEm ¢ (8.3)), 1m6o mBMeHseTcA, BO Z;
Be Gyper mpEHajpnex’aTH TOKymeMy KpaTualimeMy OyTH OT 8 K Zje,
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To pafora airopaTMa MoKeT Hpofo/:KaThca Ao mara 3(a). Caemyer
3aMeTATh, YTO ONMCAHHAA MogAHMKamua fejaer maaumauM mar 3(B)
anropurMa H3 paspn. 2.2.1, Tak Kak Temepb OHKJI OTPAUATENBLHOTO
8eca 0OHAPY/RHBAETCA Cpa3y ’Ke mocle ero NoABJIeHHA, A& He B KOAI®
RCedl ImpomexypH.

4%.1. Onramansaste qukInr B rpadiax ¢ ABoiiAnIME Becamm [24.9]

Bo muormx caryanmsax Bosmmkaer cnenyomas sanada. [{am rpad,
IyraM KOTOPOTr0 NPHOHCAHH JBA 9HC/Ia — BEC B HEKOTOPOoe ApPyroe
ancno b;;. Hymxuo mafite Ttako#t muxa O, nis Koroporo memepas
dyuKIEA

Cij
(x4, xj)E@
N1

2(D) = »
i
(x4, x))ED

MAHEMaJdbHa (MM MaKCHAMAJbHA).

Paccmorpmm, Hanmpumep, ofcay:KmBamme CYTHOM HAM CaMOJIETOM
HEKOTOPOX CETH MApmIPYTOR H IPENUOJNOKMM, 9TO C,;; — «BHITONAN,
a b;; — «Bpems», HeobGXoAMOe UIA UPOXOMKIACHHA WO jayre (z;, zj).
Janava HaXoKIEHAS 3aMKHYTOTO 06C]yKABAGMOTO MapIIPyTa MaK-
CHMABHPYIOMEro BHTONY, OTHOCHTCA K 3a/adaM ONHCLIBAEMOTO THIA.
Bonee peanmcrmunme 3agaudm, yYMTHBAIOI(AE EMKOCTh TPAHCIOpPTHBIX
CPeACTB ® T. A., paccMoTpeHns B paGore [9].

Apyramn 3agasame, KoTopHe MOKHO cHOPMYIRPOBATH KAK 3aa9l
HAXO0K[AGHAA ONTHMAJBHHX IHKJIOB B rpadax ¢ ABOMHKIMA BecaMu,
ABIAIOTCA 3a/a%M NJIAHWPOBAHNA NAapaJIeIbHHX BHIKCIeHmA (31)
B yOpaBleHHA TeXHOJOIHYeCKEMH nponeccamd [6].

3anmauy HaxoMjesus B rpade ¢ ABoXEmMEA Becamm maxiaa O, mia
Kotoporo ormomenme z* (D) MEHAMaNLHO, MOMHO PEMATH, HCIOJE-
3yA aiaroput™ o6Hapy:keH:msA B rpade NEKIA OTPHHATENHHOTO Becd.
dro pmenaerca Tak. [omycrmM, 4ro Beca ¢;; W b;; — IPOMBBOIBHHE
MeUCTBATENbHEE TUCIa (HONOKUTENbHEE, OTPANATEALENEe WX HYJIB)
C eQMHCTBOHHHM OrDaHEMYEHHEM, 9YTO [JA Bcex nukioB O m3 G

> by > 0. (B GompmMECTEe IPaKTEYECKEX CHTyanEd, HampH-
(x;, X )ED
Mep, YONOMAHYTHX BHme, ¢;; = 0, Bo b;; > 0 gna Bcex i m j.)

Boaemem mexoTopoe upo6HOe sHawenwme z* meneBoi QyHKmEHM
z (@) ® paccmorpmm rpad G ¢ MommPHIEPOBAHEKIME BecaMu

k
cg,=c”—z"b”.

Iloumrka HafiTR B G IEKA OTPANATEABHOTO BECa C MATPHNEH
h
{€i5] Momer mpmBecTm R cirexyomEM TPeM BO3MOKHOCTAM.
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A. Cymecreyer mara - oTpEDaTeNBHOTO Beca, AAA KOTOPOro

2 C?j <0.
(xlv 3})&0‘

B. He cymecTByeT HAKAKOTO0 IEKJA C OTPHIOATEAbLHHM BECOM M

> ¢i;>0 paa vcex mukmos .
(xgy XED

B. Cymecrsyer nEKA ¢ HyJeBHM (HO He OTpHLATeJbHHM) BECOM,
T. €.

Y ¢}=0 pas mexotoporo mmxia @°.
(x> X5)ED0

B cayuae A z* (MEEUManBHOE SHAYEHHe z) MeHBLIIe SeM z', Tax
Kax HepaBeHCTBO

R
D = D ey— XN by; <0
(x;, x)E0 (x5 x))EQ™ @ x))E0"
MOKEeT BRUOJHATECA TOJBKO OpH

N ey
(xg, X))ED™
—_—e <%,
> by
(xp 3})50-

a 8To, 0YEBHAHO, 0O3HAYAET, ITO Z* RO/IKHO GHTH MeHBIN® UeM z'.

Ananormaeo B cayuae B z* > z*, a B cayuse B z* = z*. Bce
CKaSaHHOe NPHBOAHT K CJaefylomel npomexype nomcka. Hawmem
¢ Hexoroporo sEaveHms z!. Ecam 210 sHaueHHe CIMMIKOM BOXRMKO
(1. e. EMeeT MeCTO cAydait A), BO3bMEM 22 << z!; CIIH 7Ke 0HO CIHMIIKOM
mano (1. e. mMeer Mecro caydait B), Boasmem z2 > z!. Kax Toamko
Oyayr HaiiieHH BepXHAA M HWKHAA TrPaHANH (COOTBETCTBEHHO Z,
m z;) nas z*, Gepem z* = (z, + 7,)/2 u sameHmseM B cayuae A 3z,
Ha 2%, a B cayuae B — z; Ha z*. Tak xak umcno WTepamuit mpomop-
OUOHAJNBHO YHCHY 3HAYANMIAX paspafaoB Tpebyemodl TogHOCTH, T. e.
mponopumonaasuao log 1/, rae n — BenIUYMHA NMOrPENHOCTE, B TaK
KaK Ka)kaas HTepanus (HAXOMKACHHe OTPHOATEJLHOrO NHKJIR WIH
BHYNCJIEHNe NOJHOH MaTPHOW paccTosHmil) TpeGyer mopaaka n® ome-
panmit, To pemense CPOPMYJIMPOBAHHOHX BHIIe SafaYd C ABOMHEIME
pecamu Tpebyer O [n® log 1/m] onepammit.

5. Haxoxnemme K kpaTuaiimmx myrei
MEKAY ABYMs 3a{AHHHMH BepPIIHHAMH
B pasn. 2 6HaE RaHH METONH HAXOKIGHHS B IPOH3BONLHOM rpade

KpaTdaiimero myrm ot s k {. Ho BoO MHOrHX HPaKTHIECKEX LPAIOKE-
HEAX Tpebyercsa eme, uTo6H Kparvalimmit myTh 06Naman HEKOTOPHME
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HONONHATEJIbHEIMH CBOHCTBAMH. JTY 3aJady MOKHO, KOHEYHO, pac-
CMATpPHBATh KAK 33JaYy KPATYaHWIIEero HYTH ¢ HEKOTOPHMU JOIOJHHA-
TeJbHHMH OrpaEmYeHMAME [4] mam kak MHoOromenesyw 3amavy,
B KOTODOH YYMTHIBAIOTCSA He TOJBKO JAJMHA IYTH, HO ® ApYyrne ero
coicTea. Ho arm ycuaommerma Gynyr, BooGme rosops, CHIBHO yBe-
JMIABATH BHYHCIRTEIHHYIO PaboTy, I C OPAKTHIECKOH TOYKHN 3PEHHA
6onxee npocro HaiT K Kpatyaldmux myreidl OoT S K ¢ 1 BHOpaTh Cpen
HEX TOT, KOTOPHE o06xafaer HYKHHIMH CcBoicTBaMA. XOTA TaKo&k
METO/l M He IKBHBAJEHTEH IPAMOMY PAacCCMOTPEHHIO HONOJHATEIHHHEIX
cBOMCTB myT® (mpEMep 3roro Gymer AaH B pasf. 7 HAaCTOAMEH I.IaBH),
HO OH IPHMEHHM Jajke B TeX cJydafX, Korjga 3TH CBOACTBA chopmMynnm-
POBaHK He CTPOr0 MM KOI/ia OHH IO CBOedl mpmpope cyéxexrnnnm.
B atoM merone OPE/IIONAraeTcs, 9To K xparvafimux nyTe#t memxuy s
¥ ¢ Moryr OnITh HaWmeHH HocTaToYHO dpdextmBHo. IMerHO 310 6yner
IpeMeTOM M3y4eHHs HACTOSMmEH IJaBH.

Mu Gymem amecs Ipefnoqararsh, 9TO PACCMATPHBAITCH TOJBKO
mpocreie nenu. M xotAa KpaTyalmuil myTs HeobXoauMo HoeH OHTH
mpocTofl mens0 (Ipu yCIOBHN, YTO rpad HE CONEP:KAT IHEKIOB OTPH-
aTeJbHOI'O Beca), Ho BTOPOIl, TPeTHil i T. . KpaTdaidmme nyTu He 061~
3aHN OWTH TAKEMHE Jajke B Ciaydae, KOTAa BCe C;; IOJOKHTEIBHH.
3anava maxoxpenms K kparvaiimmx myreir Ges rpeGomaHEsA, 9T0 OHA
ABJAIOTCA IPOCTEHIMHE I[eIAMHK, HAMHOTO IpoDNe, ¥ AJA € pEemeHAs
Xodppmar m Ilasam [20], Caxaposua [32], Benimar m Kanaba [3)
NPeNoKEIH UTePALHOHHEE METOIH!, AHAJOTAYHLEE ONMUCAHHLM BHIIG.
Onrako MmMopgmdmUmpoBaHHE ITEX METOJOB C IEJBHI0 HOJYIeHHA NPO-
CTHX IHened OCYmEeCTBETb HE COBCEM JIErKO, a4 TAK KaK IO0YTH BO BCEX
IPAaKTUIECKAX NPHIOMKEHHAX aNrOPUTMA HAXOKIERHA K xpatuaii-
OAX OyTe: Tpe6y10'rc;{ HMMEHHO IPOCThHIE [eOH, TO MK ONHIIEM METOf,
npepnoxenunit Newom [35] m nossoastommit naxomare K Kparuaii-
M¥MX npocmblr Ienei.

Hyers P* =s, 2%, 2%, ..., x:k; t — k-it Kparuaiimm# OyTH OT §
K t, rne z%, zk, ..., -"Zk — COOTBETCTBeHHO 2-A, 3-1, ..., qpAa
BepmuEs k-ro KpaTsaimero uyta. Ilyers P} — «oTkiIOBeHRE OT IyTR
P*-1 g touxke i». Ilog aTEM mOEEMMaeTcs caeaylomee: P? — Kpardgai-
mui M3 OyTeidl, COBOANAOIMUAX C Pf—l OT s o i-f BepMIMHH, a 3aTeM
AAYmMEA#A K BepmEEe, OTAMIHOK oT (i + 1)-z BepmmE Tex (pamee y:xe
LHOCTPOEHHHX) Kpatdaimmax nyred P! (j =1, 2, .. " k — 1), xoro-
pHle HMEIOT Te Ke CaMHe Ha4YaJbHHEe HOAUYTH OT S K i-i BepIIAHe, 9TO

m P*-1, P} npuxonmT B BepmEHy f IO KpaTdaiimeMy mOXOYTH, He npo-
XOfAmMeMy HE depe3 OQHY H3 BepmmE s, zi~!, z8-1, .. ., 27, yu4a-
cTBylommx B dopMmpoBanmn mepsoit vactu myta P}. Orcioma caenyer,
9T0 OYTh P? neobxomumo mommen GHITDH HPOCTOH HEnbIo.

Ilepswit mommyrs s, x5, z%, ..., z! (copmaparomuir ¢ s, zi71,
oL, xf-l) noyTH P! nasmBaerca ero KopEeM m® 06Go3ma-
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wserca R}, a propoit moanyrs zi, . . ., t nyrm P} masuBaerca orer-
BiIeHmeM E 0G0sHAauAeTCA wepes Sj.

Auaroprt Haumnaer paGory ¢ Haxopenma P! ¢ momompio aiaro-
PHTMa KpaTuaiimero OyTH OT 8 K f, ONMHCAHHOTO B pasfy. 2. 3TOT OyTh
nomemaercs B CnECOK L, (xo'ropun FOJIAKEH conegmau k-e kpaTuaii-
mue nyTtH). B o6mem ciydae nis HaxokgeREaA P* BY)KEHO y:Ke EMeTh

1 2 h-l
KpaTuafimme nyrm P, P% ... P Hmxe mpmBomMTCH OmECaHHE®
aJITOPHTMA.

5.4. Onmcanme aaropaTMa
ITpuceoerue navasvHuz snaweHul

IMaz 1. Haitrm P:. Tlonomars k = 2. Ecim cymecTByer TOABKO
ofuH Kpardadimmit oyt P!, BkawwmTs ero B cmmcox L, m mepeiith
k mary 2. Ecan raxmx ny'rei HECKOJbKO, HO MeHbme, 9eM K, BKI0-
9ATH OHH W3 HEX B COHECOK L., & OCTaJdBHEHE B cOMCOK L,. l'Iepen'm
k mary 2. Ecam cymecrByer K mam Gonee KpaTuaimmx myreit p!, To
sanava pemena. OcTaHOB.

Hazxoxcoenue scex omwsorenull

IMaz 2. Hare Bce orrnomennsa P} (k — 1)-ro xparsafimero nyTe
P*! nnmscex i =1, 2, ..., qx_,, BHIONHAA ANA KaKAOro { MATE
¢ 3-ro mo 6-i.

HMaz 3. IIpoBepuTs, COBHAKAET JIE HOAUYTH, 06PasoBAHHHH I€pPe
BHME | BepmmHamMa oyTE P*-1, ¢ nopmyreM, 06pasoBaHHHM NEPBHMHE {
BepmEHaME JioGoro ms myrei PP(Gj=1,2 ... k—1). Ecan na,
nonomats ¢ (z; ', 2},1) = oo} B IPOTHBHOM CIyYae HEIEro HE HMaMe-
gArh. (IIpE BHOOJAHEEWH aJropETMa BepIHAHA z; 0003HAgaeTcCs §).
Ilepeiite k mary 4.

Ilaz 4. Ucnonpaya aaropeTM KpaTdaimero nyTe, BaiiTe Kpariali-
mee nyre St or z}~! k ¢, mcKMOYAA BB paccMOTpeHEA BepmEEHH S,
z'{'", .t;"‘, .o ey x?“. Ecnm cymecTByer HECKONABKO KpaTdaiimmx
myreli, B3ATH B KAYeCTBO S, OJMH M3 HEX.

IMaz 5. Tocrports P}, coemumersa R} (=s, z -, z 7%, ...
eew & 1cS umnomectmts P B cnucox L,.

ITaz 6. 3ameHATH 3eMEHTH MATPHIH BeCOB, H3MEHEHHHE HA IMATe .
HX NepBOEAYAJbHNME SHAaUYCHHAMH M BOSBPATHTHCA K INATY 3.

Bubop spamuaiiwuzr omxsoneruil

Mlaz 7. Hafite xpaTwaiimmit nyTs B corcke L,. O6osnavaTh aToT
nyts P* u nepemecrrts ero ma L, 8 Ly. Ecim k = K, 1o axropmms
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sakaguuBaer paGory u L, naer tpebyemuii comcok K Kpardaimmx
nyreit. Ecim £ << K, noxoxurs k = k -4 1 1 BepHyThcA K mary 2.

Ecnm B L, nmeercs GoJlee 9eM ofuB KpaTdaimmit nyTh (CKakeM, h
nyTteit), To nomMectuTh B L 060i M3 HAX A OPONOIKATE, KAK M BLIIG,
A0 TeX Iop, IOKA YBeJHYEHHOE Ha h IHCIO myTell, yKe HAXOAAMMXCH
B L, e cosmagar ¢ K mam He mpeBHCHT ero. Torga aaropar™ 3aBep-
maer paboty.

O6ocHOBaHHE BHIIENPUBEEHHOTO AJIOPUTMA OCHOBAHO HAa oOdYe-
sunsom Qakrte [11], [20]: nyTs P* momsen OGHTh OTKIOHEHHEEM HA i-M
atane (npm HekoTopoM i > 1) or omHoro m3 Golee KOPOTKHX IyTei
P, p: ... P*1 [Jlosromy Heo6XommMo OPOCTO IOCTPOHATH BCE
KpaTYafIme OTKJIOHEHHA OT Kakaoro us P’ m mpocMmorpers HX JIA
HaXO’K/IeHHS CaMOr0 KOPOTKOTO OTKJIOHeHHs. J1o m Gymer myrs Pk,
Crnemyer 3aMeTHTh, 4TO IPH Kk-H ETepandm Bce KpaTJailIue OTKJIOHE-
mag gua P’ j=1,2, ..., k—2, yike BrawodeEH B L, ¥ HYKHO
HANTH TOIBKO ORHO OTKIOHeHMe oT P*~! m MOMONHHTH UM UMEIARCH
CIIHCOK. .

Ha mare 3 mut monaraem ¢ (z !, zl,1) = oo ana tex P, mavams-
HHE TOAOYTHE KOTOPHX, COfeprKaIiye [ BePIIMH, COBINAJAIOT C Hadalb-
HHIM i-BepIIMEENM moxmyTeM myta P*-l. 3ro menaercsa N1s Toro, 9TO-
6L He moayYATE CHOBa P’ B KadecTBe OTKIOHeHMA (B TOUKe i) OT OyTH
P*-1, 9410 BIONHE MOTJIO CIYIATHCA, ecad Gh MH JefcTBOBa M HHAYE,

Tak Kak npE j <<k — 1 Bec nyrm P’ ge Goapme Beca mytm P*-1,

XoTs Ha mare 5 aJqrOPETMA3 KamIui IOPOKACHHEHE myTs P}
¥ DoMemaercA B CHHECOK L,, COBepIIEHHO OYeBHIHO, ITO HA K- HTe-
panE| 3TOT COHMCOK He XoJKeH cofepxarh Gomee K — k + 1 xpar-
qaiimax orkiaoHeHmit Pf. C BHYACIHTENBHOH TOTKE 3peHEs Hamboiee
CIIOKHEIM ABIAeTcA mar 4, rxe Tpebyerca O (n?) uam O (n®) omepanmi
B 3aBACHAMOCTH OT Toro, 6yayr am Bce ¢y > 0 mam ¢;; = 0. Tak Kagr
9TOT mar npm k-# WTepanuM BHIOIHAETCA ¢, Pa3 H TAK KaK g = N,
a ugmciao mrepanmit pasEo K, TO paccMaTpHBaeMHH aNrOpATM OpH
HAXOKJAeHWH KpaTdaimmx nyTteir Ttpebyer mopsapka Kn® mam Knb
onepanmit. [lepBasg BenmYmHa OTHOCHTCA K rpadam ¢ HeoTpHIATENh-
HEIMH MATPHIAMH BeCOB, a BTopasg — K rpajaM ¢ IPOM3BOJBHBIME
MaTpumamy 1),

1) Jlerko BEAETH, 9TO KpaTIaiimme MyTH OT s K £ GYAYT TeMH Ke CAMEIMHA OJHE
OTHOCHTEJIbHO NPYrOro, €ciu Bce BeCcA ¢;; 3AMEHHTH HA ‘i} = ¢;; + hy — kj,
Tl BeIWYMHK h — NPOM3BOJBHNE YHCIA, TPEOUCAHANG BepmuHaM rpada. IToas-
aysacs atum daxrtoM, K. KHyT (B 9acTEOM coobmeHmH) nmokasai, 9T0, B3AB h; =
= d (s, z;), MOXKHO BCerfa HONYYHTH C; « 0. Taxk xak paccrosems d (s, z;),
MOryT 6HTHL HONydeHH B ofmem caydae ¢ noMombio O (n3) omepamuii, To Ha ca-
moM pene (mpeofpasysa npenBapETeNbHO Beca) M B oOmeM ciaydae MOMKHO HafiTh
K xpargaitmux myTeit, ncmonsdya O (Kn3) omepammii.
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6. KpaTuaiimmit myTh MeKQy ABYMA 3ajaHHLIMH
BEPIIMHAME B OPHCHTHPOBARHHOM ANUKIAIECKOM rpage

Meromn, passuTHe B NPeANAYIIEX pasfielax aToi rIaBH, OIPHME
HEMH K COBepHmEeNHO npousBoabHuM rpadam. Ho Ha mpakTEKe 3amagy
KpaTuaitmero myrs uacto Tpefyerca pemarh JiIfi KIacca OPHEHTHPO-
BaHHWX anukamyeckax rpados. Taxme rpagu BO3HHKAIOT B METONAX
INEPT u MKIT Y).

HonycTuM, 9T0 HYKHO pealNm30BAaTh HEKHH GOJLIIOHE IPOEKT,
| 3TOT IPOEKT COCTORT 3 Goanmroro gmcia sTanos. Mu MokeM m3obpa-
SHTHh KQKAWI 3TaD BEPIHMHOH BeKoTOpOoro rpaga H MOCTPOHTH AYTY
OT BePIIMHH Z; K BePIEHe Z;, 9T0GH IOKa3aTh, 9TO 3TAN i JOJKeH
opeamecTBoBaTs sramy j. Hampmoll Ayre DpHDHCHBaeTCA HEKOTOPHH
BEC C;;, PABHHI MEEEMAJBLHOH 3a/IePKKe BO BPOMEHH MEKAY HATaJoM
sTama i W HagaJoMm dtama j. Ilycrp, HampEmep, IPOGKT HpPEACTaBIAET
coboii mporece CTPOETENECTBA 3NAaHAA. JTAN i MOFKET COCTOATH B CTPOH-
TeJIBCTBe CTeH, 3TAN j — BCTABKA OKOH, 9TAN Kk — NPOKRIafKa IIPO-
BONOB B cTeHax m T. . OueBHAHO, ITO B 9TOM CAydYae HY’KHO IIPOBECTH
RYTH OT Z; K Zj B OT Z; K 7). Ho MAHEMANBHHEA CPOK MeXIY HAYaIOM
CTPOBTEABCTBA CTEH H BCTABKOH OKOH MO7KET GHTH OTIMYHHM OT CPOK&
MY CTPOMTeIBCTBOM CTeH ¥ IpOKJIafgKoi# mporomos. Ecam, mampm-
Mep, OKOHHHE DaMH J6PeBAHHHe M CTeHH JO/UKHH CHAYajla BHCOX-
HYTh, & IJA NPOKJIAJKH IPOBONOB 3TO HE BAXKHO, TO Cyj => Ci.

CoBepmeHHO 09eBHAHO, 9TO PaccMaTpuBaeMuil rpad Gymer opmen-
THPOBAHHHM H ammKIEIecKHM. [lelicTBATENBbHO, IPEANOIOKeHNe
0 CYMECTBOBAHAH HEKOTOPOTO IWKJIA, COJeP/Ramiero BePNMBY Zj,
OpHBOAMT K (HelxemoMy [JIA Hameldl 3afavl) BHBOXY O BOSMOKHOCTH
IOBTOPEHHA 9Tama i.

B sapgaue Tpebyercs HaiTH MAHEMAJIHHO® BpeMs, HeoGxommMoe A
peasnmsanmm npoexra. VIRHMA croBaMH, HYHHO HaiTE B rpade camui
Gaunnul nymb MemxRy BepMEHOA s, maobpamammed HaYal0, H BEp-
nmHoit ¢, Asobpamanmel saBepmenne BCeX HeOGXOMEMHX A peayn-
samue mpoexta pabor. CaMuii NIMHENE DyTh HASHBAGTCA KpUmMuYe-
CKUM DyTeM, TAK KAK 3TalH, OTHOCAMH@ECA K 9TOMY IIYTH, OIPEeIS T
mOAHOe BPEMs PeaH3aldMM NPOEKTA H BCAKAS 3afeP/RKa C HAYAJIOM
BHIONHEHREA a1060r0 E8 9THX STAIOB IPUBEAET K 3afeP/KKe BHIIONHO-
HES NPOERTA B I[EJIOM.

CxopcTBo aTOi 3amayum ¢ safavuei o Kpardaiimem OyTE MeXRAY S & ¢
COBEDIEHHO OYeBHJHO H €e MORHO PpeNIATh, HCIOOAb3YA AITOPATM

1) PERT (Project Evaluation Research Task) x CPM Critical Path Method).
Jiaa mepBoro METORA B OTeueCTBeRHOE amTeparype mpEEAT Tepumm CIIV (cere-
BO® IIAHHPOBAHHe B ympaBieHHe). Bropoit MeToN HASHBANT METONOM KPHTHYE-
cxoro nyta.— Ipux. ped.
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n3 pa3n. 2.1.1 (rak xak Bce ¢;; > (), 3aMeHHB Bce omepammm min
#a max. Ho aTor axropmim 6ua Gu CIMMKOM HePKOHOMHYHHM, TAK
KaK OH He YYATHBAeT CHelHaNbHOH CTPYKTYpH rpada. MoxHO mpm-
MEHMTDH JPYroi aJropHTM HaXOKIEHHS CAMOT0 RJIMHHEOTO IYTH. JTOT
HOBHH aJrOPATM ONMCHIBAETCA HWKE HMEHHO B TEPMHHAX CAMOTO
AJMEHHOTO OyTH, T&K Kak oOnYHO Tpefyercsa HaiTH Kak pa3 TaKoH
OyTs. 3ajlada 0 KpaTdaiimeM OyTH B OPHEHTUPOBAHHOM aIEKIAIECKOM
rpade TakKe MOKeT GHTH pemeHa ¢ NOMOMBIO IPHBOAUMOTIO AJTOPHT-
Ma, HY/KHO JHIIb BCE ONEpal#E max 3aMeBHMTh Ha min.

6.1. AXropaTM HaXOMKJEHAH CAMOTO JIHHHOIO (xpaTHIECKOrO)
OyTH B OPHEHTHPOBAHHOM ANHKIMYECKOM rpade

Hyers sepmmen nmpomymepoBamN TaK, 9T0 Ayra (z;, ;) Bcerga
OPHEHTHDOBAHA OT BOPMIMHH I; K BEpPIIAHE I;, EMEIOMeH GoJbImmit
somep. JlnA anmkam9eckoro rpada Takas HymMepamms BCerja BO3-
MOKHA M NPOMBBONHTCA OYeHb Jerko. IIpm arom HavanbHAA BEpmMEHA
moaydaer Homep 1, a KoHe4HAA — HOMED N,

[IpucBomm BepmmEe z; momeTKy [ (z;),— paBHYI0 NJIHHE CaMOTO
IJINHAOTO MyTH oT 1 Ko Z;, ACHOAB3YA AIA 3TOT0 COOTHOMEHHA

I(z))= max [I(z;)4cyl; (8.7
xiEI‘_(xj)

3aTeM NPUCBOMM NIOMOTKY Bepmmre (r; + 1), mpEmermB cHoBa ¢op-
myay (8.7), m Tak majee M0 Tex mOp, MOKA HOCIEXHAA BEPMIEHA N
He nmonyydaT momeTKy ! (n). B coornomemmm (8.7) I (1) monaraercs
paBEuM Byao. Ecam sepmmEa z; momedeRa, To momMeTkd ! (z;) ®3BecT-
HH 114 BceX BepmzH Z; € I'"! (z;), Tak KaK B COOTBETCTBHE CO CIO-
co0oM HyMepanmm aTO 03HAYAET, 9TO Z; << I; M, CJASXOBATEIBHO, Bep-
IOAHAl Z; y7Ke IOMEeYeHH B IPOLECCe NPHMEHEHAA AJTOPHTMA.
Ilomerka ! (n) paBHA QmamHE caMoro AJWHEOTO Iyt oT 1 mo n.
Camu nyrm, ofpasynomue nyTh, MOTYT OWTh HaleHH OOHYHHEIM CIO-
co6oM mOCIef0BATENLHOTO BO3BpameHHs. A WMGHHO Ayra (z;, ;)
OpPEHALJIEKAT NYTA TOTAA W TOAbKO Torfa, korma ! {(z;) =1 (z;) +
-+ ¢;;. HaumBas ¢ BepEHH z; paBHOR n, moJaraeM Ha Ka)KIOM IIare
Z; paBHO# TaKo# BepIMMEe I; (CKaKeM, £}), A KOTOPOH BHIOJHAETCH
3TO HOCleflHee paBeHCTBO, M TAK OPOJOJKaeM [0 TeX Nop, HoKa He 6y-
JeT TOCTMrHyTa HadaJbHas BepmmHa (T. €. moxa He Oymer zf = 1).
CoBepmenno ouesmmHO, 9YTO moMeTKa [ (z;) BepmHMHW z; HaeT
AnHHelimmid oyTe oT 1 Mo z;, T. €. caMoe paHHee BO3MOKHOE HAYAJI0
BHIOOTHEHWA 3Tama, w3obpa:kaeMoro BepmmuHOX ;. Taxam obpasom,
ecnn (z;, x;) — nyra B rpade, To I (z;) — I (z;) — c¢;; (HReoTpunaTens-
HasA BeJIMYAHA, Kak 910 BEAHO u3 (8.7)) maer camoe 6oanImoe BO3MOK-
HOe BpeMsa B3aflepKKH Hadajla 3Tama i, He OKA3HBAIOMEee BIRAHHAA
Ha BpeMA Havaxa 3ranma j. /13 BumeckazanHoro BEARO, 9TO €CJIH i
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——

(6)

Ppe. 8.5. (a) I'pad ms mpumepa 6.1.1. (6) OKOEUATENIHLAEHE NOMETKE BOPINHE
H KPHTHYECKEH IyTh.

B j — Ba NOCHCJ0BATONbHNEe 2TANA B CaMoOM JJMHHOM IYTH, TO
I(z)) —1l(z)) —eyy=0.

6.1.1. Ilpumep. Paccmorpum nmarpammy IIEPT, msoGpamxennyio
ga puc. 8.5 (a), rme wncaa, cTosAm@Ae Y AYY, YKA3HBAIOT IPONOJKATONE-
€0CTh BajiepeK B AHaAX. Hakoe HamMeHbIIMH BOSMOMKHHIE CPOK c,
BunoaEenns oaroro mpoekra? (IIpexmonaraerca, 3ro BepmmHa 1
ABJIACTCA KOHEUHOH M e€ifi COOTBETCTBYeT HYJAeBAA HPONOJKHTONb-
HocTh.) BepmuuH rpada yKe mpoHyMepoBaHH TaK, 9T0 Ayra (z;, Ij)
cymecTsyer JMmb OpH z; > Z;. llpaMenesme BHpamenHEa (8.7)
K rpady, maoGpakerHoMy Ha pmc. 8.5 (a), IPHBOZAT K PacCTaHOBKE
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DOMETOK, IoKa3aHHOH Ha puc. 8.5 (6); KpuTudeckudl nyTs naobparken
RUpHOH nuHmeii. [IIuHa 3TOro myTH M, CleJoBaTelbHO, HanMeHbIIAN
BO3MOKHHEIE CPOK BHIIOJHEHUA NPOEKTa paBeH 93 nusm.

Ecaim ogum u3 3ramoB, npmEajgdeKamMX KPHTHYECKOMY IYTH,
3ajiep:xuBaeTca Ha D jHe#, TO ¥ BeCh IIPOEKT 3a[€PKATCA HA TOT e
cpok. C npyroi croponH, 3anep#Ka, CKaskeM, staua 8 (He npmHamIe-
/Kamero KPUTHYECKOMY IyTH) Bo3mo:kua Ha 719—19—21 = 39 pmei,
npmyeM 3TO He OTpasnTcs Ha oOmeM CpoKe peaJd3alEl OPOEKTA.
Jlnme samepxkka Ha cpox D > 39 nmelt noBauseT Ha TOMETKY Bep-
meEN 12 (upHBagJeKamyld KPATHYECKOMY NYTH).

Meron IIEPT onncan B 3TO# IiiaBe B TEPMHHAX CAMOTIo JIIHHOTO
nyTm B rpade, BeDIIMHE KOTOPOTO OTBEYAIOT 3TANAM BHIOJIHEHAS
OpOeKTa, a JAyI'H — OTHONIEHNMAM NPE[UIECTBOBAHNUA, IIpudeM Bec
¢;; Ayra (z;, r;) paBeH MHTePBaJy BPeMeHH MEMIy HA4a.IOM 3Tama &
u j. Ha npakruke nmarpammut IIEPT ucToaKoBLIBAIOTCS HECKOTBKO
HHaYe, a AMEHHO IYTH OPefCTaBIAIOT 3TAIbI, 8 BEPITMHAK H306pasKaloOT
abCcTpakTHEIE «COOBITHA», YKA3WBAKIEe HaYala WIHM OKOHYAHHA 3Ta-
nos. XoTs Takoe IpeJCTaBJERMe Camo 1o cebe ABJIAETCA HENO.THEIM
(Tak KaK OpPW 3TOM OTHOIIEHHA NPEQIIECTBOBAHUA TOUHO HE ONMCHI-
BAXOTCA), YKa3aBHAI HEJOCTATOK MOKHO YCTPaHHTh, 106aBAsAA UKTHB-
HHE 3TaNH JJA TOYHOTO OUMCAaHWA OTHOmMEHRH npeqmecTBoBanua [34]).
C npyro## CTOPOEH, Takoe IPENCTABICHHE MMEET BajKHOe HperMyIe-
CTBO Hepel NEePBOHAYAJBHHM, IOCKOJAbKY IPUBORHT HA IPAaKTHKE
K 6onee mpocTeIM AmarpaMmaM. JTO OPOMCXOAWT B CHAJIY TOTO, 9UTO
BpeMeHHAA 3ajlePKa ¢;; MeKIY HadanaMy 3TALOB { I | ABISAETCH,
Boobme rosops, MOCTOAHHOH I AAHHOIO { B COBEPIIEHHO HEe 3aBHCHT
OT CJHefyomero sTana. PeflkHe HCKIIOUEHHSA BCErga MOKHO Y4YecTh,
BBOAA HEKOTOpHE (HKTHBHHE JTAaOH. B TakuXx ciaywasx mogobHoe
IpejCcTaBleHAe NPABOJAT HAa HpPaKTEKe K GoJiee npocraiM rpadam
(mame ¢ ydeToM QUKTHBHWX BepNIMH), B TO BPEMA KAaK IpPelCTaBJe-
HHe, pacCMOTPeHHOe paHee, OCTAeTCA HeM3MeHHEM. J[pyroit ocobem-
HOCTBI0O IPaKTHYECKOro mcmoan3doBaHma Merona ITEPT asasaercsa o,
9TO WHTEPBAJH BpeMeHH (T. €. BpeMeHHKE 3aeP/KKH) MERIY dTalaMM
CYATAIOTCA CAyJaHHEIME BeJIHYEHAMA, & He [eTePMHUHHPOBAHHBIMA,
KaK CYATAJIOCh 37eCh.

3amaym mJaEWpOBaHEWA, pemaeMume ¢ momompblo Meroga IIEPT,
He YYATHBAIT HaJIWMYAe PecypcoB ¥ He PACCMATPABAKOT HOTpeGHOCTR
aTamoB B pecypcaX. Bmecro aToro mpoumssoputTca (mocie HaXO:RICHHS:
KPETHEYECKOTO IyTH) TaKoe pacupefesieHHe PECYPCOB [0 3TANAM OPOEK-
Ta, OPE KOTOPOM 3afep:KEBaeTeA BHIOJHEHUE 3TANOB, HE NPHMHAMIE-
HallAX KPATHIECKOMY IyTH. ECJHH jXe orpaHNYeHus HA PeCypPCH y4d-
THBATH HA CTajMHE OJAAaHAPOBAaHMA, TO 3a4a4a U3 OYeHb ;IerKoll mpe-
Bpamaerca B oueHsb Tpynuyo [1, 30, 37] n pemurs ee ymaercs Juwms.
AJA pasMepHOCTeH Ha 3—4 DOPANKA MEHBIIHX, 9eM B CAydYae COOTBET-
cTeyomell 3agadn 6e3 orpanmuenni.
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7. 3apaum, GnE3KMe K 3ajade O KpardaiimeM nyTm

B aaropmrme Dioiina HaxoKEeHHMA KpaTdafimero IyT® MEKLY
BCeMH IaPaMH BePIIEH (CM. pasf. 3 BacToAmei raaBH) GHIa HCHONB-
soBaHa TpexmecTHaA omepanmaA (8.5). IlpmMenerme aroif omepanmm r
pas K MaTpELe BecoB [c;;] maeT ¢3aKI0IATEABHYION MATPHILY, SIEMEH~
TH KOTOPO# PaBHH AJMMHAM KpaTYafimmx myred. ITa omepames ABIAET-
cA JaCTHRM caydJaeMm Gosee ofmeil TpexMecTHOl omepanmm

243 =0PT [z}, 2 @ 2Zx5], (8.8)

rae z — QyHKIOAA NyTH, OOAJEKAMAs ONTHMHABALEH, & ® — HexoTo-
pas obmas onmepanea. Oumepanmsa @ Hajlaraer eUHCTBEHHOE OrpaHH-
9YeHHe B Clyvae ee NPHMEHEHHS K PASINYHHM S3ajavaM HAXOXKNECHHS
KpaTyaifmmx nyrei B rpadax. A MMEHHO eCIH IYTh OT Z; K Z; OPOXO-
HHT Yepe3 NPOMEKYTOYHYIO BEPIIMHY I, M Z — HEKOTOPas XapaKTe-
pECTHKAa OyTH, Ha KOTOpo# 0asWpyeTca ONTHMHESAmEsA, TO Aad @
AOJKHO BHIOJHATHLCA YCIOBHE

Ziy=2Zix @ Zp;. (8.9)

Hmke mpEBORETCA HECKOJBKO NPHEMEPOB HMCIOJAL30OBAHHA 3TOH ome-
panuEa.
7.1. HamGonee majexmnlii myrh

B sapmaue o kpaTvaiimem myTEm B KavecTBe «[IHHE» OyTH Gpaiach
cyMMa BecoB Ayr, ofpasyiomumx aToT myTh. PaccMoTpEM Temeps cxay-
9aif, KOrKa «Bec» AYTH HpEACTaBAsAeT ee HANEKHOCTh. Hane;KHOCTH
IIYTH OT $ K £, COCTaBJeHHOTO M3 AYT, BBATHX H3 MHOKecTBa P, naercsa
dopmyanoit

o(P) =(x,.g,)ep Pigs (8.10)

Iie py; — HAREKHOCTL AYTH (Z;, Z;), T. €. BPOATHOCTH € CYIEeCTBO-
BaEHA B rpade (ENE — B cayiae PHBAYECKEX CHCTEM — BEPOATHOCTDH-
TOr0, 9TO OHA HAXOAMTCA B paGoTocmocoGHOM COCTOSHMARE).

3anavy maxomxaeEns Hambojee HANEKHOTO OYTH OT 5§ K { MOKHO
CBECTH K 3ajlade O KpaTdaiimeM OYTH OT § K {, B3fAB B KAYECTBE «BecCay
¢4y ByTH (Z;, z;) BenwumEY ¢;y = — log p;;. IIponorapudmuposan obe
vyacta cooTHomernus (8.10), moayunm

lo P) = lo = - Cise
gp (P) (x,.g,)el’ gP1 (ﬂ_gﬁep i

Orciona BEAHO, 9TO KpaTdaiimmii myTh oT s k £ ¢ MaTpuneil Becos [cy]
6ynmer B To ke BpeMs m Ramboiiee HANEKHHM IyTeM C MATPHIEH
[pyy], a HamemxmoCTH BTOrO MyTH paBHA AHTHIOTAPH(MY €ro NJIMHH..
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Ilpu gpyroit dopmyampoBke 3agauu o HamboJsiee HANEKHOM LYTH
BO3MORHO HEIOCDPEICTBEEHOE MCIOJb30BaHHE TPEXMECTHOH omepallHH;
2 IMEeHHO olepandd BBOJUTCA C IOMONMBIO COOTHOMEHHS

Pi;=max[p;;, Pin-Pryl-

B xravecTBe HagaabHOH [p,-j]—Mannnm Gepercs MaTpuLia HajeKHOCTER
AYT, OIpHYeM HyJeBHeE JJEeMEHTH YKa3BBAaIlOT HA OTCYTCTBHE COOTBET-
<ctByiomux ayr. Takas ¢gopmMyrmpoBKa IO3BOJAET, OYEBHIHO, HAHTH
HaudoMee HaeKHBIE IYTH MEKAY BCEMH HapaMd BEpIIHH.

7.2. IlyTs ¢ HamOOXbIIEH HPONYCKHOIH CHOCOGHOCTEHIO

B sToit 3aage kampas nyra (z;, ;) rpada EMeeT IPONYCKHYIO CHO-
€0oGHOCTSH g;; 1 TpebyercA HalTH IyTh OT S K ¢ ¢ HauboJabmeR NponycK-
Hoil cnocobrocThIO. [IpomyckHas cmocobHocTs mytn P onpemensercs,
KOBEUHO, Ayroi u3 P ¢ HFauMeHbmeld NpoOnyCKHOH cnocoBHOCTEIO, T. €.

Q(P)= min IR (8.11)
(x4, xj)EP
Teopema 1 ). IIponyckras cnocobrocmv nymu ¢ Hauboavuiel npo-
nyckroli cnocob6rocmbio om s K t pasHa
min{ max [g;;]},
K (xi, xj)GK
2de K — a060ii (s-t)-paspes (¢ mroxcecmae dyez).

JoxasarteanscrTso. [lyerh (/ — nponyckHas coocobHOCTD
nvTu ¢ Hawbosbpme# mponyckHO# cmocobHocThIO. Tak Kak KaKEHA
IVTh OT S K ¢ JOJ3KeH CORePKaTh X0 KPailHed mMepe ofHY AYTy U3 Kaik-
zoro (s-t)-paspesa, TO AIA KasKkgoro paspeda K Oyner BHIOJIHATHCH
HEPABEHCTBO

~

max [g;]<<O. (8.12)
(xlw xj)EK'

ITocKoaBKY B KaKIOM (S-£)-OyTH TOJKHA OPHACYTCTBOBATH IO Kpaii-
Hell Mepe OHA Ayra ¢ OPONYCKHOH CIOCOGHOCTHI0, HE IIPEBOCXONAMEeR
(J. 1 TOCKONBKY, B3AB II0 OHOX TAKOA AyTe M3 KaKAOTO (S-f)-IyTH, MH
moay4aeM HEKOTOPHIU (s-f)-pa3pes (mo ompefeleHHA0), TO CYIECTBYeT
XoTA 6 ofgme paspes, ckaxem K', mis Koroporo
max [g:,]1<<OQ. (8.13)

i x]')EK

“Tawuym oOpasom, paspez K, MOCTaBIAKIMA MUHUMYM BhIpaKeHUIO

min{ max « (9:51}s (8.14)

K (xi' xJ)E

(x

1) OGpaTuTte BHOMaHAE HA CXOACTBO TEOPEMH 1 ¢ TEOpEMOIl 0 MAKCHMAaJIbHOM
DOTOKE I MAHAMAJLHOM pa3pe3e M3 IJa. 2; Ha caMOM feJe Teopema 1 ABiAseTcH
MEHHMAKCHEIM BapHAHETOM Nocieiseii.
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JOJKeH OJHOBDPEMEHHO YIOBIAEeTBOPATH HepaBeHcTBaM (8.12) m (8.13),
T. €. OJA HEr0 NO/IKHO BHIOJNHATHCA paBeHcTBo. OTCiofa ciaepyer
CHOpPaBeIABOCTD TEOPeMH.

OueBHAHKI ANTOPATM HAXOMKACHHS IYTH C HamGoabmei Mpomyck-
HOM coco6HOCTEIO, OCHOBAHHKI HA Teopeme 1, cocToMT B CaexyiomeM.

Iaz 1. Hagats ¢ (s-f)-paspesa K = ({s}y X—{s}) = maitrn Ham-
6onpmyo npomyckmylo cmoco6HocTs ¢ nyr me K.

a2 2. Tlocrpouts ocroBmmit moprpad G’ = (X, A’), rme A’ =
= {(z1, 2)) | 9,;=>0).

Ilaz 3. Haiite MEokecTBo R’ (s) BepmmH, JOCTHKAMHX H3 § B Ipa-
¢e A’. (Ilocrpoerme MEOmecTBa R’ (5) ommcamo B ra. 2.)

a2z 4. Ecn t € R’ (s), To § = Q n mw06oit (s -t)-myTh B 0CTOBHOM
goxrpage G’ Gynmer mmers HamGOABMYO NPONYCKAY® CmOCOGHOCTH,
pasuyo Q. Ecxm t ¢ R’ (s), nepeiite k mary 5.

IMaz 5. Basts B kavectse K paspes (R’ (s), X — R’ (s)) u Haittm
Har6oabmy0 HPONYCKHYIO cmoco6HOCTE () AYT B 3TOM HOBOM pa3pese.
(Texymee 3HaueHme BeJIMYMHH () MeHbONE, YeM IpPEXHAyIIee, B CHIY
onpefenends muoxectsa R’ (s) ma mare 3 m mmomectsa ayr A’
#a mare 2.) BosBpaTEThCA K mary 2.

Has meopmenTHpoBaEENX rpados G ®pamk m ®pam [16] mpen-
J0Kuan eme Golee mpocTy0 NMPONEAYPY HAXOKAGHHA OYTH C HaH-
Gonbmeit NpONycKHOE CHOCOGHOCTEIO, COCTOAIMYI B CIEAYIOMEM.

IIycts K, — Heworopuik (s-f)-paspe3, a () — HamGoxbmas mpo-
myckeas cnocoGHocTs peGep m3 K;. Ecam reneps «3axoporaTs» M060e
pe6po (z;, z;) ¢ mpoRyCcKHOI CIIOCOGHOCTHIO gy = ¢, T. €. BEPIIMEH T;
H z; 3aMEHHATh OfHOW BEePIIHHOA Z, MOJOKHB

FP@=T@)UT (@), T @) =T (=) UT (=),

" pebpo (z;, z;) yraauTs, To monyumsmuiica rpad G, Gyner uMeTs TOT
}Ke CaMHii IyTh ¢ HamGoabmeil NpomycKBoi cocobHOCTHIO, YTO H mep-
BOHAYAJILHEMA rpad G. CupaBefIEBOCTE 3TOr0 YTBeP:KAGHHS BHTEKAeT

23 Toro dakTa, 9ro Q ABNAETCA BepXHe#l TPAHENEN NIA (7 (8 cooTBeT-
crBun ¢ (8.12)), u, crenoBareasHo, pe6pa ¢ g;; => Q He MOTYT IOBIHATH

Ha ONTHMAJLHOE PelIeHue, T. €. He MOryT Boiita B paspe3 K. [Tockoxs-
Ky «3aKopauEBanmEe» pebpa (z;, ;) MOKET HOBIHMATH TOJBKO Ha pas-
pea, comepkamue (z;, z;) (sTE paspesu ymaasorcs), To paspes K
rpada G (mam Bce pa3pesH, MOCTABIAIIINEG MHHEMYM BHPaKeHHI
(8.14), ecan mx mecKoabko) Gyner Takie m paspesoM mpeobpasoBaH-
Horo rpada G,.

Ilponenaypy, DpEMeHEHHYI0O K IIePBOHAYaAbHOMY rpady G, MoxKHO
noBropuTh M AaA rpada G,, BubGmpas apyroi (s-t)-paspes K,, 3akxo-
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paumBas Bce peGpa u3 Gy, IPONYCKHEAA CHOCOGHOCTH KOTOPHIX HE MEHE-
me Hamboapiuedl mponyckHo# cuocoGHocTH ar0Goro pebpa m3 K,. dro
naer rpad G, m T. A. Ilponecec 3akorunTCA, Korga GyAyT 3aKOpOYEHH §
u t. Tenepr kamawit (s-f)-myTh B rpade G, 06pa3oBanEH BepIIMBEAMEA
¥3 G @ Temu pebpamm, KOTODHE OKasajJHCh 3aKOPOYEHEHMI, Oymer
MMETh MAaKCHMAJBHO BO3MOKHYI0 NpPOnyCcKHYI0 cnocobHocTs (). Orpa-
HAYEHME HA IPEMEHHMOCTH JaHHOTO AJIrOPHTMA TOJABKO K HEODHEHTH-
poBaHHHM TrpadaM BH3BAHO HMEHHO IPONECCOM (3aKOPAYMBAHEAY,
TaK KaK IPH dTOM HEABHO IpEANoJaraercs, 49470 OYTh C IPONVCKHOMN
cmocobHOCTHIO, He MeHbmmeil, deM (), CymECTBYeT MeERAY JTI0GHMA
BepmuHaMu (ABYMA uad GOJbIIMM 9HCIOM), 3aMEHACMHIMM B OIHCAaH-
HOM Dpoliecce eJMHCTBEHHOM BEPIMMHOH, HO TaKoe IPeNNOoJOKEeHHe
MOKeT He BHIOOTHATHCA, €CJIH 3aKOopauuBaembie pefpa HMEIOT opHeH-
TALHIO.

{"- xl!} [

Pnc. 8.66. I'pad mocne mepsoro cTArusBanms.
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)

Pac. 8.68. I'pad mocie BTOpPOro CTATHBAHHA,

X, 15 X 16 Xy

14

© -0

X4 X; xlz

Prc. 8.6r. I'pap ¢ ®m myTs ¢ mamGomsmed mpomycKmok CHOCOGHOCTEM.

7.2.1. Hpumep. 3amava cocromr B HaxoKAeHEE (s-f)-nyTm (8)
ganboapmeil DponyckHo# cmocoGEOCTE B HEOPHeHTHPOBaEHOM rpade,
m3ofpakenHoM HZ pmc. 8.6a, rme mpomycKHHe cmocoGHocTH pebep
YKasaHH IHCIAMH, CTOSANEME y STHX pebep.

Bubpas npomssoiabno (s-f)-paspes K,, moxkasamHHE Ha puc. 8.6a
OYHKTHpPOM, HalifleM, 9ro pe6GpoM ¢ MaKCEMAJAbHOH IPONMYCKHOM
cnoco6aocThi0 B K 6yner (z3, zg) C g5, = 16. 3akopaumsas Bce pebpa
¢ DponycKHoi cmocobuocTh0 —>16, monyunm rpad G, msobpasenAHE
"wa puc. 8.66. Bubepem Temeps (s-f)-paspes K, rpada G, Tak, Kax
moxasaHO myHKTEpoM Ha pmc. 8.66. Hamboabmas mpomyckHas CHO-
co6rocTh peGep B K, pasma 14. Ilosromy sakopaumBaeM Bce peGpa
¢ mpomycKHoii cnoco6HOCTEI0O >>14 m moxyuaem rpad G,, msobpaen-
EHit Aa pac. 8.68. Bepsa B xawecTee caexyiomero (s-f)-paspesa Ky —

OH mOKa3aH DYHKTHPOM Ha pmc. 8.68,— monysaem Q = 13, a B mo-
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cTpoesHoM rpade (momyweHHOM m3 (, HOCHe 3aKOPAaYMBAHLA BCEX
pebep ¢ mponyckHoit cmoco6rOCTRIO >13) BepmuEH s 1 £ 6yAyT 3aK0-
POYeHH.

OxomuatensanM rpagom G Gynmer ocrosBmmii noarpad rpada G,
cofepskamuii 1ML Te pebpa, KOTOpPHe 3aKOPaYHBAIACH BO BpeMa
OIHCABHOA DponefypH (1. e. Tonpko pebpa (zy, ;) ¢ g;y>13). 3ror
nocnenErit rpad mzobpamen Ha pmc. 8.6r m BmgHO, wTO cymecTByer
TOJBKO OAHH (5-f)-myTh ¢ BamGoJbmed TPONYCKHOM CHOCOGHOCTHIO.
ITOT myTh MOKA3AH JKUPHHMA JUHAAME, IPHIEM KPATHIECKAM pebGpom
aToro nyTm 6yner (z,, zg) ¢ IponyckHoit coocobrocThIO 13.

Ecam Tpebyerca madite nyt: ¢ Hamboapmel OpomycKHO# croco6-
HOCTBIO MEJK[ly Ka)K[oil mapoit Bepmue rpada, ToO TPEXMECTHYIO OIlepa-
nuio u3 BHpaxenus (8.8) MoxHO HCmOJB30BaTL B popme

giy=T0ax [¢;;, min{g, grs}]s (8.15)

OOCKOJABKY TaK BBEJleHHAA ONIepandsA YAOBJETBOPsAET TpeGoBaHHAM,
Hajnaraemum cootsomernneM (8.9). Hauanpmoit MaTpunei [g,;] asaser-
CA HCXOlHAA MATPHINA NPONYCKHHX CcIocoGHOCTeR AyT (¢ HyJeBHIMB
3JIEMEHTAMH HA MeCTaX OTCYTCTBYIOIIMX XYr); KOHEYHAA MATPHIA
lg;;] maer mpomyckEme cmoco6HOCTH myTedl MemIy BCeME DapaMm
BepIIAH.

7.3. Tlyres ¢ Bamboasmedi npmmenenHoii mponyckHoi#l cmocoGHOCTHIO

Paccmorpem rpad G, B xoropom kampmoit nyre (z;, ;) OpAORCAHE
ABa 4HMCIA pyy ® §;;, UPENCTABAAIIIME COOTBETCTBEHHO HANEHHOCTDH
H NPONYCKHYW cnocobHoCTh ayrd. 3amada HAXOXKIEHHEA LYTH OT S
K t ¢ BanGoasmel NpEBENEHHON OPONYCKHEOE CHOCOGHOCTEIO ABIACTCA
KoMOmHEanMe# ABYX MOCHENHHEX 33789 0 IYTAX, 06CYKAQBITEXCA BHIIO
B pasn. 7.4 m 7.2. Ecam npuBefenryo OponyckEyo cuoco6HOCTE IYTH.
P o6o3raymTh geped e (P), To 3afaua COCTONT B HaXOKAEHHH OYTH,
MAHEMHBHDYIOIEro BHPAaKeHHe

eP)= I py{ min (g4} (8.16)
(:i. xJ)EP (xl. xj)EP

B aTom cayuae Henp3s BOCIOJB30BATHCA TPEXMECTHOH omepanmei,
TAK KaK He yJaeTca Ha#TH omeparopa ®, KoTopui (ANA OYTH OT Z,
K I, 9epe3 BepmIAHY ZI.) YNOBJETBOPHET YCIOBHIO €4; = €50 D €cp-

HecymecTsoBanme Takoro omeparopa MoHO 060CHOBATH CAEAYIO-
muM obpasom:

€ap = [T Pi;- min' [gy]=
(xil x.’)eﬂ"b (31. x])ea——b
= [1 g 1l piy-min{ min [g;;], min [gy]},

p
(x40 xj)Ea-sc (xg, x;)€c~+d (x;, x;)€a—0 (xj, xp)€c—~D
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TAe 3amACh @ — b M T. . IPEMEHAETCA KAK AJIA OYTH OT I, K Ip,
TaK M JJA MHEOKECTBA AYT 9TOro OYTH.
Broga o6osmavenusa

F-’ae = ﬂ P (_)cb = n Py

(x;. :j)Ea-c (x4 x’)Ec-ob
Gac min [911]: Geb = min’ [qul’
(xje X5)Ea—c (x40 x4)€C~b

MOKeM BaIMCaTh o o
€ac = Pac*Jacr €cb = Pcb* ed+
CaenosaTennHo,
€ab=T0iN [Dyc€eps Pobbacl- (8.47)
M3 aroro BHpakeHEA BEAHO, 9TO TAK KAK BaEKHOCTH Pge B Pep

He MOTYT GHTb BHpasKeHH (HA ASHKE» BEJHYAH €qc, €cpy Pig B Giy, TO
HEeBOSMOZKHO HAHTH omepaTop, YHOBJETBOPAIIEA OOMEM YCIOBHAM

2:q=10,p=0,6 2:9=20, p=07

§:9=30, p=0,1 §:9=50, p=0,2

g=8, p=0,7 q=9, p=0,8

Puc. 8.7.

(8.9) m, cnemoBaTenbHO, HEBOBMOMKHO HEHOCPENCTBEHHO HCIOJIbL30BATDH
TPeXMeCTHYIO OIepamul.

Ha caMom neme HeTpynHO MOKa3aTh, 9T0 ONTHMAJLHHE NYTh OT T
K Z; uepes I, He 3aBHCHT OT:

(i) onTEMANBPHHX TyTell OT Z, K Z, M OT Z, K T;

(ii) nyrek mamGoapmelt HmpomycKHOE CHOCOGHOCTH OT Z, K Z.
H OT 2, K Zp}

(iii) myrelt mamGonpmeii HANEKHOCTH OT Z, K I, B OT T, K Z; BAN
aoboit mx xomGmHaImH.

B arom mommo yGemmThes, paccMaTpmBasa pmc. 8.7, Ha KoTOpOM
n3o06pakeHN NIYTH BCeX TpPeX BHIEYKASaHHHX THIOB OT Z, K Z,
L OF T, K Z, OPHYEM ONTEMAJLHO® 3HAYGHHe BEJIHIHHH ¢, KOTOPOS
MO}XHO NOJYYHTH C IOMOMBIO HEKOTOPOHX KoMOmBEAmmm sTEX nyTel,
paBHO 4,20. Ha prcyHKe m3006paskeHH, KpOMe TOTO, TAKHO JXBA OYTH
OT %3 K I, H OT Z, K T, HE O{HH H3 KOTOPHX H6 ABIACTCH ONTAMANb-
HHM B Ji06oM BB TpeX BHINENPHBOJIGHHNWX CMHCJIAX, MOKAY MX COOT-
BeTCTBYIOIIMME KOBeYHHME BepmuHamA. OpgHako 3Td ABa nmyTE o6pa-
3YIOT ONTHMAJIBHHE MYTh MEKAY BePIMHHAMH Z, ¥ Zj, KOTOPOMY OTBe—
9aeT 3Ha9YeHHe BEJMYAHH e, paBHoe 4,48.
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7.3.1. Meton maxoxuesmsa nyrn RamGoabmeii npuseneHHON
IIpONYCKHOM cnocobHOCTH

3meck MBI NaJEM HTEPANUOHHHN MeTON HAXOMKIAEHHA OYyTH C HAU-
Oonpmeii npABeAeHHOH NPONYCKHOM CHOCOGHOCTBIO OT HEKOTOpPOH
YKa3aHHOIl BepIIMHEH S B ApPYyryio BepmuHy ¢ rpada G = (X, A).
JTOT MeTON COCTOMT B HOCTENEHHOM MCKJIOYeHEH TeX Ayr rpada,
KOTOpHIE He MOT'YT UPHHAMJIEXKATh ONTHMANbHOMY nyTu. Mckiaouenne
OCYINECTBIAETCH A0 Te€X IOP, HOoKa rpad He CTAHET HEeCBA3HHIM.

CHagaia HaxofuM OYyTh P‘—J MEKAY § ¥ ¢, EMelomuid BHanGoJIbIIyIo

HaIeMHOCTh. IlycTh OE — IPONYCKEAA CUOCOBHOCTH 3TOTC LYTH, T. €.
;= (xi.le)rEIP~ [9:5]-
p
IIpu arom uepes PG Oyner 0603HAaYATHCH TaKMKE W MHOMKECTBO AT,
obpasyomux paccmarpmBaeMHil nyte. Ecam n3 A yganmTe MHOMKe-
crBo ayr A, = {(z;, z;) | (z;, z;) € 4, q,-nga} H o6pa3oBaTe MHO-
#ectBo A’ = A — 0, To aubo rpadp G = (X, A'), apamomumica
ocToBHEM moarpadom rpada G, copepKuT oUTEMANBHEHA nyTh M3 G,
aabo Pﬁ OymeT ONTEMAJIBHHM OyTeM. JTO MOMKHO 060CHOBATH TaK.

OnraManbEHE OyTh B G [OMKEH EMETh [0 ONpPeNe/IeHAI0 Hajemk-
HOCTH, He O0OoJbIIYI, YeM HAJEeKHOCTh IYTH PG' CnegoBartensHo,
3HaYeHHEe NPHBEJEHHOH DNPONYCKHOH CIOCOOHOCTH JOUKHO OHTH
He MeHbIIe, 9eM 3HAa4YeHHe JTOH BEJMYAHE HJIA PB' Ecan PB —
He ONTHMAJbHHE IyTh, TO IPONYCKHAA CHOCOOHOCTH ONTHMAJbLHOIO
nytn B G Goabime, geM ()5, a 3HAaYMT, eMy He IPUHAJICKHT HAKAKag
ayra m3 A,.

Haaee yxe B rpade G’ umerca nyTs P% ¢ vamGonbmeit Hapes-
HocThbi0. IIponyckHas cmocoGuoCTh 0'6 aToro myrta Gosbme, gem 03,
HO ero HAageKHOCTh HE NPEBOCXOMHT HANEKHOCTE NYTH PB’ Ecan
3HAYeHHE OPUBEAEHHOR NPONYCKHOM CHOCOOHOCTH NyTH P's 6oapme,
9eM 3Ha4YeHHE 3TOH BeJHYHHBl IS P;, TO P'S Oeperca Kak Jaydmmit
IyTh @ XPaHATCA A0 TeX IOp, MoKa He OyfAeT HalifeH nyTh ¢ Gosabmeil

TIIpUBeIeHHOH NponycKHOH cmocobmocTrnio. 3areM u3 A ypraasercs
COOTBETCTBYIOINEE MHOKECTBO AYT

Alz{(xi’ x!)l (1‘,-, xj) EAl1 qu<0},}-

ITonygaerca muomecTBo A” = A' — A, # ocroBHHit moxrpad G” =
= (X, A”). Ilo rem ke caMhIM IpUIMHAM, 9TO M BEume, 1ubo rpad G”
COIeP/KHT ONTUMAABHKA NyTh, HA60 oOTMMANBLENM GymeT HaWTywanruit
U3 HalileHHHX o NaHHOTO MOMEHTA IYTh. JTOT IPONECC IPOROKALTCA
J0 TeX mop, IOKA He MOJYYATCA OCTOBHHM noarpad G', ymosaersopsio-
muil ofHOMY U3 CJeNYIOMUX YCIOBMI: an6o OH ABISETCA HECBA3HBIM,
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npudem B HeM HeT OYTH MeXAY § d #, 160 NpHBefleHHAs NPONYCKHAA
¢noco6EOCTH HAMIYUYMero U3 HaHXeHHHX paHee myTeit Gymer Goxbme,
geM NpPOH3BEJACHHO HANeKHOCTH IYTH Pli; Ha DPONYCKEYXI cnoco0HOCTH
TaKoro nytu B rpade G, KoTopuii oGnanaer HambGoabmed NponyCKHOR
cn0co6HOCTEI0 (3TOT IYTh MOMHO HAHTH C HOMOMbIO METOXOB, OIIMCAH-
HHX BHINE); TOTJia, OYeBAHO, HAKAKOA ocTOBRHI moxrpad rpada G
He IPHBOAHT K JydmeMy peImeHHio.

OnruManbauM myTeM GymeT Texymmil Hamny9mE# NyTh, NOJYYOH-
HH B KOHIE OOMCAHHON NmpONENyPH.

Ha s¢dexTHBHOCTS BHIENPHBEAEHHOTO METOa BJAHANIT ABa (ak-
Topa. IlepBmii — «ckopocTh» ypasiemma ayr m3 rpada. B xyamem

X, (60,6) X
%
{4 2
P leoaN%
(14,0,8)
%%
e 9.9
X
(8,0,9) t
0
5’0.8) \\0.0'1 )
10058 Xs <
‘ A\
R % (9.0,8) 4>
xy (120,79 X,

Puc. 8.8. T'pad ma mpmmepa 7.3.2.

clyuae, Korja Ha KasKaoM aTame HamGosee Hafle:KHHE NyTh HCHONB-
8yeT NyTy ¢ HaWMEHLIIeH HMPOOYCKHOH CIOCOOHOCTHIO, mOHaKOGHTCH
m — k atamoB (IAA HAXOMKNEHHS OYTH C HAHAYImed HaJXeKRHOCTHIO),
rae m — wmcao Ayr B G u k — wacao Ayr B onTHMaabHOM nyTH. CaMuM
XopommM caydaem GymeT TOT, KOrfa y:Ke IepBHl OCTOBHHE moxarpad
G' ABnseTcA HECBASHHM H BEPIIHHH § B ! HAXOAATCA B PA3HHX KOM-
nmoHernTax. Tornga morpeGyeTcs TOJBKO OJHH 3Tal.

Bropoit daxTop CBA3AH C TeM METONOM, KOTOPHil HCHONb3yeTcH
RASA «mepeBHYACICHES» (HAa KaKHoM 3Tame) IyTH ¢ Hamboampmeit
HAeKHOCTHIO B ocToBHOM noxrpade. IIpm arom crenyer saMeTaTh, 9TO
XOTA yAaJAeHHe AYT MOReT IPHBECTH, BooOINe roBopsA, K JIAMEHANAM
HeCKONLKEX Ayr H3 s-6asH mnpegmecrsyiomero rpada (maromero
HamGonee Hajfle’RHNE NYTH OT § KO BCOM APYTEM BePINEHAM), HO TA
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44cTE $-6a3Hhl, KOTOpasA CONCPKHT § BMeCTeé C OOMETKaM# BOPINHH,
«CTAeTCA HEUSMPHHON M ee He HYXHO HaXoOHTh 3aHOBO.

7.3.2. Ilpmmep. Haiitm myTs or s k ¢ ¢ HamGoAbWeR UpPHBEEHHON
nponycKuo# cmocobuocTio B rpade G, maobpakennom Ha pmac. 8.8,
(]le KaKpas Jyra mmeer moMeTKy (a, b), upuuem a AsaAercA NPONYCK-
HOW CnocOGHOCTHIO MYTHM, A b — ee HANEKHOCTBLIV

—f

Xy (12,0,7) X%
Puc. 8.9a. I'pad G’ us mpumepa 7.3.2.

Xl X‘

(16,0,4)

X3 Xy

Pro. 8.96. I'pap G” ms mpmmepa 7.3.2.
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IIyTs PB ¢ ngnﬁonbmei BaIe;KHOCTHI0 B rpagl)e G moxasaH Ha
ga puc. 8.8 KEpHHME nEEEAME. 3nech p = 0,504, Q;, = 10 =, cue-
NOBATeNbHO, NPHBEJeHHAA IPONYCKHASA CHOOCOGHOCTH 3TOr0 NIyTR
paBHa ¢ = 5,04. Ynansaa a8 G Bce Ayr: ¢ OPONYCKHWME CHOCOGHO-
crmm << 10, moayumm rpad G, nsoGpamemn.m aa puc 8.9a. ITyrs P}
¢ nan6oan,men HAJIeKEOCTEI0O B rpade G’ moxasaH Ha DECYHKe KHp-
anMa guERamm. J{as storo mymm p = 0,454, Q; = 14 u, smaumT,
OpEBefieHHAA IPONYCKHAA CHOCOGHOCTH MyTH P~ paBHa e = 14 X
X 0,454 = 6,36, wro Goabme mNONyIeHHOK panee peamueEH (5,04)
n, CIe0BATONLHO, BAMGHACT €0. YauaAsa u38 G’ Bce [yTA ¢ nponycKHOH
cmocobrocTE << 14, nonygaem rpad G”, msobpamennniis aa pac. 8.96.
B sToM rpade CymecTByeT TONBKO OLMH IyTh MeKAY s i t; p = 0,141,
Q% = 15 B, caenosaTensHO, NPHBENIGHHAA HPONYCKHAS CIOCOGHOCTD
paBHa 2,12, ¥T0 XYysKe, UeM Jyumee NpefLAYIIce 3HAUCHHEE STOH BEJH-
9HHH. YNalAA BCe AYTH C OPONYCKHOM cmocobmocreio <15 ms G',
MK PashefHHAM BEPIINHH S H {, TAK 9TO JYYIHA mpefHAyIHEA OTBeT,

T. o. OyTh (s, 1, 2, 5, &), ¢ npEBeNeHAOH NPONYCKHOH CIOCOGHOCTHIO
6,36 Gymer OOTHMAJBLHEM OTBETOM.

8. 3anaun

1. Hafitn kparyaiimme OyTE OT BepmMHN 1 KO BceM NpyrEM Bep-
meramM rpada va pmc. 8.10. WsoGpasaTs Takxke 1-6Gasy.

2. Mcoonbsys meron 8 pasy. 2.2, HailiTh KpaTYainrae OyTA OT Bep-

meEN {1 Ko BceM apyrmM BepmmuaM rpada, us06pasKeHHOro
Ba pmc. 8.11.

3. Pemmts 8anavy 2, msMenns sec pebpa (4,5) ¢ 8 Hs —8. Buasath
£Ce OTPHNATENLHHE IMAKJIH.

4. T'pad ma pmc. 8.12 npexcraBaser ceTh AONYCTAMHX MapPMPYTOP
ANA HOKOTOPOro CYAHA. Ramaa Ayra EMeeT HOMeTKY (a, b), mpruem o
pPaBEO BHIOfe, NOJyYaeMoli OpA OGCIY)KHBAHHA 3TOr0 MapmpyTa,
a b — Bpemenw obcaymmpanEa mapmpyra. Hafitu mambonee muron-
abf (B TepMEEAX CKOpPOCTH 060pOTa KamMTAJa) MAPIIPYT EyAHA.

5. laa rpada. msoGpasxennoro sa puc. 8.10, HaliTn wernpe xpar-
qaifmee npocTue nem: ot sepmmHN 1 k Bepmmue 10. Halite kpaTuai-~
IUyI0 IpocTylo memb W8 5 AyT o1 BepmrEHH 1 k nepmmme 10.

6. Ha pmc. 8 13 manbpaxena agmarpamma IIEPT. TIpoponxmrenn-
HOCTL OmepanEM { HAeTCA JHCAOM, CTOAIMM Yy NYIH, HCXONAMPSH
u3 coorBercrylomeii Bepmnun i. Hailite kpaTEveckuii nyrs B Takyno
MAKCHMAJBbHO BOSMOKHYIO BafI6PKKY HaJaJa BHOONHOHAS OMEPanuE 5,
KOTOpaA He OpHBEJleT K 8afepKKe peasiE3alWd BCEro NPOEKTA.



212 TJI. 8. KPATYANNIMNE TIYTH

Prc. 8.10.
2 -14
7 11 10
8 ) 8
A 13
6 -5 12 4
7 10° 8
Prc. 8.11.

Puc. 8.12,
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7. B rpade, m3o6paxennom ua pmc. 8.14, xaskmoe pebpo mmeer
noMeTky (a, b), rme a — mpouyckHas cmocobmocTh, 8 b — Hamem-
HocTh pebpa. Haiitm:

(a) oyTs ¢ HamGoabme# NpomycKHOH CHOCOGHOCTHIO OT BepmHAHH 1

K seprmme 10;
(6) nyTs c BanGonpmed HaXEKHOCTHIO OT BepmuHH 1 k Bepmuge 10;
(8) oyre ¢ HauGoabme# mpHBEXEHHON NPONYCKHOR CHOCOGHOCTHIO
or BepmuBH 1 K Bepmmme 10.

2 10 5 3 8
10 2

5, 17 As 3 2

5
1 3 6 9 8 n
Havano Kowey

3 7 2 6 (1 8 /A

4 ) 7 r] 10

Puc. 8.13.
2 (13,0,4) 7

(4,0,8)

Puc. 8.14.

8. lna Toro caydas, Korga Beca BCeX AYI HEOTPHIATEAbHH,
MopupunupoBaTh aaropmtm JleAKCTpsl Tak, uTOGH paccTaHOBKA
DIIOMETOK IPOHCXOARJIA ORHOBPEMEHHO ¥ OT BOPIIMHH §, H OT BePIIHHH

t. Ypeants oco6oe BHEMAaHHWEe HpABHJAY OKOHYAHRSA HPOLEAYPH (CM.
(291, (28]).

9. JloxkasaTs, 970 oOTBeT, mOAyYeHHMWII mo anroparmy {Dioina,
onmucaEHOMY B pa3j. 3.1, ABjiAercd ONTHMAJbHLHIM, M NIOKA3aTh, 4TO
ofbeM Berumcienuit pacrer kak 2 (n®) (cm. [7]).
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10. MIycrr T — opmenTHpoBaHHANE ocros rpada G = (X, A)
B KopHeM ocroBa I aBnsercs BepmuHa s. Ilycrs [ (z;) — paccrosnme
OT BOPIMAHK § 10 BEPIIAHL 2;, ¥3MEPEHHOe BJOJAL OYTH B 3TOM JepeBe.
Iloxasats, uto T aBasierca s-6asoif Torga W TOABKO TOTAA, KOTAA HAA
Kammo# nyru (z;, z;) € A Bumonuaercsa ycaosme I (z;)<! (z) + ¢,

11. Teopema us samaum 10 ABIAeTCA OCHOBOM ClONyIOmMEHE ATEpH-
({AOHHOK IpouefyPH HAXOKIEHAA KpaTYafmero IyTE OT § KO BCeM
npyraM BepmmHAM rpada (agech MH IpefU0IAraeM, 9T0 BCe BEPMHUHbI
¢; € X pocTEXKEMH H3 S).

ITaz 1. BaaTs p kavecTse I’ n06Goi OpUeHTAPOBAHHNI o0cTOB rpada
G ® pua Kaxxno# BepmEEN z; Halite nomeTky [ (z;), pasEyl0 paccrosn-
HAI0 MEeIY 9TOH EEepPIIMHOM M KOpPHEM S BAOAL HYyTH B fepese 7.

Ilaz 2. Ecmu kaxnas ayra (z;, z;) € A ynoBXeTBOPAET YCAOBMK»

L(z)) <U(xy) +-eqy,

T0 OCTAaHOBHTHCA. Texymmit ocros I' Gyner s-Gasoit rpada G. B mpo-
TUBHOM clydae nepedTs K mary 3.

IMaz 3. Ecam gna wexoropoi nyrm (zj, z5)
L(z}) > 1 (i) +civje,

T0 X06AaBUTE K NepeBy AYTy (z{, z;) @ yNaJIATH H3 HETO Ty AyTY (z, Z}),
KOHeIHOH BepIIMEOH KOTODPO# ABIAETCA Zj, NOCJAe 96r0 BOBHHKAET
HoBoe mepeso T.

ez 4. O6B0BETL HOMETKE [ (Z3) y BCEX BEPIIMH I, AOCTHMKEMAIX
@3 zj BIoXb nyreir nepesa I'. Bossparareca x mary 2.

IlokasaTh, 970 BHINEONMMCAHEHIE AJrOPHTM ABJAAETCH KOHOUHEIM,
¥ OOKA8aTh, YTO OT0 CJIOKHOCTH [JIA HOJHOTO R-BePIIEHHOTO rpada
pacrer Kak O (n?). Hanaraer a1z aaropetv kakme-n1m6o orpaHHdYeHAs
Ha Beca ¢;y? Mcmoasays ator anropmT™, NpoBepHTH pemenue safaya 2

(cm. [14]).
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Cnasa 9

LMUKINbI, PA3PE3bl U 3AlAYA SWUNEPA

1. Brepenme

Ilenrio HacToAme# raaBH ABJIAGTCA HM3ydeHHe IHKJIOB B rpagax
H MCCIefl0BAHHEe HEKOTOPHX M3 HX CBOMCTB M CBA3eH C APYTHMH NOHA-
THAME (TAKMMH, KaK IOHATHe iepeBa), BBefleHHHMHE paHee. J[Ba THDa
OEKJIOB B rpadax, aijiepoBH W TaMHJILTOHOBH IMKJH, 9aCTO BCTpe-
9al0TCH B NPAKTHYECKHX B837aUaX M NOITOMY HPeACTaBJIAIOT 0COOKH
mHTepec. [lepBHe M3 HEX PacCMOTPeHH B HacToAmeil rjare, a BTO-
pHe — B caepylomeii.

B macroameit riaBe MH GymeM 3aHAMATHCA NUKJaMH KaK B ODHEeH-
THPOBAHHHX, TAK M B HEOPHEHTHPOBAHHHX rpadax, a TaxKe B MyJb-
tarpadax, sapamomuxca caabum obGobmenmeM moEHATAA Trpada.
Ilocnenume aBaAsiorcs rpadaMd, B KOTOPHX MOKeT CYINECTBOBATHL
HEeCKOJIBKO AYT (z;, Z;) MeXAY ABYMA NAHHHME BEPIIHHAMHA Z; H 2j.
Ecau mamGonrmee 9HCIO «3amapaJjiiesieHHHX» AYT PaBHO S, To rpad
pasuBaerca s-rpagom. Tak, ma pmcynke 9.1 mpeacraBaem 3-rpad.
OueBugHo, 4ro OOHYHHE rpad MoKHO paccmaTpmBaTh Xak 1-rpad.

s-T'padu oven» uacTo BOBHHKAIOT HA NPAKTHKe, Korga rpad
HCIOJIb3YeTCA AJA NPENCTABICHAs (U3HIECKOR CHCTEMH B €CTECTBEH-
HHX HayKaX, BOOpOCaX yIpaBJIeHHEsS, HH;KOHepHOM Rexe m T. K. Tak,
Hanpumep, 3-rpad Ha puc. 9.1 m3oGpakaer MOJIOKYAAPHYIO CTPYKTYPY
OPraEAYeCKOro XMMHYECKOTO COCMHOHAA AKPHJIOHHTDPHIa. B anex-
Tporexmmke rpadu, msobpakaomume SJEeKTpEYECKHe IieNH, IOYTH
BCerja ABAAIOTCA s-TpadaMm, TaK KaKk OAPalieabBO MOKeT OHTH
BRJAIOYEHO HECKOJbKO 3JIeKTPMYECKAX KOMIOHeHToB. B mpobaemax
HajeskHocTH obopynmoBaHEA mam cereii cBu3u Hambonee BaKHHE
yCTpOHCTBA HJIH JHHHH CBASH dacTo AYOAmpyloTcs, yTpamBalTCA
H T. X., 8 BOSHHKAOMAA HSGHTOYHOCTh YBEJIAYABACT HANEKHOCTh
cucreMH. I'padn Takmx CHCTeM TaKKe ABIAKTCA S-rpadamm.

2. IluknomaTruecKoe YACIO H (PYHAAMEHTAIbHLIE NBKIL

Ilvers G — HeopHeHTHpOBaHHHK srpad ¢ n BepAHAMM, m
pefpaME m p CBASHHIME KOMIOHEHTaMH.
Onpepeanm umcao p (G) Kak

p(G)=n—p, (9.1)
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0 (G) naer Torga HoAHOe IACAC pelep B OCTOBAX KaiKIoH B3 p CBASHEX
«ommoreHT rpada G.
Ymcao v (G) ompenensercA Kak

v(G)=m—p(G)=m—n+p 9.2
A Ha3HBAGTCA YUNIOMAMUYECKUM 4ucioM (MHOTJA ero HABHBAIOT Tak
xe nedexToM HNA nepevm wucaom Bemmu), s quciao p (G) HasuBaercs
KOYUKNOMAMUKECKUM YUCAOM.

B Teopmm snexTpEYecKHX nenel (4 HA CaMOM JeJieé OPH IPEACTaB-
JIeHEHE JI060H CHCTEMH € COCPeXOTOYeHHKIMH NapaMeTpaMd) qHCJa

x A2
z, A
xl
x X
Pmc. 9.1.

¢ (G) 7 v (G) mMeroT npaMoit Ppramgeckmit cmuca. Tax, oaxIomMaTHye-
9eCKOe 9HCA0 PAaBHO HAaHOOABNIOMY 9HCIY HE3AaBECEMHX KOHTYPOS
8 rpade snexrpmIeckoi memm, T. e. HAMGOABIIOMY YACIY HE3aBHCH-
MHX KPYTOBHX TOKOB, KOTODH® MOTLYT HpoTeKaTh B nemm. Kommkiao-
MATHYeCKO® YHCJIO PABHO HAHGOJLINGMY WHCIY HO3ABECHMEX DA3HO-
¢Tedl MOTEeHOHAJOB MEKNY Y3JaMH JJIeKTPHYECKOH medd.

PaccmoTpaM, HanpmMep, 2JeKTPHIECKYH NeOb, IOKA3AHHYI0 HA
prc. 9.2a. Heopuerraposanauii rpad G aTod ueom COCTORT H3 eXHH-
CTBOHBO# CBA3HOH KoMmoHeHTH (p = 1) m mao6paskem ma pmc. 9.26,
rae ocros I’ moxasaH ;RmpHO# AmEmed (cM. ria. 6).

Ho6asnernme xw06Goro pebpa (z;, z;) 3 G, He npuEagaexamero T,
& peGpau nepeBa I' npABOAAT K 06pa30BaHAI0 TOTHO OAHOTO (IPOCTOrO)
MHKNa, COCTOAMEro #3 peGep ocrosa 7', nexamex Ha (e[ARCTBEHHOH)
gend A8 I; B Z;, A TOABKO IT0 KoGasaenHoro pe6pa. Haupamep, mobas-
aAn pebpo ay = (z;, z;), moxydaem qEKA (Z,, T;, Zg, T3, L3, Z1). TAK
®ak B rpade G mmeercas m pebep, n — 1 m3 KoTopux aexat B T, 1O
9HCJI0 BCOX NAKIOB, MOCTPOGHHNX TaKmM cuocofoM, pasEo m —n +
+ 1, 4ro coBnagaer ¢ mukIoMaTHIECKEM yHcIoM rpada G. B npmmepe
da prc. 9.2 wacao Takex nukaor pasHo 15 — 7 + 1 = 9, onn maobpa-
JKOHH HA PHCYHKe NYHKTHDHHMW JIAHHAMA B 0003HaYeHH dYepes
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@,, ©,, ..., o Bee sTu 1uKIb, 09EBHAHO, HEBABHCHAMBI MEXIY
coboit, TaK KaKk KamIKiH W3 HAX MMeeT N0 Kpaiineil mepe oguo pebpo,
He OpEHajie)kallee HAKAKOMY APyromMy LukJdy. B obmem caywae
v (G) umknoB, moaydaemex fobaBienueM kKakoro-nmGo pe6pa u3 G,
ge Jjexamero B I, k pebpam T, nasmBawTcA PyHOAMEHMAALHBMU
yukaamu. Ecam cemeiictBo 3THX uMKIOB 0003HaumTh uwepes O
(B namem opumepe @ = {@,;, Oy, . . ., Dy}), To AOGOH APYroi MUK
B rpade, me npuHamiaexammid K @, mosker GHTH BHpaKeH B BHJE
amHeitHod Kombuuanuu nmuxkiaos m3 O, ecam mpuHATH caepyomee
cornamermne [21].

Mycre kamnuii dyspamentansunit umen O, i =1, .. ., v (G),
DpeCTABJIEH M-MEPHKIM BEKTOPOM, B KOTOPOM j-fi KOMIOOHeHTa pasHa 1
wiu 0 B 3aBHCHMOCTH OT TOTO, IPMHANJEKHT JH j-e6 pefpo namBHOMYy
nuxay. Torga, ucnonsays € Kak CHMBOJ CJHOMEHHA IO MOAYMRIO 2,
no6oit nuka @, MOXKHO OPEACTABHTh KaK CyMMy mo moayJiwn 2 ¢ym-
mameHTaiabHHIX nmkJdoB. Tak, muka @y, = (a3, ay;, a3y, ag a5 a,)
Ha puc. 9.2(6) Moxer OmITH HpefcTarJeH B BuUme

=0, 00,00 © D,
= (100000000100000) & (001000000111100)
@ (000001000000111) & (000000010001001)
= (101001010010010)

OtvermM, yTo ofpameHye BHINENPUBEJEHHOTO yTBEPKIEHUA HEBEPHO,
a4 MMEeHHO HEKOTOpasf CyMMa IO MOAYya0 2 ¢yHAaMeHTAJbHBIX IHKJIOB
He 00s3aTeNbHO [aeT eMHCTBEHHBIA IUKJ, HO MOKET HPENCTABIATH
ABa u Gosee muxioB. Hanpumep, cymma @, @ Oy P Oy ® D, coor-
BETCTBYET JBYM NHKJIAM (ay, a3, iy, a13) ¥ (aq, a4, ay5). Takum obpa-
30M, [JIA UOPOMIOeHAA Bcex HHKJIOB rpada G me mapgo Gpath Bce
2¥©@ __{ xomGumanuix ¢yHHaMeHTAJbHBX IUKJIOB M CKJIANBIBATHD UX
10 MOAYJMIO 2: HEKOTOPHE M3 3TUX CYMM Ha CamoM jeie He GyayT mUK-
aamu. Bonee Toro, ecnm gamnas cymma, ckamem O, ® ©; 9 ©,P. . .,
HE IOPO/KAAeT UMKJIA, TO HEAb3A OTGPOCHTH APYTHE CYMMH], ee Colep-
’Kamue, TaK KaK, CKaannBasa no Moayaw 2 cymmy O, @ O; ® @, ©. ..
¢ Apyroil cymmoii, manpumep O @ O ® O, D ... (koropas cama
MOKET He IOPOKAATh IMKJA), ME MOKeM IoJyYATh muka. [ns
npeofiofleHMA 3TOM TPyAHocTH VYaxu [26] npepnommn HeKoTOpPHIH
METON[, NO03BOJAMHAI 0TEPACHBATL (HEKOPPEKTHHE» KoMOmHATIAM
dyBraMenTanbHBX HUKJIOB, KAK TOABKO OHUM MOABIAIOTCA. JTOT METOJ
OCHOBAH Ha ynopsgodeHM¥ (YHIAMEHTAJBHLIX IMKJIOB B COOTBET-
CTBUM €O CHENMAJIbHRM MHOKECTBOM TPABMI.

Cnenyer Taxxe 3aMeTHTh, 9TO, XOTA WHCI0 (YHEAMERTAIbHBIX
UMKI0B DaBHO v (G), caMi 3TH UHMKAW onpeejJeHb HEOTHO3HAUHO
M 3aBUCAT OT IePBOHAYANBHO BeGpanHOro octopa I. [leiicTBHTENBHO,
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B rpade G MOKHO HaiiTu MHOKeCTBO U8 v (G) HeBABHCEMHMX IHKJOB,
KOTOpHe Heabs3s moayunTs noGasnesmem pebep k nepeBy, Kak 3ToO
menanoch Bume. O TAKOM MHOKECTBe He Clie[yeT TOBOPHTb, 9T0 OHO
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Prc. 9.3. HesasrcaMie, HO HOPYHRRAMEHTANLHHE HMHKIH.

«pynnamenTanbaoes. Ha pme. 9.3 moxasano mMuosxectso 8 v (G) = 9
HESABHCEMHX NAKA0B rpada G, xoTopoe He MoKeT GHTH HOJYIEHO
Zob6asnenmemM pebep HE K KaKoMy ocToBY rpada G m XKoTOpOe ImOITOMY
ge Gyner ¢yHnmaMeHTANbHHM MHOKECTBOM.

3. Paspeam

IloraTHE paspeaa 0O9eHb TECHO CBA3AHO C MOHATHEM IUKJA H Onpe-
HeJfeTCA TakK.

Onpedesenue. Ecim BepmmHEH HEOPHEHTHPOBaHHOTO rpada G =

= (X, A) pasbmTH Ha ABa MHOKecTBa X, H X, (one Xoc X m X,
ABIACTCA JomoNHEeHHeM X, OTHOCHTOABEO X), TO MHOKecTBO peGep
rpada G, ofHE KOHIeBHE BePIIMHK KOTOPHX JeKaT B X,, a {pyrue —

B X,, uasuBaercs paspesox rpada G.

M=uosxecrso pebep paspesa MoxeT GHTL IPEACTABIGHO MHOKECTBOM
pepmus napu (X,, X,). Tanmm obpasom, ocropmmii moxrpad G, =
= (X, 4 — (X,, X,)), nonysennuit n3 G ynanenuem peGep, IpuHAN-
Ae;KamMX paspesy, ABIAETCA HECBASHHM rpadom, COCTOAIEM
Do xpaiimeit mepe s ABYX kommomenT. B rpade ma pmc. 9.4 MEOKe-
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¢rBo pebep, NMOKasaBEHWX ITYHKTHpOM, ofpaayer paspes, ompepense-
mui mEORecTBaME X, = {z;|i=1, ..., 4 n X, = {z |i =
= K, ..., 11}. llony9aromuiics 0CTOBHKI noarpad COCTORT HB YeTH-
pex CBABHHX KOMIOHEHT:

(Ih Loy T3y Ii)v (155, Zg, x'!)v (IB> n (291 Z10v xﬂ,'

M=rosxecrso peGep S, ynanenme xoTopux us rpada G aser HeeBas-
auil ocroBeui# noarpad G, = (X, A — S) ¥ npe sTOM He eymecTsyer

p W
KXo
Xs
X ; \\ ﬁﬁ\ N 7113
/
: \\\ TN -7 /
1 ~ A S s / <
! Nl x /
: SN \ 7 AN /
] N \ N/
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Ko X d——‘-LX‘ J

Pmc. 9.4, — — — paspes (X,, X,).

#aKaKoro cobcTBeHHOro mopmuOMKecTBa S  §, Takoro, wro rpad
G, = (X, A — §’) 1aKKe HECBABEH, HABHBACTCH NPASUAbHHM PASDE-
aoM. OTO MHOMKECTBO MOMKHO Takxe npencrasarh mapost (X,, X,).
1uT# TeuephL OCTOBENE goArpad, HONYYOHEHWH YHANEHMEM NPABHJL-
HOFO pazpesa @8 G, pasbmsaer G mouHu HY [BE CBABHHEG KOMIOHENTH,
OAHS HS KOTOPHX HEMEeT CBOMMM BePIIHHAMHA MHOKeCTRO X,y & RPY
rag — maomecrse X, B obmem cayuse Ramumil paapes mBIAReTCH
nfbenBHENMEM HEKOTOPOTO 9HCJIA NPABRILHHX paspesos. B rpade
wa puc. 9 4. wampEMep, paspes, MOKABAHHKH UYAKTHPOM, ABAKETCH
ubbenuHenneM Tpex UPABENBENX peapesos: {(z,, I,,), (24, Ty), (X3, Tp)}.
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{(%1, z8), (75, zs)} B {(%3, 1), (24, 25)}. B ocTanwmOM waci® pTOM ruaBH,
& TaK/Ke B chepyomeil riaase Mu GyieM HCHOJBSOBATHL CIOBO paspes
nng 0603HaYeHAS MPABHABHOTO paspesa, 6CJAH TOJBKO HE OTOBOPOHO
OPOTHBHOS.

HBolicTBerROCT, IOHATHHE 0CTOBA ¥ paspess rpada G CTAHOBHETCR
O9YeBRN{HOM, ©CIH BCIOMHHETH, YTO OCTOB OIpeNiesiAeTCA KaK MAHHMANL-
HOe MHO)KecTBO pefep, cBsiswBalmee BCe BépmmHEE rpada G, B TO-
BpPeMA KAK paspes ABJIAETCA MAHAMAJLHHM MHOKECTBOM peep, oTne-
AAKIEM OAHE BePIIEHH OT Apyrax. s aToro saMeuaHns COBePMIOHHO
OYeBHAHO, 9T0 M0G0 ocroB rpada G mommeH HMeTh o KpaiiHed mepe
oxHO ofmee pe6po ¢ Ka/RANM UPABHIBHHM DPaspesoM.

Paspes Gmn ompenesieR BHIme AJA HEOPHOHTHPOBAHBOro rpada.
Ecam rpap G = (X, A) — opmerTHpOBaHHHi, TO paspes rpaja G
onpefiesifeTCA KaK MEOKECTBO AyT, COOTBETCTBYIONTHX pe6paM Heopmen-
rupoBaERoTO Ay6aukarta G rpada G. HexoTopHe H8 Kyr paspesa rpada
G GynyT opmertmposarn u8 X, B X,, » MHOMecTBO 2TEX RYT Gymer
sanEcHBaThCA Kak (X, — X,), B TO BpeMsi KAK MBOJKECTBG JyT, OPHEH-
THPOBAHKHX H3 BEDIIHH MHOKECTBS X, B BepIIEEH MHOKecTBa X,

6ymer sanmcusathcs kak (X, — X,). Ilostomy paspes (Xo, X.).
COCTOAIBIH H38 KYT OPHeRTADPOBAHHOIC rpada, onpefenAercs Kak
o6sepmuenre (X, - X,) U (X, > X.,).

Hanpemep. nas rpada ma pmec. 9.5 mmoxecrBs Ayr {(z,, zs),
(24, #5), (25, Z3), (2, Zs), (24, 2,)} ABAAETCA paspesom, pasuerAIOLEM
sHomecTBa BepmmE X, = {Z), I,, 25, 2} B X, = {24, Z¢, 1, s}

[
|
i
I
I

l
l
|
& l

Puc. 9.5. OpuenTHpoBaHEKE pa3pesbl.
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Jror paspes o6pasosan nyramu mopmuoskects (X, — X,) = {(z,, z3),
(z5, 28), (z4y Zg)} W] (Xo > Xo) = {(2s, T3), (24, 24)}.

MHo:xecTBOo  PyHIAMEHTANBHEIX [[MKJOB HEOPHEHTUPOBAHHOIO
rpada G 6HI0 ompeneseHO B HpEeJHAYINEM pasjele KaKk MHOKECTBO
v (G) IHMKJIOB, K&KAHN M3 KOTOPHX IOJY4YaeTca IyTeM AoGaBlIeHHs
Kakoro-aubyns pe6pa, He mpuHaje;kamero octoBy T, K pe6pam 3Toro
ocToBa. AHaJIOrEIHRIM 06pa3oM, MMeA B BULY OTMEUEHHYIO BhIIIE NBOM-
CTBEHHOCTb MEKAY paspe3aMd I OCTOBaMH, yHdaMeHmasvHble pas-
pe3vl oTHocHTeNbHO ocToBa I' ompepensiorcs kak n — 1 paspesos,
Ka)KIblid M3 KOTOPHX COAEP/KUT OXHO, M TOJBKO 0QHO pebpo, mpmuaj-
Jge:kamee pepesy 7.

Cirenyomas TeopemMa YCTAaHABIHBAET CBA3h MEKAY (yHIaMeH-
TaJAbHHMHA pa3pe3aMn ¥ QyHAAMEHTAAbHHME IUKJAMHM O AaeT cnocob
nocrpoeRds ¢yHIaMeHTaJbHHX pa3pesos.

Teopema 1. Ecau T — ocmos neopuenmuposannozo zpaga G,
mo gyndamenmarvuulll paspes, onpedessemuiii pebpom a; uz T, obpa-
306an a; u memu pebpamu us G, me npunadsexmawyumu T, Komopue
nocae dobasaenun k T dawm dyndamenmaavible yuras, codeparcawjue a;.

Hoxasameavcmeo. Ecniu n3 ocrosa T ypaaurs pebpo a;, 10 T
pacnapaerca Ha aBa nogmepesa Ty m T, (cum. puc. 9.6). JIw6oe pebpo,
OflHA KOHIeBasA BepUIMHA KoToporo Jekut B T, a apyras B T,
IOJKHO NPHHAMJIERKaTh PyHAaMEHTAIBHOMY paspedy, Tak Kak gobaB-
nenne joboro rakoro pe6pa k pebpam u3 T u T, npuBogur kK obpa-
30BaHHIO Jpyroro ocrosa rpada G u, ciaegoBaTeabHO, JioGoe MHOKe-
CTBO, He cofiepskamiee Takux pebep, He Gymer paspesoMm. MEOXKeCTBO
Takux pebGep BMecte ¢ peGpoM a; ABIAETCA pPa3pe3oM, TAK KAK MX

&

Prc. 9.6. OyHnamenTanbEHe NHKIH, Cofep:kamae pebpo a;.
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ynanenHe pa3bmBaer rpad Ha ABa moarpada, OfUMH M3 KOTOPHX HMeeT
MHOKeCcTBoM cBomx Bepmmu Ty, a Apyroit — T,. 3uaumr, 3TOT paspes
Asnaercs QyEmameHTAJbHEM paspe3oM. Bomee Toro, Tak Kak pebpo
a; SBIACTCA ENHHCTBOHHHM PpeGpoM, uepe3 KOTOpPoe IPOXOAAT Hemm
ocroBa I, HauWHalompmecs B BepmuHAX 3 ;) M OKAaHYABAOIEECH
B BepmEHAX ®3 T,, TO eAHHCTBOHHWME pefpams, 3aMHKAIOMHEME
¢yHmaMeBTaNbHHEe IHKIH, cojep:ramme pebpo a;, Gynyr Te, oxmma
KOHIIeBAs BePIIMHA KOTOPHX Je;kET B T3, a npyraa B T; (TakoBH,
Hampumep, peGpa a,, a; B ay B rpade Ha pmc. 9.6). IT0o HoraswBaer
TeopeMy.

4. MaTpunm NEKIOB H Pa3pe3os

Ilyecre T — ocToB BeopHeETHpoBaHHOTO Trpada. Mampuyeli pyn-
damenmanvunz yuxsos rpada G Hasmpaerca Marpama @ = [gyl,
cocrosmasn u3 v (G) CTPOK ®m m cToA6IOB, B KOTOPOit ¢;; paBHO 1, ecam
pebpo a; mpmrapnexur nuxkay @,;, m pasmo 0 B mpoTHBHOM Caydae.
Ecam peGpa, He mpwragne:xamue AepeBy I', mIpoHyMepoBaTh mocie-
mopateapHo or 1 mo v (G), a pebGpa mepeBa I mpoEymepoBaTh OT
v (G) + 1 mo m, To MarpEna mukaos @ Gymer mmeTh BHJ

O = (I| Dy,),
rae 1 — exgmEmaBas MaTpEma. J10 OGBACHAETCA TeM, WTO KasmyBH
nuka O; coxepAT OfHO, H TOABKO OXHO peGpo, He mPHHAIIEAIEO
ocToBy T, M IMKJIH BCerfa MOKHO DPOHYMEpPOBaTh IO YMCIAY HPHHAN-
Jle;KamuX MM BHEOCTOBHHX pefep, BCIeNCTBHE Yero BCe eXHHAIH
B mepBoi (v (G) X v (G))-mopmMarpnne Marprnu O JeKaT HA NEATOHANH.

Mampuya gyndamenmarvunr paspesos K = lk;;] ompepensiercs
aHAJIOTHYHO — KaK MaTpEOa ¢ n — 1 crpokamm m m croanbmamm, rupe
ky; ectb 1, ecnm pe6po a; mpuHagIexAT paspesy K;, u 0 B mpoTHBEOM
cryqae. IIpm Toit e camo#t Rymepanum peGep, 9T0 B BHIIE, MATPHNA
K mMmeer Bapg

K=(Kyl|I),

TAK KAK Temeph KakAuil PyHXaMEeHTaJAbHHH paspes COACP/KHT ORHO,
H TOIXbKO ofHO pebpo m3 peGep mepesa 7.

B rpade ma pme. 9.7 BossMeM 0CTOB, H306paKeHHHE SKUPHHMH
amEEaAME. Torma maTtpmma QyHAaMeHTAJBHKEX NHEKJIOB PaBHA

a a a, a, a3 a5 G, Gy 4y 4,4 G, Gy; G,

o, 1 000 0/00 1100 0 0
o, 0100 0[0 0011 1 0 0
®=o, [0 0 1 0 0|0 0 0 0 0 0 1 1
o, 0 001 0|1 1101 00 1
o, 0000 1|1 1100000
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a, a,

a
6 as a ay

Pnrc. 9.7.

MaTpuna ¢yHZaMeHETaJAbHHIX Pa3pe3oB paBHA

a, a, ay a4, 4, Qg G, a3 4y Q)9 Gy; Gy; Gy

K, 0 0 0 1 1 1 0 0 0 0 0 O O

K, 0O 0 0 1 1 0o 1 0 0 0 0 O O

K, 1 0 0 1 1 0o 0 1 0 0 0 O O

K, 1 1.0 0 O 0O 0 01 0 O O O
=k © 1 01 0/0 0 00 1 0 0 0
K, 0 1.0 0 0J]O O O O O 11 0 O

K, 0O 01 0 O 0 0 0 0 0 0 1 O

Kq 0O 0o 1 1 O 0O 0 0 0 0 O O 1

rae paspesn K;, coorBercTBylomme peGpaM 0CTOBa, MMEIT HOMepa
viG)+i=5+ii=1,2, ..., 8

CymecTByeT HECKOJIBKO MHTEDPECHHX COOTHONIEHHI MEXKIY MaTpa-
LaMA OUKJIOB, paspesoB m nmHumaeHimit. Hmxe Bce apumernmueckue
omepanmy ABJIAIOTCA ONEpalEAMHE o0 MORYyIio 2. 3pmeck MH 6ynxem
paccMaTpUBAaTh HEOpHEHTHPOBaHHKE rpadu 6e3 meTends.

Teopema 2. Mampuya unyudenyuii B u mpancnonuposannas snam-
puya gyndamenmarvnuzr yukioe M opmozonasvusl, m. e. B.®* = 0.

Teopema 3. Mampuya pyndamenmasvhuz yuxiose ® u mpancno-

Huposannas mampuya pyndamenmarviiz paspesos K' opmoconarvrs,
t
m. e. ®-K' = 0.
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OTH NBe TEOPeMH ABJIAIOTCA HeMENJeHHHM CJIeACTBAEM ABYX Ode-
BHAHHX (axToB:

(1) Rampaa BepmmEa B OUKIe MHANAJXEHTHA 9eTHOMY 4HCIy pebep
(a B cnywae mpocToro mEKJAa — ABYM pebpam) aTOro NUKJIAa.

(2) Kamnuit paspes nEkna, WHAYNHPOBAHHKIE HEKOTOPHM paspe-
30M, HMeeT YeTHoe Ymcio pefep, o6mEX C aTHM pPaspesoM.

Teopema 2 crexyer m3 (1), a Teopema 3 — m3 (2), ecim BCOOMHRTS,
9T BCe OePANHA PacCMATPHBAIOTCA MO MOAYHIO 2, TAK UTO, HAIPAMED,
2 = 0 (mod 2). Kpome Toro, cymecTByiOT JOKASaTEIBCTBA STHX TEO-
pem {21, 17, 6], He mcnoaB3yIOmMEe TPEANONOKEHEA O PYHAAMERTAND-
HOCTH IHKJOB H pa3peaoB. CaexoBaTesbHO, CPOPMYIHDPOBAHEEE TEO-
PeMH CIpaBeJIMBH AAA JIO6GHX MATPHI OHKAOB H paspesos. Ilocren-
HHEe ONpelessioTCsA aHAJOTHYHRM oGpasom.

Ilo Teopeme 3 MoxkBO HammcaTh

t
OK' = (1| @) (52 ) =K, + @ =0.
ITosromy

Ki,=—0,=0,, (9.3)

Tak kak —1 = 1 (mod 2). Becaepcreze aToro MaTpana $gynnaMenTann-
HHIX pa3pesoB MosKeT GHTHL HEMEJIeHHO HOJYIeHA, KAK TONHKO H3BOCT-
Ha MaTpEna QyEAaMeHTANLHHX NHKIOB, A Ha06opor. CupaBeIHBOCTD
cooTHOmeRuA (9.3) MOKHO MPOBEPHETH HA NPHBEEHHHX BHIE MATPH-
nax @ = K nna rpada, maobpaxenBoro sa pmc. 9.7,

5. OfinepoBs IEKILI B 3aXa9a KATAKCEOro NOYTAALOHA

Onpedesenue. Ecnin faB BeopueRTEpPOBaHEN# s-rpad G, T0 siivepos
yurs (ditIepoBa memp) — 3TO TAaKOH IEKA (memb), KOTOPHIE mpoxomaT
POBHO OHH pPa3 @m0 KamgoMy pebpy.

OueBmano, He Bce rpadH mMelOT 2iIePOBH NHKIH (CM., HaIpEMep,
rpad ma pmc. 9.8), HO ecnm aiyepoB MUK CYHmIECTBYET, TO 9TO O3HA-

x X

x Xg

Puc. 9.8. Tpad Ges sitmepoBa mmkaa.
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— -

dy
Puc. 9.9.

9aeT, 9T0, CJIeys BIOJE 3TOT'0 IIMK1a, MO*KHO HaprcoBaTh rpad Ha Gyma-
re, He OTPHBas OT Hee Kapaujama. 3-rpad na puc. 9.9 mmeer crexyio-
mui 3ii7epoB NUKA (HaYMHASA ¢ BEpPHIMHH Zi):

Q102a30,015014013019011016317010395050705.

Hanpapiesne OBR/KeHHA IO Ka:KAOMY pe6py IOKa3aHO Ha DHCYHKe
CTPOIKaMHA.

Oitilep mepBHM B CBoeil 3HaMeHETOI 3adave o Kénuecbepeckux
MOcmaz PacCMOTPEN BOUPOC O CYNECTBOBAHKM TAKHUX IIUKJIOB B rpadax.

o4
¢ T
B A
B A
D TN Y
(ay (6)

Pmc. 9.10. (a) Kapra KérmrrcGepra. (6) dxsmBanentHuit rpad.

Kéunrcbepr (remepr Hammmunrpapx) pacmonosken ma ofomx Geperax
pexn Ilperons m Ha ABYX ocrpoBax 3Toii pexm. Bepera pexm m nsa
OCTpOBAa COGHHEHH CEMBI0 MOCTAMH KaK [IOKAa3aHO Ha KapTe
Ha pmc. 9.10 (a).

Bonpoc — mocraBiaenani B 1736 rogy — COCTOHT B TOM, MOKHO
JE, HAYaB C HEKOTOPOHX TOYKH, COBEDINATH UPOTYJIKY M BEPHYTBCSH
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B HCXOJHYIO TOYKY, PO/l IO KaMKAOMY MOCTY POBHO OfHH pas. Ecan
KaKAH# Geper PeKHE B OCTPOBA CYHMTATH BEPIIHHOHA rpada, a KamKmHit
MocT — peGpod, To kapty pmc. 9.10 (a) MoxHO mpeacTaBHETH B BHAE
2-rpada, m3obpaskennoro Ha pmc. 9.10 (6), m orBeT Ha mOCTABICHHHHA
BOIPOC 3aBHCHT TeNepb OT CYIMECTBOBAHWA ?WjepoBa IHKIA B 3TOM
rpade. 3iinep ycTaHOBHJ, 4TO YKas3aHHHII rpad He comepKuT aitaepo-
Ba IUKJAA, W 3TOT Pe3yJbTAT 03HAMEHOBAJ pbiKAeHHe Teopum Tpados.

OcHoBHas TeopeMa O CYIeCTBOBAaHHH DHNEPOBHX HUKIOB POPMY-
JAPYETCA TaK.

Teopema 4 (a). Ceasnuii neopuenmuposannuili s-2pagh G codepacum
alinepos yuwa (staeposy yenv) mozda U moavko mozda, Ko2da uucao
eepwun Hewemnoli cmenernu pasro 0 (0 uau 2).

Hoxasamesvcmso. M fokaskeM 3Ty TeopeMy AJAA CIydas IHUKIA;
caydail memdm paccMATDHBAeTCA AHAJOTHIHO.

Heobzodumocmy. Jlo6oii aitnepos MAKA XoaKeH OPHEiTH B BEPIIHAY
0o ofHOMY pe6py H IHOKHHYTHL ee IO APYroMy, Tak Kak Jo6oe peGpo
HOJ/KHO HCOOAL30BATHCA POBHO ofmH pas. Iloaromy, ecam G comepxur
?ilJIepOB IHKJ, TO CTEHEeHH BCeX BepIINH HOMKHH OHTH YeTHHMH.

Hocmamounocmy. Ilycts G — cBA3HNI HeOpHEHTHPOBAHHHIL s-rpad,
BC® BEPIIMEH KOTOPDOTO HMEIOT 9YeTHYI creneHb. HaumeM myTh ms
HEKOTOPOH NpPOH3BOJLHOH BEPIMMHH I, ® HOMAEM IO HEKOTOPOMY
PaHee He HCHOJB30BAaHHOMY pPe6py K cleRAymomell BepmmEe, H TAK
N0 TeX mop, IOKAa He BEPHEMCA B BePIIEHY I, B He 3aMKHEM IMKJ.
Ecam Bce pe6pa OkasKyTcsa HCHONB30BAHHKEIMH, TO HY/KHHE 3iIepoB
OuKa noctpoer. Ecim Ke HeKoTopwe pefpa He HCIOAb30BaHH, TO
nycth @ — ToabKO 9T0 mocTpoeERHH nEKA. Tak xak rpad G ceasen,
To nEKa P noxskeH mMPoXOOUTH ueped HEKOTOPYIO BEPIIMHY, CRasKeM
Z;, ABIAIOMYIOCH KOHEYHOI! BePIMMHO# KaKoro-a1n6o 4o CAX mop HeHc-
nmoanaoBanHOro pe6pa. Ecam ynaanTh Bce pebpa, mprBapaeskamue @,
TO B ocTaBmeMCA rpade Bce BePIIMEHN HO-IpeKHEMY OYAyT HAMeTH uer-
HYIO CTemeHb, Tak Kak B nukae O nomxBo 6HTHL 4eTHoe wmcxo pebep
(O sBAsieTCA YeTHHM WMCIOM), MHIMACHTHHX KaskAoll BepmmHe.

Haumnas Teneps ¢ z;, nonyvaem naxa @', pauymnaomaiica n okan-
yuBalomuiica B z;. Ecaum Bce ocrapmmecss panee pe6pa MCIONb30BAHK
aina nmxaa @O, To mponmece oxomuen. Hykmmit sfinepos mmkx Gymer
ofpasoBan vactsio mukaa @ or BepmEHH z, X0 2z;, 3aTeM mEKiIoM O’
H, HaKkoHem, YacThio mukiaa @ or BepmmeEn z; Ko z,. Ecan ke Bce eme
OCTANECH HEHCIOJL30BAHHHE peGpa, To 0O6heiEHEHHEe IOCTPOEHHHX
pume nukiaoB @ u @’ naer moBwit muka @. Mu croBa MoxeM HaliTH
BepIIWHY Z;, OPEHAJJIEKAIMY0 LOHRJIY B ABJAANIYIOCH KOHIEBOMN
BEPIINHOH HEKOTOPOTO HEHCHOXB3OBAHHOTO pefpa. 3aTeM MH MoOMeM
OPHCTYDHTL K NOCTPOEHHMIO HoBoro mukiaa @', maumnalomerocs B z;,
H TAK IPOROJKATH RO TeX WOpP, NMOKA He OyNyT HCOONBBOBAHH BCE
pe6pa m He Gymer moaydeH TakmMm oGpasom siinepos muka @. Iro
JOKAaSHBAET TEOPEMY.
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OueBuppo, 490 ecau rpad G HecBsaseH (38 MCKIOUEHUEM H3ONH-
POBAHHEHIX BEPINHE), TO 3ilIePOB LHMKJI HE CYIMECTBYeT, TAK KaK HeT
HUKAaKOHA Ilenm, Befymeil 43 ofaHoil ero KoMmoueATH B Apyryw. Owe-
BUIHO TaK’Ke, UTO B cllydae 3HJIepoBOil Ienm gBe ee KOHEYHHIe Bep-
OIUHE p M g ABIAIOTCA BepIIMHAMY HEYETHOM CTENEeHH.

Ecnm G — opmentupoBaunmil s-Tpad, TO cnpaBefsiuBa Teopema,
HOJTHOCTHIO AaHAJOTHYHAA HpPENHAYILEll, a HMEHHO

Teopema 4 (6). Ceasnviii opuenmuposannwi s-2pa G codepacum
slinepos yurka (siaeposy yenv) mozda u moavko mozda '), xozda éce
noaycmenenu 3axoda d; (x;) u noaycmenenu ucxoda d, (r;) eepwumn
ydoeremeopawm YcaoeuaMm:

0as caywas yukaa d; (z;)=d, (z;,) Vz; € X,
Oas cayvas yenu dy(x;)=d,(z;)Vz; 5= p uau g,

di (q) =do(g) +1

ud, (p) = d, (p) — 1,
20¢ p — HAYAAbHAA, @ § — KOHEYHAR GePUUNbL 3Uiaepo6oli yenu.

®aépr [16] nan ogens mpocroii anropuT™M mocTpoeHms aiimeposa
LAK1a B HEOPHEHTHPOBAaHHOM Tpade (ecmu Takoil HAKI CymecTByer).
JTOT aJTOPHTM JIETKO MOKeT GHTH PacOpOCTPAaHEH HA OPHEHTHPOBAH-
Hule rpadu (cM. Taxke 3agaun 7 u 8) m cocrouT B caexyiomenm. A.azo-
pumm Hazoxdernus staeposa yukaa. Haannats ¢ HEKOTOPOi BepIIAHK
P I KaK[AWA pa3 BHYEPKHBaThk npoiifensoe peGpo. He npoxoxnts
no pedpy, ecau ynanenme 3Toro pebpa mpuBognT K pasbmenmio rpada
Ha JBe CBA3HEE KOMIOHEHTH (He CYATas M30JMPOBAHHHX BEPUIAH).

5.1. HexoTopsie pojCTBEeHHEE 331aYH

Cpa3y #e BCOOMHHAETCA PAN BOIPOCOB, CBA3AHHEIX C TeM, IMEETCA
1N B HEOPHEHTHPOBAHHOM rpade sfinepos mmka. Hampmumep:

(i) KakoBo HamMeHbImee YHCIO Nemell HJIM IMKJIOB HEOOGXOTHMO
ans Toro, 4TobbI Kaknoe pebpo rpada G conep:KaToCh TOYHO B OHOI
Heni 1an B onaom nuk:1e? Ogesnano, 910 ectu G uMeeT silepoBy 1ems
U 3ii71epOB LMKJI, TO OTBETOM OyHeT Yucilo OgHH 2).

(ii) Pe6pam rpada G mpunucans nonoxnTenpabie Beca. Tpebyerca
HailTi IAKJ, NPOXORAMH yepe3 Kaxzuoe pebpo rpada G no kpaiineil
Mepe ofun pas W TAKoH, 4TO AJaA Hero o6mui Bec (a MMEHHO CyMMa
Be.ranH n;c (a;), TAe THCI0 ny; MOKa3biBAaeT, CKOJILKO pPa3 IPOXONHA-

!) B oroif Teopeme, €CTECTBEHHO, OMKJIK U UEON — OPHEHTHPOBAHHKE.—
ITpum. ped.

%) OTOT BONMpPOC OTHOCHTCA K HAXOMKJEHNI0 HAKMEHbIIEr0 9HCIA pebepHo
HepepecekawmuxcA moarpadoB (s caysae memeil MAH OUKJIOB), HeoOXOIIIMHX
Ansa «nokpuTus» pebep rpada G. 3agauy aToro THna o6CyIKAANANCH TAKMKE B II. 3
KaK BapmaHTH 3adaxu 0 NOKPHMUU MHOXECMEa.
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adock pebpo a;, a ¢ (aj) — Bec peGpa) mummMaden. OueBHEHO, ITO

ecan G copepmuT 2inepoB MuKA, To a06od Takol mEKa Oymer onmTH-

MaJbHHM, TAK KaK Ka)aoe pe6po MPOXONHTCA TONXBKO OfHH Pa3s H BecC
m

3TOTO NHKJIa paBeH Toria . c (a;).
i=1

1=
CoopmynmpopaHnasn Brme 3afada (ii) HasuBaeTca aagaueit xumaii-
ckozo noumaavona (18], m ee pemenme mMeeT MHOrO HMOTeHOHMAJBHHX
OpWIOo/KeHHd, KaK HAanmpEMep:

(A) Coop mycopa. Paccmorpmm mpoGaemy cGopa RoMamEero
mycopa. JooycraM, 9T0 onpefeideHHNH pa#oH ropoga oGCayKuBaeTcs
enuHCTBeHHOA Mammuoit. PeGpa rpada G mpencraBasaoT qoporu, a Bep-
muEH — nepecedeHHs Aopor. Bexmumna ¢ (a;) — Bec peGpa — Gynmer
co0TBeTCTBOBAaTH AimHe qoporu. Torga mpoGrema cGopa Mycopa B JaH-
HOM palioHe CBOJATCA K HAXOKIGHMI0 MHKAA B rpade G, mpoxoxamero
oo xaxknoMy pebpy G mo xpaitmeit mepe ogme pas. TpeGyerca mHaiitm
OUMKI C HAMMEHBIINM KAJOMeTpa)keM. B NeiiCTBHTEJHLHOCTE E€MKOCTh
MAIINHK A OTPOROJKHTeNBHOCTs paGodero MHA HaKJIaJHBAIOT OrpaHH-
9eHHsi HA UYACIAO YJAHIL, KOTOPDHe MOKeT OOCAy:RHTh OfHA MamIMHA
3a menb. To, 916 feiicTBuTEeNBHO MOAKET TPeGOBATHCA,— 3TO HE HAXOMK-
HeHHe OTHEJBHOrO IMHEKJIA, & HeKOTOpOro umciaa  mAKJIOB, o6cay:KE-
BAGMHIX II0 OTHOMY B JIeHb, CKayKeM, 3a mepuol B () fHeil; npu aToM
OEKJIH MOT'YT OHTh BHOGpDaHH TAK, YTO He HAPYMIAIOTCA BHINEYNOMSA-
HyTHe orpammvenma [1, 2, 4, 11, 22].

(B) Mocrabka Molora mam moursl. Eme ABe samaum, xorga Tpe-
Gyercs onpefeuTh MAPIIPYT, IPOXORAMMAI X0TA GH OXHEH pa3 o Kask-
Aoil M3 yJAll, BOBHHY"  NIPH JOCTABKE MOJOKA HJIM IOYTH. 3/eCh
38/1a9a COCTOMT B HAXO:KACHHHM MapmpyTa, MEHEMHE3UPYIOMero obmpumit
KAIOMeTpask (mIH BpeMs, CTOHMOCTb K T. [.).

(B) Ilposepra 51eKTPHYECKHEX, TETSHOHHBIX HIH KEACSHOAUPOKHBIX
amanit. [Ipo6rema mHCHEKTHPOBAHHMA pacHpefeIeHHHX cacTeM (ITEmE
HEKOTOPHE k3 KOTOPHX HA3BAHH BHIIe) CBA38HA ¢ HePEMEHHHWM Tpe-
6oBaEneM npoBepKE BeeX «kommoHeHT». [l0aTOMy oHA TaKMKe ABAAETCA
npobaemoit THma (ii) mam Gam3ka K Heil.

Jpyrue npmaoKeBEss MOTyT GHTL CBA3aHH C pas3bpacHBaHEEM
CMecCH NeCKa ¥ COJIE HA [VIABHHIX JOPOTaX 3MMOM ANA DpeXOTBPAMEHESA
ofnenenenns, ¢ HARIYJIIMIEM MeTONOM pPaloTH aBTOMATHYECKHX BeH-
TRIAQUOHHHX YyCTpo#icTB, ¢ YyOopkod noMemeHWi H KOPHHOPOB
B GOJIBIIEX YUPOKICHRAX H RaKe ¢ HAMJIYIOIEM MAPIIPYTOM OCMOTPA
My3aesn!

5.2. AnropETM RIA 33[AQYH KHTAKCKOro HOYTAILOHA

B caygae Korxa Beca Bcex peGep paBHH efuUHHI®, 3afady KHTAl-
ckoro mouransoHa paccmorpenn Bearmam m Kyx [3] ¢ mcnoanzosa-
HoeM JHHAMHYECKOTO OporpaMMaEposaEda. Donee of6mylo asamavy.



232 TJI. 9. HUKIIBI, PASPE3BI H 3ATAYA 3UJIEPA

Korja Beca pebep DpOM3BOJNBHEI, CPOPMYJIAPOBAJIH ¥ DPEIMIN KaK
3ajla1y o napocodeTaEmn (c 3acTHOI 3ajaveil o Kpardaiimeil Iemn)
Anmonne (9], 3amornc u Mxoncon [10], Bacakep n Caatnm [7) u Kpn-
crodumec [8].

Paccmorprn HeopnentnpoBanuui rpag G = (X, 4). Cpean Bep-
muH u3 X HeKoTOphie BepINMHH (CKazkeM U3 MHOMecTBa X*) GynyT
MMETh 4eTHbIE CTENeHH, a OCTaJbHEe (K3 MHOKecTBa X~ = X — X*) —
HeueTHHe crenerd. [laiee cymwma crememell d; Bcex BepmuE z; € X
paBHA y/BOeHHOMY dpcny pebep B A (Tak Kak Kammoc pebpo nobas-
JIfeT 0 eHHUNe K CTeNEeHAM JBYX €ro KOHIEBLIX BEPIIHH) I HOITOMY
paBHa "9eTHoMy 4ncay 2m. CiaenoraTeasHo,

Ndi= DN di+ X dy=2m,

x;€X x,ex* x€X”

H TaK KaK cyMMa E d; werHa, To cymma Y d; takmxe gerHa. Ho
x;€X° x;€X7

Bce d; B mociuefHell cymme HeUeTHH, 3HAauAT yuciao | X~ | BepmuH

HEeJeTHOll CTeneHH YeTHO.

Ilycre M — MBo:KecTBO Takmx nemeit (ckameM pu;;) B G MexAy
KOHOEBBIMM BePIIAEAaMH I; B Zj (z;, z; € X~), 9r0 HAKAKHE JBe IleDH
He MMEIT OMHAKOBBLIX KOHEYHHIX BEDPHIAH, T. €. IeNd COEJUHAIOT pas-
JNYHHE Naph BepmuH 3 X~ M DOKDHBAIOT BCe BEPIIEHH ') MHOKe-

crea X~. Uncao unemedt p;; B M paBHO % | X~ ], a kak Onul0 moOKa-

3aHO Beme, | X~ | Bcerga 94eTHO, CIEXOBATEJBbHO, 3TO IACIO BCEraa
mejioe, €cau, KOHeYHO, OHO ounpegeneHo. Ilpegnosoxmm Temeps, 9T0
Bce peGpa, ofpasyiomue nmemb W;;, AobaBiaeHn kK G B Ka4ecTBe UCKYC-
cmeéenHol mapajliesbHOl Iemn, mpudeM a1m peGpa ocralTcsa B rpade
G. 910 o3HavaeT, mpe:xae Bcero, 4ro Bce pebpa m3 G, obpasyromume
nenb W;;, Teneps yasoesH. Tax mocrymaem ¢ kampmoil uensio p;; € M,
O noaydeHBHE s-rpad obosmaumm wepesd G~ (A). Tak kax HeKoTopHe
pebpa n3 G Moryr BXofHTh GoJiee 9eM B OAHY I€Nb [;;, TO HEKOTOPHI®
pebpa m3 G~ (M) Moryt GuTh (HOCHE TOrO Kak MoGaBIeHH BCe «HOBHIEH
Lenn p;;) YTPOeHH, yYeTBePeHH ¥ T. 1.
Temepsr MBI MOKEM MOKa3aTh CJAEAYIODLYI0O TeOpeMmy.

Teopema 5. Jas aw0boeo yurkaa, npoxodawyezo no G, moxcro enbpamb
muoxcecmeo M, Gan xomopozo epagp G (M) umeem siiaepos yuka,
coomeemcmsyow Uil nepeoHauaibho 63amomy yukay e zpage G. Imo
coomeemcmeue makoso, ¥mo ecau yuka nporodum no pebpy (z;, ;)
ua G 1l pas, mo 8 G~ (M) cywecmeyem I pebep (08no peasvhoe u | — 1
UCKYCCMEERHNT) MeHcAY X; U Xj, KA#D0e U3 KOMOPWT NPOToOUMCA DOSHO
odur pas ailaepostim yuxaom uz G- (M). Cnpasedaueo u ob6pammoe
ymsepacoerue.

1) B panbBEeHEmeM TaKoe MHO:KECTBO leneii Gy{eM HA3KBATbL yenHHM REPOCO
yemanuex (Ha MHOKecTBe X~ mam A mHoxecTB® X~).— Ipux. ped.
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Hoxasamesrcmeo. Ecnm nmukn npoxopur mo rpady G, To mo kpaii-
Heil Mepe ofHO pe6po, HHOUAGHTHO® Ka;KA0ll BepIIHHe I; HEYeTHOM
CTemeHH, O/IKHO IPOXoAAThECA ABaKAH. (Pe6po, mpoxoauMoe ABasKAH,
MOKHO PacCMAaTPHBATh KaK /{Ba MapajileJbHHX pe6pa — OIHO peais-
HO® M OfHO HMCKYCCTBEHHOE — M KaKA0e W3 HAX HPOXONUTCA ORHH
pas.) Ilyere ato pebpo (x;, z;). B cayuae HeueTHOCTH cTemeHE d
pepmuHH I, rpada G pmobamieHme HCKyccTBeHHOro pebpa mpexne
BCEro cuejaer d, 9YETHHM, M 3HAYAT TOAbKO pebpo (z;, x,) HyMxHO
GymeT mpOXOMHTH ABasKAH, €CAH OrPAHAYATHCA PACCMOTPEHHEM JHINb
BEePIIUE Z; ¥ Z;. B caydae xKorma dy 9erHo, n06aBiieHHe HCKYCCTBEH-
HOro pebpa cnenaer d, HeYeTHHM, & BTopoe pe6po BHIXOQAIEe H3 Iy,
moMKEO OHTH HmpoliReHo ABaMKAH (T. €. Ro6aBaAAETCA eme OXHO HCKYC-
crBeEHoe pe6po). Takaa cmryamma coxpaHAeTCA A0 TeéX HOp, IOKA
He BCTPETHTCHA BEPIIMHA HEYETHOH CTEIeHH, 0 YeM TOBOPHJIOCH BHIIE.
CarenoBaTe bHO, YTOGH YAOBJETBOPATH YCJIOBHIO BOSBPAIGHHS B Bep-
IMHY Z;, HY’KHO ABaKAK OPOATH BCIO NeOb H3 Z; B HEKOTOPYIO APYIYIo
BepPIIHHY HEYETHOH CTeNeHH Z,, IPUHANJIEKAMYIO MHOKeCcTBY X~. IT0
aBTOMATHYECKH NPHBOXHT K BHIOJHEHHIO YCJIOBHS HPOXOKACHAA
BEDIIWHH Z,. AHaJOTHIHO O0GCTOMT fesI0 JA BCeX APYrAX BEPIINH Z;
#3 X~. Jro 8HA9MT, 9TO BCce MHOKecTBO M mnemeit m3 G, ompepeen-
HO@ BHING, JOJ;KHO HPOXOAATHCH ABAXAH, M TAK KaK OTCIONA BHITE-
KaeT, 9To Kaxpoe pe6po m3 G~ (M) moa/KHO HPOXOXHMTHCA ONWH pas,
TO TeopeMa NOKa3aHa.

AJTOpETM pemeHHA 3a7a4d KHTAHCKOr'0 HOYTANLOHA HEMEJJIeHHO
clefyeT M3 AOKAa3aHHOM TeOPEMH, TaK KaK BCe, YTO JJA STOro Heol-
XOAUMO, COCTOMT B HaXOK/@HHH MHOKecTBa Henel M* (memnoro mapo-
COUYETAHHA [JA MHOKECTBA BEDIINH HEYETHOH CTeNeHH), [JAIOImMEro
HaEMEHbIAHA JomonHmTeNbHEI Bec. Ilmkn Hammembmmero Beca, mpo-
xonamait mo G, 6yner mMeTh Bec, pABHHIA cyMMe BecoB Bcex peGep ns G
ITI0C cyMMa BecoB peGep B mensx w3 M*. ITo To e caMoe, 9TO ¥ CyM-
Ma BecoB BceX pebep — peaJbHHX W HNCKYCCTBeHHHX — rpada
G~ (M*). [anum Temepsr ONMHCAHHe AJTOPHTMA.

5.2.1. Onncanne anropmrma. Ifaz 1. Ilycrs [ej;] — maTpama
BecoB peGep rpada G. Ucmonnsysa aaropmrM Kpardaiimeit memm (chr.
ra. 8), o6pasyem | X~ | X | X~ |-marpuny D = [d;;], rae d;; — Bec
Ieon HamMEHbLINEero Beca, MAymEHd W3 HeKoTopod BepmmEHN z; € X~
B Apyryo BepmmEy z; € X~.

ITaz 2. Haiinem To mennoe mapocozeranme M* naa muaomxecrsa X =,
KOTOpoe faeT HamMeHbImEAR Bec (B COOTBETCTBHE C MaTpmueii Becos D).
910 MOKHO cpexaTh 3PPeKTHBHO C MOMOMIBI0 AJTOPATMA MHHHMAJb-
HOro mapocoveTaHHs ®3 ria. 12,

Ilaz 3. Ecnn BepIIEHA I, COYETAETCHA C APYroil BEPIIHHOM Zg, TO
OIpeReNHM Hellb |, g HAEMEHLIIEro Beca (H3 Zgo B Tp), COOTBETCTBYIO-
myio Becy dqp, fenas mar 1. Jlo6asmM mckyccrBennme pebpa B G,
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COOTBETCTBYIOmue pe6paM M3 |l 5, B IPOMNENAEM 3TO AJMA BCEX APYIHX
nHened u3 MHoskectBa M*, B pe3dyianTaTe 9ero moJySHTCA s-rpad
G~ (M*).

lliaz 4. Cymma BecoB Bcex pebep rpada G- (M*), naiigeunasn c nc-
nonb3oBaHmeM MaTpunm [c;;] (Bec mckyccTBeHHOro pebpa Gepercs
pPaBHHM BeCy HapajuIeIBHOTO €My peajbHOro pebpa), paBHa MMHH-
MaJBHOMY BeCy NHKJa, mpoxofamero mo G. Ilpm stom wmcxo mpo-
XoKJeHn# nukiaa no pebpy (z;, z;) paBHO o6memy 9mCay Dapajienn-
HEIX pebep mMexRay z; 4 z; B G~ (M*).

Ciregyer 3aMeTHTB, YTO NOCKOJBKY HA IMare 2 MH HCOOJIb3yeM
MUHEMaJbHOE DAapoCOUeTaHHe, HNKAaK@Me ABE KpaTdyailmme nema W;;
H [, IPH TAKOM NAapoCOYeTaHMH (CKazKeM, MAYIIHEe H3 T; B I3 M H3 Zp

q

p
Pre. 9.11. Hemn p;; @ ppg, umemwmue obmee pe6po (a, b).

B Z,) He MOryT mMeTh obmero peGpa. Ecam 6m oum mmerm obmee
pebpo (z,, z,), kKak moxa3axo Ha puc. 9.11, To coveranue BepmuH z;
H z, (McHoNB3yIOmee NORIENH OT Z; K Ty B OT Zp K I,) I COYeTaHue HapH
BePIIMH Ip M z; (HCOONB3ylomee NMOALENH OT I, K Zq M OT Z, K ;)
AaBalo 6u obmee mapocoyeranue Beca 2¢,,, MEHBIIETO YeM BeC Iep-
BOHAYAJLHOTO NAapOCOYeTaHWA, YTO HPOTHBOPEUAT HPEHIOJIOKEHIIO
0 MIHNMAaJbLHOCTA HCXOQHOro mapocoderanns. CiaegoBarensho, rpad
G- (M*) me pmoaxeH cojepskaTh GoJiee NBYX DapaJUlelIbHHX pebep
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MeXKAY MoOHMH IByMsA BepIIEHAMHE, T. €, ONTHMAJAbHHI IEKJ He Ipo-
XOXMT HE IO KaKoMy pe6Gpy rpada G Gomee gem asa pasa.

5.2.2. Ilpumep. Paccmorpum rpad G, msobpaskeHHHE Ha
puc. 9.12, mmelommit 12 BepmEE m 22 pe6pa, Beca KOTOPHX YKasaHH
y Kamgoro pebpa. 3anada COCTORT B HAXOKACHAM IAKA, IPOXOAAMET0

2 18 3

Prc. 9.12. I'pad m3 npamepa 5.2.2.

mo Kaxpaomy pebpy G mo KpaiiHeit Mepe OfHMH pa3 H HMEIOIEr0 MHEHH-
ManbHHIT Bec. MHOKeCTBO BepIIEH HEYeTHOH CTemeHH 3TOro rpaga
ects {1, 3, 4, 6, 8, 9}. Ucnoasays anropmty Kpardaitmeit menn Jeiik-
c¢TpH (eM. ra. 8), Haiigem mMarpmny D m3 mara 1:

1 3 4 6 8 9

1 — 19 17 7 19 15

3 19 | — |2 j12 | 24 | 20

4 17 | 20 | — | 24 | 30 11
D=

6 7 12 | 24 | — | 12 | 22

8 19 |24 |30 |12 | — | 19

9 15 |2 |11 |2 |19 | —
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Ha mare 2 aaropuTM MIHHMAaIbHOTO mapocoderands (cum. ria. 12)
CBA3LIBACT CIEAYIONNe BEPHIMHE (BA APYTUX NAPOCOUETAHHA TAKIKE
ABIAIOTCA MHHIUMASILHBIMI);

1 ¢ 6, nens 1—12—86, pec 7,
3 ¢ 8, nenp 3—5—6—7-—8, Bec 24,
9 ¢ 4, nenp 9—2—4, Bec 11.

I'pa¢ G~ (M*), moaywapmniica mocie BHIOOJHeHHA mara 3,
n3o6pa;ken Ha puc. 9.13; NyHRKTHPOM mOKa3aHb NCKYCCTBEHHHE peGpa.

Prc. 9.13. Tpap G- (M*) m3 npmmepa 5.2.2.
peanbENe pebpa; — — — HMCKYCCTBeHENe pebpa.

113 aT0orO pHCYyHKa BHAHO, 9TO ONTHMaAbHHI IMKJI B Tpade G mpoxo-
nur gepes pebpa (9, 2), (2, 4), (3, ), (5, 6), (1, 12), (12, 6), (7, 6)
n (8, 7) nmBakam, a dYepea Bce ocTajabHbe pe6pa — ogmu pas. Bec
aToro mukiaa pased 294.

Hak Tonbko Halimer rpa¢ G~ (M*), MoryT GHTH cpasy ;ke HaHIeHH
no axaroparMy @Ouépu, ynomMaHyTOMY paHee, 2iiJepoB IHKJ 3TOTO
rpada ® COOTBETCTBYIOIIAN ONTHMAJBHKA IAKI, IPOXOLANHII IO Nep-
poHavaubHOoMYy rpady G. Hasa rpada, maobpamennoro ma pmc. 9.13,
HampHMep, OJHH M3 BO3MOMKHEIX DilTepoBHIX NHMKJIOB, IOJYyIEHHHX
0 BHINENPHBENEHHOMY NPAaBHJY, RAeTCHA IOCIEN0BATEJIbHOCTHIO Bep-
muH (HAaY@HEAA ¢ BepHIMHH 1):

1, 4, 3, 5, 3, 2, 4, 2, 1, 12, 5, 6, 7, 8, 10, 1, 7, 6,
12, 6, 5, 11, 9, 2, 9, 10, 11, 8, 7, 12, 1.
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OTOT IHEKA ABAAETCA TAK:Ke COOTBETCTBYIONAM OUTHMAJbHEIM
IHMKJIOM, IPOXOAAMEM II0 NepBoHAYaAbHOMY rpady ms pmc. 9.12.
BoaMmokHH TaksKe ApyrEe ONTHMAJbHHE HAKIH, Opoxoasmmue peGpa
rpada B mHOM mopsaKe. OXEAKO 3TH DEKIH GyIyT HPOXOTATH ABAKAK
mo ToMy ke MHOKecTBY m3 8 pebep. Takmm oGpasoM, Kak TOJBKO
onpegeaeHH Te peGpa rpadga G, IO KOTOPHM ONTAMAABHHEE IHKA IPO-
XONAT JBAAH, MOKHO IOCTPORTh HeCKOJIbKO TAKHX IHUKJIOB B rpade G.

5.3. CBAsh MexAy iinepoBHIMA B TAMAIFTOHOBHIMEH IHKIAME

T'aManpToHOB nEKA B rpade G Gua ompenesneR B raase 1 xak mpo-
CTOil MUK, NPOXORAMMIA (OfMH, M TOABKO OXHH pa3) Yepes Kamaylo
Bepmuny rpada G. He ynuBmTenbHO, 9TO JBOHCTBeHHOCTH MEMIY
3i/1I6pOBHIMA M raMHAJBLTOHOBHME NUKJIaMH (3aMeHA BePIIMHH Ha peGpo
7 Ha060pOT) IPHBORET K TCHO CBA3H MEKAY ITHMH ABYMS NOHATHAME
B IPHMEHEHRNA K HOOPHEHTHPOBAHHOMY rpad)y G M COOTBETCTBYIOIEMY
eMy pebepromy zpadiy, ONpefelseMOMy HHKe,

Onpedesenue. PeGepuuiii ) rpad G, rpada G mmeer croabko e
BepIIEH, CKOJAbKO peGep y rpaga G. PeGpo mexay MByMA BepmmHAMA
rpada G; cymecTByeT TOorga M TOJbKO TOraa, Korna pebpa rpada G,
COOTBETCTBYIOIHE 3THM ABYM BePIIMHAM, CMEKHH (T. ©. HHOUAEHTHH
ofHO# ® Toil ke BepmmEe rpada G).

Hanpamep, nas rpada, mokasammoro ma pmc. 9.14(a), rpad G
n3obpamern Ha puc. 9.14(6).

Jlerko mo:xBo0 moxazaTs [15], 9To BepHHM ABa cAexyomue yTBepKae-
HAA O B3aMMOOTHONIEHWH MEKJY 9SHICPOBHMH H raMEIbTOHOBHMHE
IAKJIaMH.

(1) Ecin G mmeer aiinepoB OUKA, To G; HMEET Kak aHIepoB, Tak
H TaMHJIbTOHOB IAKIH.

(2) Ecnm G mmeer raMuiBTOHOB MUK, T0 G; TAKAKE HMeeT TaMHIb-
TOHOB IHKI.

O6Gpamenne 5THX yTBEepKAGHMW, KAK HOTPYAHO MPOXEMOHCTPHPO-
BaTh, HeBepHO. [{na rpada, msobpa:kemmoro Ha pme. 9.14(a), cre-
TIeHA BCEX ero BePIIMH YeTHH M IO3TOMY CYINeCTBYET 3HJepoB IHKI.
Taxmm obpasom, rpad G;, maobpaxemnmii ma pme. 9.14(6), Tarxe
HMeeT 2iiIepoB NEKI (XOCKOABKY CTOIEHH BCEX ero BepIIHH ONATDH JeT-
HH) B, KPOMe TOro, AMeeT TaMHEJBLTOHOB IIHKJ, 3aaBacMHR IOCIexo-
BaTeJIHHOCTHIO BepIINWH a, g, ¢, d, e, f, b, k, i, a. Ecan Teneps u3 rpaga
G ynanete pebpo b, To HoBHil rpad G’ He mMmeer ailinepoBa IEKIA, HO
BCO OIe MMeeT raMmabTOHOB mMEKA 1, 2, 6, 5, 4, 3, 1. PebGeprnit rpad
Gi{ rpada G’ sBaserca Torma rpadom ms pmc. 9.14 (6) ¢ ymanmemmoi
BepmmEOiX b (m Gea peGep, MENEREETHHX BepmmEe b). dror rpad Bee
eme EMeeT TaMEJBTOHOB OWKI a, f, e, d, ¢, g, k, i, a.

1) Pebepauit rpad rpada G sacTo o6osmauaercs uepes L (G).— Hpux. ped.
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(6)

Puc. 9.14. (a) — rpag G. (6) — peGepmmit rpad G,.

3anata BHACHeRWA CYMECTBOBAHAA y AHHOTLO HEOPHEHTHPOBAaH-
Horo rpadga G raMmJIBTOHOBA IIMKJI4, a TaKiKe HAXOMKIEHAA TaKOTO
OAKNa, eC/IH OH CYIEeCTBYeT, ABJAETCA Ba:KHOH 3ajadeil Teopmum rpa-
¢oB Kak C IpaKTMYECKOll, TAK W C TEOPETHYECKOH TOUEK BPEHHA.
Ecam peGpam rrada G mpummcannt HekoTOphe Beca [e;y] m rpad G
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COOEPKHT HECKOJbKO raMHJIbTOHOBHIX IHKJIO0B, TO 6osbmoit HHTEpec
OpeAcTaBlAeT TaK/Ke 3ajada HAXOKICHHSA TAKOIO HKJIA ¢ MUHAMAJIb-
HBIM 06111KM' BECOM. Bnnny BaKHOCTH 3THX BONPOCOB I'&MHJIBTOHOBH
HKJIN pacCMaTpHBAIOTCS OTAEJBHO B cnenyronxeﬁ TiiasBe.

6. 3agaum

1. Nlna BeopmeBTHpOBaHHOTO rpada, maobpaxkennoro va pac. 9.15,
HaATA NAKJIOMATHYECKO® M KOIMKIOMATHYECKO® THCJIA, & TAKKe PyH-
RAMEHTAJbHNE IUKJIK OTHOCHTENBHO HEKOTOPOTO OCTOBHOTO AEPEeBa.

1 2

—>

Prc. 9.15.

2. lna rpada, msobpasxennoro Ha pme. 9.15, BHmECaTh COOTBET-
crBerH0 MaTpuni @ m K ¢yEpameHTANBHHX NEKIOB H Qymgamen-
TAAbHHX Pa3pesoB WM HA 3TOM NpPHMepe OPOBEPHTH CHOPABEJIHBOCTD
TeopeM 2 m 3.

3. Ucnonbsysa Teopemy 2, HOAYIHTh BHPa)KEHHe IIAA MATPHIE
PyHEIaAMEeHTAJLHHX IHEKJIOB B TepMHHAX MATPHNN HEOUAEHnEE B.

4. JloxasaTs, uto MHOkecTBO K peGep HeopHMEHTHPOBAHHOTO rpa-
¢a, Taxoe, uro K mmeeT gerHoe umciao pebep, o6mMEX ¢ KaMIHM IHK-
JoM, sBIsAeTCA paspesoM (He HeoGxommmoe CBoiicTBO).

5. lokasaTh, 9TO HEODHMEHTHPOBAHHWI rpad G mmeer sitiepos
OEKJ TOTAA B TOABKO TOTAa, Korga G asanercA o6pequnenuem pebepro
HelmepeceKaomuXcsaA IHKIOB.

6. Ecam cronbuu Marprn B, @ u K 3anncaBEH ¢ HCIONB30BaHHEEM
OHOTO ¥ TOrO Ke MOpsARKA pebep (OTHOCHTEIHHO HEKOTOPOIO OCTOB-
HOTO fiepeBa, IO KOTOpPOMY o6pa3oBaEn (yBAaMeHTAJbHHE NHKIK
H paspean) m 3aTeM mpefAcTaBieEH B Buge B = [B,, B,l, ® =
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= [Iv QIZ] u K = [K117 I]1 TO
K, =0},=B,.B;,, ®=[d},]]=B;.B.

CnemosarennHo, mo xw06oit u3 Tpex Marpuy B, ® m K Moxuo Haithm
OCTaJIbHBLIe.

7. Ilokasars, 9To anropar™ Daépu Bcerga no3soasier HAMTH dilie
poB muka rpada, ecidm TAKOBOH CyMECTBYeT.

8. Hammcats anropmt™, ocHOBaHHBIA Ha axaropurme @népm
H L03BOJAIMUYE HaHTH 6ce 3MUIEpPOBH IUKIK rpada.

9. IlokasaTre, 9TO mAA OpMeHTHPOBaHHOTO rpada G = (X, A)
¢ moxycreneHaMr dy (z;) = di(x;), Vz; € X, 9uciao pasnuvemx aitne-
POBHX IHKIOB [AeTCSA BHPAKEHHEM

Ar- (] (do(z)—1)1,
xiex
rae A, — 9@MCA0 OpPIEHTHPOBAaHHHX OCTOBHHIX [epeBnes rpaga G
C KOpDHeM I,. JTa BeJMIMHA He 3aBHCHT oT Bub6opa x, (cm. [24]),

10. Mcmonrays momATHE 3il1epoBa HUKJIA, HOCTPONTH AJTOPHTM
obxona gabEpHHTA OT HAYATBLHOM TOYKH § NO KOHEYHOH TOYKE I.

X 6 X, 28 X3 9 :4
7 8 3 18
5 | 4 16
s Xe X1 &
8 22 20 S
Xy 5 Y10 35 Xy 14 Xy
Prc. 9.16.

He IPOoXOoAAMAA HE OO KAaKOMY KOPHAODPY ABaKAH B OJHOM HaIpas-
aenmn. IIpexmosaraercsa, d9ro mpm o6xofe JabmpuHTAa OpOANEHHEIMA
OyTh He 3amoMHHAaeTCA (IaMATh y NYTemECTBOHHMKA OTCYTCTBYET).
Pa3spemaercs TOJBKO HCHOJNBL30BATH [BA THHa MeToK (mampmmep, 0
7 1), 9To6H DoMedaTh EMH BXOAH M BHXOAH Kopmaopos. (Cm. [23],

[13] = ]14]).

11. PemnATs 3amavy KATAHCKOT0 NOYTaJbOHA [JS B3BEMEHHOTO
HeopmeHTHpOBaHHOro rpada, moxasammoro Ha pmc. 9.16. (Bocmoms-
30BaTBCA AQJCOPHTMOM IJI. 8 1A HAXOKIGHHA Kpardyaimed nenm
¥ PemHTb 3afady O IapOCOYETaHHM C MOMOINBIO HmOJHOro mepeGopa.)
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Fnasa 10

FTAMUNBTOHOBLI LIUKIIbI,
LENMU U 3AAAYA KOMMUBOSAIXXEPA

1. Bsejgenne

B psane oTpacieit npoMumieHEOCTH, 0CO0EHHO XMMHAYeCKoil 1 dap-
MalleBTNYECKOH, BO3HHKAeT CJEeyIOmas OCHOBHAsA 3ajada DJaHMpO-
BaHAA. HyxH0 mpoussectm paAm (CkakeM n) IPOAYKTOB, MCOONB3YHA
eMHCTBEHHHHA THO aNumapaTypH nau peakrop. Ammapar (peakTop)
HOJ/KeH MJA He JoJKeH GHTh nepeHAcTpoeH (0OYMINEH) IOCJIE TOTO Kak
Opou3BefieH NIPOXYKT p; (HO MO TOro, KaK HAdYaJOCk NPOM3BOICTBO
OpoAYKTa p;), B 3aBHCHMOCTH oT KomOmmaumm (p;, p;). Cronmocts
OepeHAaCTPOAKHA amnapaTypH NOCTOAHHA M He 3aBHCAT OT HNPOAYKTA,
KOTODHIA TOJIBKO 9YTO HpPOM3BEJeH, HJIH OT IPOAYKTA, CIEAYIOMEro
3a HoM. Pasymeercs, He Tpe6yercsi HMKaKHX 3aTpaT, eCcIH HepeHa-
cTpoiiKa anmapaTypH He HyKHa }). [Ipeanosoxum, 910 dTH TPONYKTH
NPOM3BOAATCA B HEOPEPHBHOM HAKJE, TAK 9TO DOCJA6 IPOH3BOACTBA
NOCJIeJHET0 M3 N IPOAYKTOB CHOBA BO30OHOBIAETCH B TOM Ke QHMKCH-
POBAHHOM IMKJe HPOM3BOACTBO IEPBOTO NPOLYKTA.

Bosgnkaer Bompoc o ToM, MoKeT JH OHTH HaHJeHA NEKJIAYECKAA
nocJeoBaTeIbHOCTs IPOH3BOACTBA UPOAyKToB p; (i =1, 2, .. ., n),
He Tpebylomas mepeHacTpoilkw anmapartypu. IIycte G — opmeHTH-
poBaHHni rpad, BepPMHHH KOTOPOTO NPEACTABJIAIT IPOXYKTH,
a cymecTBOBaHme Ayru (z;, Z;) 03HaYaeT, YTO IPOAYKT D; MOMKET CJje-
70BaTh 33 NPOAYKTOoM p; 6e3a mnepeHacTpoitkm anmapatypu. Torma
OTBET Ha DOCTABJCHHMI BOOPOC 3aBMCAT OT TOTO, AMEET JI’ 3TOT oprpad
raMAJIbTOHOB IUKA ?) miam Her. ([aMmIBTOHOB MUKJI B oprpade — aro
OpUEHTHPOBAHHHH IWMKJI (KOHTYp), NPOXONAIEN pPOBHO OAMH pa3
gepe3 Ka)KAyw BepmmuHy rpada; cm. ri.

Ecam He cymecTByeT LMKIRYECKOR HOCIEOBATEJBHOCTH HPOAYK-
TOB, He TpeOylomed mepeHACTPOMKM ammapaTyphl, TO KAKOBA JOJKHA
GEITH LOCTEXOBATENBHOCTh INPOHM3BOACTBA C HAMMEHLIIAMH 3aTPATAMHE
Ha HepeHAacTPoiKy, T. €. Tpebynoman HauMeHbmero gucia meobxonm-
Mbx mnepenacTpoek? OTBeT Ha 3TOoT BOHPOC MOMKeT OHTH HOJydeH
C DOMOIBI0 HTEPATHBHOTO IIPAMEHEHHA AaJATOPHTMA HAXOXKAEHHA
raMHJIbTOHOBA IHMKJA B oprpade. Kak mmenHo ato momker GHTH che-
JaHO, 06CYKNaeTcs mo3Ke B 3TOH riase.

1) CdopmynrpoBaEHas BHIIE 337a4a MOKET BO3HHKATb B CIEAYIIAX ABYX
cnaysaax. Nam cTOEMOCTE mepeRacTpOMKE AeHCTBHTENLHO HE 3aBHCHT OT IPOAYK-
Ta, HAH, ApPYyras BO3MOMKEOCTH, CTOEMOCTH B K&XKAOM cliydae HEU3BECTHA B B Ka-
decTBe NpnOiamkeHHAA OepeTcs CpeflHAS NOCTOAHHAS CTOMMOCTb.

?) TouBee, raMEJILTOHOB KOHTYp.— ITpux. ped.
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TaxaM o0pasoM, MeTof{, NO3BOJAIIMHA OTBETHTH HA BOIpOC,
CORXePIKAT JH KaKoii-1u6o oprpad raMmiIbTOHOB IHKI, HMEET NPAMBIO
DpAJIOKEHHA B 8a/1a9aX yNopAAoYeHHEA MIH INIAHAPOBAHHA OmepAaNmil.
B paBHO#t cTeneHE Ba)KHO HCIOJb30BAHH® TAKOTO METO/Aa B KavecTBe
OCHOBHOTO IIAra B &JTOPATMAX PEMeHMA APYCHMX, HA NEPBHIl B3rasan
AaJeKdX OoT MaHHOM TeMATHKH, 3ajxad TeOpHH rpados.

B sToii rmaBe paccMaTpHBAlOTCA CAEAYIONHMe JBe 3afadm.

Badava i. lam opmenTHpoBaEHHI rpad G, Tpebyercs HaiTH B G
raMBJIBTOHOB IHKJI (AJR BCe LUKIH), €CIA CYMmecIBYeT XOTaA O
ONMH TaKO# IMHKJI.

Badaua ii. Jam noanwii oprpad G, AyraM KOTOpPOT0 NPHOMCAHH
npomssoasune Beca C = [c;;], RaiiTh TaKko#l raMHIBLTOHOB MUK (Oens),
KOTODHIl HMeeT BauMeHLIHH 06mui Bec. 3a1aUa HAXO/KICHAA TAMHIb-
TOHOBA NUKJIA ¢ HAFMEHBLIIEM BeCOM XODOINO H3BECTHA B JHTEpaType
RaK sadaua mommusosxepa (1, 2, 15]. Cuenyer orMermTs, ITO ecam
oprpadp G He HmOJEHH, TO €ro MOKHO PACCMATPHBATHL KAK IOJHHN
oprpad, IPHOECHBAsA OTCYTCTBYIOIIEM AyraM GeCKOHEUHHIA Bec.

ANTopETMH pemeHHs 3a1aY¥ KOMMHBOSJKEpa H e BapHAHTOB
BEMEIOT GOJNBIIOe YHCIO UPAKTHICCKAX NPHJIOMKEHHA B PABIHIHHX
o6macTAX vea0OBEYECKON [eATeNLHOCTH. PacCcMOTpHM, HampEMep,
saflayy, B KOTOpoifi TPySOBEK BHe3;KaeT C IeHTpaiabHO# GasH nas
NMOCTABKH TOBApOB MAHHOMY 4YHCAy norpefmTesei m BosBpamaercs
Hasay Ha Gasy. CTOEMOCTh NEepPeBOBKHM NPOUNOPNHOHANLHA IPOHNEH-
HOMY TPY30BHKOM PACCTOSAEMIO, H OPH B8RAHHOM MATPHIIE PACCTOAHHH
MEKIy NOTpeCHTeNAME MApPMPYT ¢ HAMMEHBLIIAMHA TPaHCIHOPTHHIME
3aTPATAMH NOJYIA€TCH KaK pelreHHe COOTBETCTBYIOIEH 3afavd KOM-
MHBOS’Kepa. AHAJIOTHYHHE THINH 3aa49 BO3HAKAKT npm c6ope mouro-
BHX OTHPABJICHAH H3 DOYTOBHX SIAKOB, COCTABIGHHM rpadmka ABm-
KOHHA IIKOJbHHX aBTOGYCOB IO 8aJlAaHHKIM OCTAHOBKAM M T. i. 3afaga
ouens Jerxo o6obmaercs ¥ Ha TOT caydail, Korna gocraBKoi (cGopom)
38HAMAIOTCA HECKOJABKO IPYSCBHKOB, XOTA STY 8ala¥y MOKHO TaKKe
nepeGopMyAHpOBATh KAaK 8ajaly KOMMEHBOSKepa 6Oabmei# pasmep-
gocti [9]. JlpyrEe mpmIoAKeHES BKIIYAKNT COCTABIOHH® PACHECAHHA
BHIIONHeHAs onepanmmit Ha MammHax [5], mpoexTmpoBanEe sieKTpH-
geckEX ceTeli [3], ynpannenne aproMaTmueckmmn ampEaME [17] =7 T. &.

Bnonse ouesmpHO, 4T0 copMyiHpoBaEBAA BHme 8agada (i)
SABIAECTCA YACTHHM ciayuaeM sagadm (ii). B camom pene, mprnmcuBasg
cnyuaiimaM of6pasoM AyraM sajaEHoro oprpada G KoHeuHHe Beca,
monydaeM sajady KommmBosskepa !). Ecam pemenme fas aToit sanaum,
T. €. KpaTYaMmEi#l raMEJABTOHOB HMKJ %), AMEeeT KOHEYHOe SHA4YeHHe,
TO 3T0 pemeBHe ABAAETCA TAaMHILTOHOBHM IEKJIOM oprpada G (1. e.

1) 3pecw, xak 00WIHO, MpeaAmonaraeTcs, 9To oprpad G «pacmuEpens 0 HEKO-
TOPOTO HONHOTO opl;gatba G’ ® nyraM, OTCYTCTBYIOIIEM B (G, HO NPHHA/ICKAIAM
moxnomy oprpady G’, mpunmcaBH GeckomeuHHe Beca.— [Ipum. ped.

%) Tak (@A XPATKOCTH) HASHBAETCA TaMHIBTOHOB IMKJ C HAEMCHBITHM
obmuM BecoM.— Tpux. ped.
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OTBeTOM Ha 3ajmady i). Ecam ke pemeHue umeer 6eckoHedHoe 3Hade-
Hue, T0 G He MMeeT raMHJIbTOHOBA HuKIa. C IPYrodl CTOPOHH MOKHO
JaTh emle OAHY HHTEepIpeTandio 3afadd i). PaccMoTpuM cHoBa noawbiil
oprpad G, ¢ obmeit MaTpuneir BecoB Ryr [c;;] m paccmorpmm 3amauy
HaXO[IeHHA TAKOTO FaMHEJIbTOHOBA IMUKJIA, B KOTOPOM camMas OAUHHAA
ayra !) muEmManeHa. JTy 3aMaYy MOKHO HA3BATh MUHUMAKCHOU
3adauel KOMMUBOSICEDA, OTTEHAA ee (MHHEMAKCHYI0 IDPHPOXY»
(mo CPABHEBMIO C KIACCHYECKOW 3ajavel KOMMEBOMKepa), KOTOPYIO
B TOH jK6 TEPDMHHOJOTAE MOKHO Onuio Obl HA3BaTh MUHUCYMMHOIL
3apgauei. Ilokamem Temepb, 9To 3amada (i) meACTBHTENBHO DKBHBa-
JIeHTH2 MAHEMAKCHOH 3ajjade KOMMEBOSKEpA.

B BumeynmomasyToM monHoM oprpade G, M MOKeM HaBepHAKA
HaWTH raMEABTOHOB mukJj. Ilycth aro 6ymer mmka @,, m mycrs Bec
caMoif IIMHHOA ero Nyru paBeH c¢,. Ypaaiums u3 G, mobyio #yry, Bec
KOTOPOH He MEHBINE ¢;, HOJYIHAM oprpad G,. Haiinem B oprpade G,
FAMEJIBTOHOB IEK.T @,, ¥ OycTh BEC ero caMoll AIMHHOIL AYTd paBeH
Cp. Yianmm m3 G, mobyi YTy, BeC KOTOPO# He MEHBIIE C,, H Tak
6ymem DpofoJrKaTh L0 TeX IOp, HOKa He moiayduMm oprpad Go.q,
He cofep:Kalm|i HAKAKOTO FaMWJIBTOHOBA HUKJIA. |'aMHJIBTOHOB IEK.TI

®,, B G, (c BecoM ¢,,) ABAAETCA TOIJAa IO ONPEHEJIEHHI0 PENIeHEeM
MHIHAMAaKCHOHN 33aJa9l KOMMHUBOSKePa, TAK KaK M3 OTCYTCTBHA [aMHAJIb-
TOHOBa HAKIA B Gp4y CIEAYET, 9T0 B G, He CYMECTBYET HHKAKOIO
TaMIJIBTOHOBA IMUKJA, He ACHOJL3YIOMEro 00 KpaiiHeil Mepe OfHY AYyTry

¢ BecoM, 0OMBIIAM MM PABHEIM Cp,. TakaM 06pa3oM, aITOPHETM HAXOHK-
JIeHEA TaMIJIBTOHOBA IKKJIA B oprpade pemaer TakiKe MEAHAMAKCHYIO
3alayy xomMmBos:Kepa. Haobopor, ecaim Mul pacnoiaraeM ajJropur-
MOM pemeH?s IocJefqHed 3agadm, TO TAMHIBTOHOB UKJI B IPOA3BOJIb-
HOM oprpade G MoKer OHTH HailleH ¢ MOMOI(bI0 IOCTPOEHNA IOJIHOIO
oprpada G; ¢ TeM 3Ke CaMHIM MHOKECTBOM BEpPMMH, 970 4 B (, myram
KOTOPOTro, COOTBETCTBYOIMNM Aayram u3 (G, OpAUACAHH eIRHAYHEE
Beca, a OCTAJBHEM Ayram — OecKoHedHule Beca. Eciu pemenne MAHHE-
MaKCHOH 3alaud KOMMHBOs)Kepa 1A (; AMeeT KOHEYHHI Bec (Ha CaMOM
nede paBHEHE eguHEMNE), T0 B rpade G Mosker GHITH HaiffleH COOTBET-
CTBYIOINEA raMmibTOHOB HUKJI. Eciam ke pemenme mmeer GeckoHed-
HHII Bec, To B rpade G He CymecTByeT HAKAKOT0 raMAJILTOHOBA MUKJIA.
CaegosarenbHO, [Be yKaszaHHHE 3aJa4M MO/KHO PACCMATPHBATH Kak
SKBHBAJIEHTHHE, HOCKOJIbKY OHII0 IPOXEMOHCTPAPOBAHO, YTO AJATOPHATM
HaXOKIeHHA TaMUJIBTOHOBA OUKJIA MO3BOJAET PEIIaTh MHUHEMAKCHYIO
3alaqy KOMMHBoOskepa m HaobGopor.

Beany Ttoro uro obe chopmynmpoBaHHne Bume samaum (i) m (ii)
9acTO BCTPEYAIOTCA B NPAKTHYECKHX CHTYaAuUAX X (KaK Mb YBALHEM
nmossxe) 3amagy (i) camy mo cefe pemmThH HAMHOTO IpOIME, YeM Kak
mox3anady 3amadm (ii), MH ofe 3TH 3agadm pPACCMOTPHEM OTAEIHHO
B dactax | u Il nactosmei raaBwI.

1) To ects nyra ¢ mamboapmum BecoM.— ITpux. ped.
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YACTDL I
2. TaMpabTOHOBE IEKANI B rpade

IToxa HensBeCTHO HHKAKOrO IPOCTOTO0 KPHTEPHA MM aareGpamde-
CKOTO MeTofa, OO03BOJAIONIEr0 OTBeTATh HA BOIPOC, CYMECTBYET HMJIH
HeT B Opom3BoabHOM rpade G raMaabToHOB HAKA. Hpmrepmm cyme-
cTBoBanMA, nanEne B paGorax Iloma [29], Homa-Ymasamca [25]
n Ope [26], mpemcTaBAAlT TeopeTHYECKHMH HHTEpeC, HO ABISIOTCA
CARMKOM o6IMMHE A He OPHIOAHH AJMA NPOMSBOIBLHHX rpados, BCTpe-
gJaomuxcsa Ha npaktuke (cM. samawy 10.1). AareGpamgeckme Meromn
onpefeNieHdsaA TaMHJIbTOHOBHX LUKJIOB, OOSABHBIIAECH B JHATEPaType,
He MoryT GHTH IpAMEeHeHH K 8afauaM ¢ Gosiee TeM HECKOJIBKHEMHA AeCAT-
KaMA BEepmHPH, TAK KAK OHE TpefyioT cimmkxom 0oXBIIOT0 BpeMEeHH
paGoTH n Gonpmoit maMATH KOMOBIOTEpPA. Bosee mpreMiIeMEIM ABIAETCA
cmoco6 Pobeprca m ®aopeca [30, 31), xoropmii me npeamsaeaser
9pe3MepHHX TpeGoBaHMW K MAMATH KOMIOBIOTEpA, HO BpeMA B KOTOPOM
3aBHCHAT PKCIOHGHIOUAJIHHO OT YBCAa BepmaH B rpade. OnEaro Apyroi
HesABHHIA Meron mepeGopa [35, 6] umeer nus GonpmmHCTBA THHOOB rpa-
$oB ogeHp HeGONBIMOA MOKa3aTeNbh POCTA BPEMEHH BHYHCIEHMI B 3a-
BHCHMOCTH OT ACAa BepmmH. OH MoMeT 6GHTH MCHOAB30BAH AJIA
HaXOKNEeHAA TaMHJIBTOHOBHX NHKJIOB B odYeHb Ooapmmx rpadax.
B Bacroame#d raaBe MH oummeM aareGpamdecKmil MeTog ® ABa CHO-
coba mepeGopa.

2.1. AareGpamuecrmit MeTox

dror Meton ocmoBaH Ha pabore Moy [37], Hammaamscoma [11]
u JIxaBana [14] m Bxaowaer B ce6a mocTpoeHme BCeX HPOCTHX Hemei
C MOMOMBI0 IOCIeAOBATEABHOTO TEPEMHOKEHHsT MATpPHIL.

«BEyTpeHRee NpoW3BeJeHHe BOPIIAHY LEUH %y, Ty, I3, . - -
.« ey Tp-y, Ty OLpPENENAETCA KAK BHPAKEHHAE BANA Tg Ty* . . . * Thoys
He cojepkamiee IBe KONIEBHe BePIUEH ) z; ® z,. +Monedanuposan-
Haa marpuna cmesxmoctm» B = [B (i, j)] — a10 (n X n)-marpmna,
B Koropou B (i, j) = Z;, 6CIH CYMECTBYeT Ayra M3 z; B z; B HYyIb
B OpoTEBHOM caydae. IIpenmono:kEM Teneps, 9T0 y HAC eCTh MATPHIA
P, = Ip; (i, /)], rae p; (i, j) — cyMmMa BHRYTPeHHEX NUpPOH3BENCHHI
BCeX OpOCTHX memeit muaneEH [ (I>>1) Meny BepmEHaMH T; 4 T; 4AA
zy % z;. Ilonomum p; (i, i) = O nasa Bcex i. O6rranoe anreGpamveckoe
npomspenerme MaTpun B-P, = P; = [p/, (s, t)] onpenensercs Kak

Pis1 (8 t)= ; B (s, k)- py (K, 1), (10.1)

T. . pi+1 (s, 1) ABAAeTCA CyMMOH BRYTPEHHMX Upun3BeNeHHA BceX
neneii m3 x, B z; noimEH | + 1. Tax Kak Bce memm m3 z, B ;, Ipel-
CTaBlieAHHEe BHYTPDEHHAMHA npousBefiennamn mn3 p; (k, f), ABasoTcA

1) Yacto Toukm mexkny Gyksaym 6ynyr omyckathca. Ilpm k = 2 mpomase-
nesme paBHO 1.— ITpuxm. ped.
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OPOCTHIME, TO Cpefqd neneif, momydaromuxca u3 Beipamenmsa (10.1),
He ABJAIOTCA NPOCTHMH JHMIIb Te, BHYTPEHHHE NPOH3BOJAECHHA KOTO-
pux B p; (k, t) comepsar Bepmmmy z,. Takmm o6pa3oMm, ecam wu3
Pi+1(s, ) HCKIOYATH BCe ciaraemmie, COepamide I, (& 3TO MOMKHO
coeJaTh OPOCTOX NPOBEPKOHR), TO NONYIUM Dyyy (s, t). MaTpuna P,y =
= [py+1 (5, t)], Bce nmaromanbHBHIE 3IEMEHTH KOTOPOH paBHH (),
ABIAETCA TOrJa MATPHNOEWd BCeX NPOCTHIX uenei ANmHEH [ 4 1.

Buuncnaa satem B-Pyy, maxomum Py, ® T. 1., mora me Gymer
mocTpoena Matpmna P, ,, naomas Bce raMEJIBTOHOBH IeNH (AMEIOMHE
namEy n — 1) Mexny BcemMm DapaMm BepmImH. |'aMEJIBTOHOBH ITHKJIH
OOAYYalOTCA TOT/AA cpa3y m3 nemeit B P,_, @ Tex nyr us G, KoTopme
COENMHAKT HAYaJbHYI0O M KOHEYHYI0 BePIIMHEH Kaxkgo# memm. C apy-
roif CTOPOHH, TaMHJIBTOHOBH LHKIH [JalOTCA YI€HAMA BHYTPEHHeErO
NPON3BEJEHAA BepIIHH, CTOAMUMH B Ji000il AAATOHAJNBHON sAYeHKe
matpunut B-P,_, (Bce qmaronanbEReE 371eMEHTH 2TOH MATPHIE OXHHA-
KOBHE),

OuwesmgHO, 9T0 B KayecrBe HAYAAHHOTO 3HAYEHHA MATPHOH P
(r. e. P,) ciexyer B3aThb MaTpmmy cmemxHocTE A rpada, IOX0KEB
BCe ee JHATOHAJLHHE BJIEMEHTH PABHKMH HYIIO.

Pac. 10.1. I'pad ua opamepa 2.1.1.

2.1.1. llpamep. Paccmorpam rpad, maobpamennnit ma pmc. 10.1,
MaTPAOA CMEXHOCTH KOTOPOTO PaBHA

a b c d e
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B MOREQEOEPOBAEHAA MATDHOA CMOKBOCTH

a b ¢ d e

a|O0 b 0 4 O
b0 0 0 d e
B= ¢ |0 b 0 0 e
d}0 0 ¢ 0 O
ela 0 ¢ 0 o0

IMonowuam P, = A. Marpaua P, = B-P; monysaerca pasmoi

a b ¢ d e

e 0 a+c 0 a

o

Marpena P, mourm Takas ke, Kak P,, — TOJBKO HOXYEPKHYTHE
anemenTH B P; Hago samenmTh HyaaMu. Marpmma P; = B.P,; pasma

a b c d e
a | be de bd+be O dec
b 0 dcteg+ec 0 ea de
Py=c be ea+ec bd+be e 0
ce 0 0 b ch

ce 0 od ab+ch gbtch
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P, monygaercsa u3 P mocie 3amMeHEl DONIEPKHYTHIX 31eMEHTOB HYJIAMHA;

a b c d e
dce 0 0 bea bdc + bdc
b dce 0 ead e ec dcb
e o 0w M
d che cea 0 cea 0
e cbe adc + cea abd + abe cea adc

Marpua P, raMmiabTOHOBHX Hemneir pasHA

a b ¢ d e

a 0 0 0 0 bdc + dcb
b { de 0 ead 0 0
P,=c 0 0 O \bea+ ead 0
d cbe cea 0 0 V]
e 0 adc abd 0 0

TamunavroHoBs nemm abdce u  adcbe, COOTBETCTBYIOUIHE 3JEMEHTY
(1,4) BoimenranmcanHoil MAaTPHUAH, AAIOT FaMAJIBTOHOBH LMKIb abdcea
u adcbea, ecnm poGaBuTh 3aMuKawImyo nyry (e, a). Bce apyrme
TraMAIbTOHOBH Iend B P, NpHUBOXAT K TeM Ke caMBIM JBYM FaMHJIBTO-
HOBBIM NUKJaM, B N02ToMy B rpade G cymecTByeT TOJBKO IBa TAKIX
OHEKJIA.

Henocrarku storo wmeropa coBepmeHno odeBmams. B mpormecce
YMHOKeHnA MaTpnal (T. e. KOTAa ! yBeIMYMBaerTcs) Kazmblll 3TeMeHT
marpuusl P; 6ymer cocroars u3 Bce 6oJapmero 4mCaa YIEHOB BILIOTH
70 HEKOTOPOIO KPHUTHYECKOrO 3HadYeHWs [, Iocie KOTOPOro d9HcJIo
YIEHOB CHOBA HayHeT YMEHBMATHCA. JTO NPOHUCXOXHUT BCIEACTBAE
TOTO, YTO JUJIA MalplX 3HadeHnit ! m maa rpados, ofwrano scTpewalo-
MXCST HA OpaKTHRe, 9ncno nenedt gamuu ! + 1, kak npasmio, Goas-
me, 4eM upcao mereif mumwsl /. a guaa Goapmux 3uavenmit | umeer
ymecto ofpatHas wxaprura. Hpome TOro, Tak Kak [JIMHA Ka:KI0ro
WIeHA BHYTPEHHEro IPON3BeIEHNA BEPIIWH VBeJNYABAeTCA Ha eNI-
HHIly, KOTRa | yBeauunBaeTCA Ha eAMHANY, TO o6beM DaMATI, Heol-
XONNMBIA NIA XpaHeHHs MaTpPENOL P;, pacter oueHs GHICTPO BILIOTH
DO MAKCHMYMa IIpPH HEKOTOPOM KpPUTUUECKOM 3HAaYeHun [/, mocne
KOTOPOTO 3TOT 06heM CHOBA HAYMHAET YMEHLIIATHCH.
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He6oarmas MopmpEKanus BHIIENPHBEASHHOT0 METORA IO03BOJSET
BO MHOTO pa3 YMEHHIIATh HeOGXOMEMHIA o0beM HAMATH H BpeMs
Buunciesadi. Tak Kak HaC MHTEPECYIOT TOJNBKO TAMHIABTOHOBH IHKJIK
H, KaK GHJIO0 OTMEYeHO BHINE, OHA MOTYT OMTH MOJyYeHH H3 WIECHOB
BHYTPeHHeTr0 NpoM3BefieHHA M0G0l AMAroHAJbHOH AYEKH MATPHIH
B.P,(, To HeoOX0AUMO 3HATH TOJBKO 3JE€MEHT P,y (1,1). IIpm atom
Ha Ka;KIOoM dTame He 00A3aTeJbHO BEYMCIATH M XPAaHHTH BCIO MATPHILY
P,, mocrarouno Jemb HaiTh mepBHi croxben ms P;. d1a Monmduka-
ouA yMeHbmaeT HeoOXOMEMHE 06beM HAMATH M BpPeMs BHYACICHAA
B n pa3. OfHakKo fa;Ke HpH HCHIOJb30OBAHMH 3TOH MOAA(HKAIWNHE HpPO-
rpamma aaa 9BM [14], nanucannas Ha asuxe PL/1, Koropwii moaso-
AsfeT HNOCTPOKOBYIO 00paGoTKy JnTep H mepeMeHHOE pacupefe’eHHe
naMATH, He GuTa cmoco6Ha HaliTH BCe TaMMILTOHOBH IHKJIH B HEOPH-
€HTHPOBaHHHX rpadax ¢ Gosee gem npmmepHo 20 BepmEHEaMu u cpel-
HAM 3HAYEHHNEM CTeIeHH BepmmHH, Goarmmm 4. McmoasaoBanach
puuacanreabpas mMammEa UBM 360/65 ¢ mamarsio 120 000 Gadros.
Boxnee Toro, mase gasa rpada ¢ BHImeEYKA3aEHHMH <«pasMepaMB»
HNAaHHHE METOJX HCHOJb30Bajl JaKTHIECKH BeCh 06HeM IMAMATH M BpeMs
BHIACAeHRE paBHANOCH 1,8 mMmuyrH. He Takoe yk HesmaumTedapHO®
BpeMs JaA croab HeGoawpmoro rpada.

2.2, Meton nepeGopa PoGeprca m (duopeca

B npormBomosoKHOCTH aire6pamiecKEM MeTOXAM, C IOMOMIbIO
KOTOPHX IHTAIOTCA HAWTH Cpasy Bce FAMHJbLTOHOBH HHKIH H IPH
peannsamuy KOTOPHX IPHXOAHTCA XPaHHUTH HOITOMY BCe IEIH, KOTO-
PHe MOr'yT OKa3aThCA YAaCTAMH TAKHX IHKIOB, METOX mepeGopa HMeeT
Aelio ¢ ONHOM Ienbio, HOIPEPHBHO UPOJJeBaEMON BIIOTH A0 MOMEHTA,
Korxa ambo moiayduaercs raMHMILTOBOB IIMKJ, JEGO CTAHOBHTCA fCHO,
9T0 3Ta HeOb He MOKeT OPHBECTH K IaMHIBTOHOBY mukiay. Torma
nens Mogu@EIEpPYETCS HEKOTOPHM CHCTeMATHIECKHM cmocobom (KoTo-
PHii rapaHTHpPYeT, 9T0 B KOHIe KOHI0B GYyAYT HCIEpHnaHK BCE BO3MOK-
HOCTH), NOCJHe 4Yero NpPORXONKAETCH HOOMCK TaMHIBTOHOBA I(AKJA.
B aTom cmocoGe nis1 moncka Tpebyerca ouens HeGoabmoi 06beM maMsa-
TA W 32 OAUH Pa3 HAXONHTCHA OAMH TFaMHJIBTOHOB ITUKJ.

Cnenyomas cxema nepefopa, HCHONB3YIOMAA OGHYHYI0 TEXHAKY
Bo3Bpamenusn, 6uia mepBoHavaJabHO Npefao:xkena PoGeprcom u ®aope-
com [30, 31]. Haumnaior ¢ nocrpoerus (k¥ X n)-Marpuuu M = [m],
IZe BJeMEeHT m;; ecTh i-s1 BepIAHa (CKamkeM Ip), A KoTopoi B rpade
G = (X, T) cymecrsyer nyra (z, z,). BepmmeH z, B MHOMKecTBe
T’ (z;) MomHO YHNOpAROYATH IPOM3BOJBHO, 06pasoBaB 3JIEMEHTH j-TO
cronbna marprnu M. Ymcno crpok kX marpuou M 6yner paBro Ham-
Gospmel mosycTemeHA MCXOXA BEPIITEHHL.

Meron cocromr B ciexyiomem. Hekxoropasa HauadbHas BePHIAHA
(ckaxeM, z,) BHGupaeTCcs B KauecTBe OTHpPaBHOA M o06pasayeT mepBHIH
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aleMeHT MHOKeCTBa S, KOTopoe KaKAn# paa Gymer xpaHHTH yxKe
HailfleHANIEe BePMAHHE cTpoAmeiica neom. K S nobGasaserca nepsas
BepmEMHA (HaNpHMep, BEPMAHA @) B CTON6UE Z;. 3aT€M K MHOKECTBY
S nobapnsgercs nepsas BO3MOMHAsl BepIMMHA (HAOPHMEp, BepIIMHA
b) B cronbue a, notom nobasiaserca K S mepsas BO3MOKHAA BEpmITHA
(sanpumep, Bepmuna c¢) B croabue b u 1. 1. Iloa «BoamoxkHOM» Bepma-
HOIi MBI DOHHMaeM BepIHHY, eme He nmpuHamiaexkamywo S. Cymectpy-
X0T [Be OPHYAHE, NPEOATCTBYIOIIAE BKIIOYEHHIO HEKOTOPO# BePITAHE
Ha mare r B MHomecTBe S = {r,, a, b, ¢, ..., ., z,}. Uam (1)
B cTonbue z, HeT BOBMOMKHOW BepmuHL, miau (2) uensb, onpeneaseMas
[OCJIe0BATEIbHOCTHIO BePIIUH B S, MMeeT AInHy n—1, T. e. ABIseT-
¢Sl TaMAJBTOHOBOH LENbI.

B caygae (2)

(a) B rpade G cymecrByer ayra (z,, z;) ¥ HO3TOMY HaJEH TaMUIb-
TOHOB OWKJ, MIA

(6) myra (z,, z;) He cymecTByeT M He MOeT OHThL MOJydYeH HUKa-
KOH TaMUJIbBTOHOB I[HKJ.

B cnywaax (1) u (26) caenyer npuberayro K so3spawjeHurd, B ToO
BpeMs Kak B ciaydae (2a) MOKHO UpPEKpAaTATh NOMCK H HANEYATATh
peaynbrar (ecanm TpeGyercs HaMTH TOJBKO OAWH TaMAJBTOHOB LHKI),
niu (ecim HyKHH BCe TAKHe [UKJIb) IPOU3BECTH N€YaTh M IPHBETrHYTH
K BO3Bpamennio. Bo3aspamenue coCTOMT B yAadeHUM NOCHEHEH BKIIO-
9eHHOH BepMIAHH Z, ®3 S, mOocJe 9ero OCTAETCHA MHOMKECTBO S =
={z,,a, b,¢, ..., 7,4}, m go6aBrenrm K S mepBOi BO3MOMKHOR
BePIIMHEN, Clelylomei# 3a z,, B croabue z,., marpugu M. Ecam
HEe CyImEecTBYeT HHKAaKOH BO3MOKHOH BepIIMHEI, [eNaeTcAa CJIeXyIOomui
Imar BO3BpamEeHMsa M T. J.

ITouck 3akamuMBaeTcs B TOM CJaydYae, KOIJIa MHOKECTBO S COCTOMT
TOJ1bKO H3 BePIIMHH Z; M He CYMECTBYeT HAKAKOH BO3MOKHOH BepmIH-
HH, KOTOPYI0O MOKHO 06aBuTh K S, TaK 9T0 IDar BO3BpPAMIEHUA Aela-
€T MHOeCTBO S mycToiM. ['aMUNBbTOHOBH UHMKJH, HAHJAEHHHE K 3TOMY
MOMEHTY, ABIAIOTCA TOTAA BCEMHM IaMAJIBTOHOBHIMHA IHKJIAaMH, CyIIe-
CTBYIOMHEMHE B Trpade.

2.2.1. Ilpmmep. Paccmorpuym rpad, maoGpaxennmit na pme. 10.2.
Marprna M npmBoamTes Bu;ke, BepMUHN B KamJIOM CTOAOIe pac-
TOJOMEeHHN B aIPaBETHOM HOPARKE:
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a b

e d

Pme. 10.2. T'pad us mpmmepa 2.2.1.

Ilomck Bcex raMmAbTOHOBHX IHKJIOB IPOESBOAETCA TAK (BepmmHA
a Geperca B KavecTBe OTHPABHOH BEDPIIMHHIY):

Mnuoxcecmeso S Kommenmapuu
1. a Jo6aBuseM mepBYI0 BOSMOKHYIO BepImm
HY B ctoabme a (1. e. BepmmEy b).
«2.a, b Jo6asasieM mepRyi0 BO3MOKHYIO BepIIH-
gy B croabue b (T. 6. BepmmEY c).
3.a b ¢ Ilepsas Bepmmua (@) B croabme ¢ He
SIBJAsAETCA BOBMOXKHOM (a € S), RobaBasem
clefyomy0 Bepmuay B croabme (. e.
BepmHRY d).
4. a, b, c, d Ho6aBiseM BepmEHY f.
S5. a, byc, d, f B cronfue f HeTr BO3MOKHOE BepIIHEHH,
BO3BpaIIeHHe.
6. a, byec, d B croabue d He cymecTByeT BO3MOKHOK
BepmmEHH, ciexyiomeil sa f. Boaspame-
HHE.
7. a, b, ¢ ABajorngEo OpeswaymeMy. Boasspame-
HEe.
8. a, b Ho6asiseM BepmuHy e.
-9.a, b, e Ho6apnsiem sepmmny c. °
10. a, b, e, ¢ HNo6asagemM Bepmmny d.
11. a, b, e, ¢, d Ho6aBagem Bepmumy f.
12. a, b, e, ¢, d, | Tammanrromosa mens. Hyra (f. a) maer
TaMHILTOHOB NEKA. BoaBpamenwme.
13.a, b, e, ¢, d BosBpamenne.
14. a, b, e, ¢ Bosspamenne.
15. a, b, e No6asnseM BepmuRy d.
16. a, b, e, d HofaBagem Bepmmmy f.
17. a, b, e, d, f Hlo6Gapisaem Bepmumy c.
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18. a, b, ¢, d, |, ¢ IFamnastonosa mens. Llens 3amukaercs
- ayroit (¢, a). Boaspamenue.

19. a, b, e, d, | Boaspamenne.

20. a, b, e. d Bosspamesnne.

21. a, b, e Boaspamenne.

22. a, b, Boaspamenne.

23. a Boaspameunme.

24, & Kouenr momcka.

2.2.2. Yayuymenue oCHOBHOrO METONA. JONYCTHM, YTO Ha HEKOTO-
poM 3rane IOHCKA [OCTPOEHHAA IleNb 3aJaercs MHOMKEeCTBOM S =
= {z;, 75, . . ., 7,} ® 4TO CaenyoOmeil BepmUHOI, KOTOPYIO IpeqIOTa-
raerca nobasuth k S, sBaserca z* ¢ §. PaccmoTpum Temeph nBe

( Octatok rpaga G ’ C Octatok rpaga 6 ’

Puc. 10.3a. (z €T (z;) n ! (z)=  Pmec. 10.36.(z ¢ [ (zy) u T (z)=
= §.) Crmepyromeli myrofi gomxma < S {J {z*}.) Crenywomeit gyroi e
6uTH (z,, 7). nomxHA 6HMTL (z,, 2*)

CIelyOmue CUTYallUH, B KOTOPHX BEPHINHA SBJIAETCA HM30JIHPOBAaH-
Ho#t B moarpade, ocraiomemecs nocsae ypanenus ud G = (X, I') Bcex
BepmuH, 06pa3yomuX NOCTPOEHHYIO O 3TOTO IEINb.

(a) Ecam cymecTByer Takas sepmuna £ € X — S, uto z € T (z,)
m I'''(z) = § (cm. puc. 10.3a), 10, no6aBasa k S 106y BepmuBy
z*, OTIMIHYIO OT Z, MBI HE CMOJKEM B HOCTEIYIOMeM TOCTUTHYTH Bep-
MBHH T HA 13 KaKoil KOHeYHOJ BepImINHH NOCTPOEHHON Ienu, m, 3Ha-
9HT, 3TA 1leNh He CMO;KeT DPIBECTH HAC K INOCTPOSHHIO FaMHJILTOHOBA
unkna. Takmm o6pasoM, B 9ToM ciiyuae I ABIAETCA eNNHCTBEHHON
BePIIMHOR, KOTOPYI MOKHO Xo6aButh X S [O7# OpONOJKEHHA Ielm.

(6) Ecam cymectByer takas Bepmana 7 € X — S, uro z ¢ ['1(z,)
B T () =S U {z*} ana nekoropoit apyroii sepmmms 2%, 10 z*
He mosKeT 6mITH no6aB1ena K S, TaK Kak TOINa B OCTAIOIMEMCA MOATpa-
de me MoKeT CymMeCTBOBATL HUKAKOH Nenu Me&RAY T @ z;. llems,
onpenesaemaa MHo:kecTsoMm S |J {z*}, He MoeT monsTomy upmBecTm
K TaMILIbTOHOBY HHKJIY, a B KadecTBe KaHANNATa Ha pnobaBieHme
K MHOeCTBY S CIelyeT paccMOTPeTb APYIYI0 BEPHIAHY, OTIHYHYIO
or z* (cm. pme. 10.36).
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B ToNBKO YTO HpHBENeHHOM NpmMepe CHTYAIMA (a) BO3HHKAaeT
Ha mare 2, Korga MHOKecTBO S ecThb {a, b}. Ecam sameTETH Temeps,
9T0 AN BePIIHHH € CHpaBefauBO cooTHomemme I'-! () = {b} — S,
TO CTAHOBHTCA ACHHM, 9TO € Cilexyer A0GaBATH B KadvecTBe OdYepes-
HOH BepIIAHH K MEOKeCTBY {a, b}. IloaToMy B mpEBemeHEOM mpHEMEpe
MO’KHO ONYCTHTH IATH 3—8 H cpasy oT mara 2 mepeiTH, Kak IOKa3a-
HO CTpejKo#, Kk mary 9.

IIposepra ycnosumit (a) m (6) Gymer, KOHeYHO, 3aMeNJIATH HTEpa-
THBHYI0 HpOUERYpY, B AaA HeGoapmux rpagos (Memee uem ¢ 20 Bep-
MAHEAMH) He DOJY4YaeTcsd HHKAKOT0 YJIYYNIeHHA HNepBOHAYaJbLHOro
aaropurMa PoGeprca m @aopeca. Ho ans Goasmmx rpados ata mpo-
BepPKA IOPHBORHT K 3aMETHOMY COKDANIeHWI0 He0GX0muMOro BpeMeHH
BHYACJEHHI, yMeHbmas ero o6uaHo B 2 mau Gosnee pas. IlogpoGHuie
pesyabTATH BHYACAGHHE [AA PA3IAIHHEX METOXOB IPUBONATCA
ga pmc. 10.7 B pasm. 3.

2.3. MyasTanenno#t Meron

IToce BHAMATeNIFHOTO H3YUGHHA omepanmid aaropmrma mepefopa
PoGeprca m Propeca cTaHOBHATCA OYeBHAHKM, YTO AaKe HOCHEe CJe-
JaHHOTO YJAYYIMEHHS He CAMIIKOM MHOTO BHHMAHHSA YNeIAETCA OCTaB-
meiica wactu rpada, B KoTOpoil Gepercs moCiaeNoBATeIbLHOCTH Bep-
¥H, NPOJNO//KAIONMHEX NOCTPOeHHEYK nenmb. OOHYHO HOCTPOEHH®
menm S, B mporecce morcka (S, pacCMaTPHBASTCA H KaK yHopANoIeH-
H0® MHOKECTBO BODIINH, B KAK OOKYHO© MHOKECTBO) IOXpasyMeBaeT
CYmecTBOBAHME €me KaKHX-TO Heme#l B APYrEX vacTAx rpada. Irm
mpefmojaraeMne memm Ju60 IOMOraoT GHCTpee IOCTPOHTH TaMHIb-
TOHOB HURJ, Ju60 yKa3HWBAIOT HA OTCYTCTBHe TAKOTO IMKJa, CORep-
7Ramero memp S,, IT0 MO3BOAAET Cpasy OpHGErHYTs K BO3BPAIMSHHIO.

Meron, ommcamEHIA B 3TOM pasgeie, ORI IpeNJoeH IePBOHA-
qanpa0 Cenbm [35] mas meopmeBTHpOBaEHHX rpadoB; 3mech RaeTcs
ero mefonbpImoe BHAOM3MEHEHHe [JA OPHEHTHPOBAHHWX rpados.
Meton cocTomT B ciaemyiomem.

HdonycTaM, 9ro Ha HEKOTOPOM 9STam® HOHCKA IOCTPOPHA HeNb
S, 7 BO3MORHH men® S,, Sy, . . . . PaccMorpEM Kakyio-1u6o «cpen-
HIOI0» BepIOIEHY ONHOM M3 3THX memeil (CI0BO ¢CpegHsA» 3Mech O3HA-
g9ger a6y BepIHEHY, OTIHYHYK OT HAYAJbHOA H KOHEYHOH).
ITockonbky aTa BepmmHA yXKe BKJIKOYEeHa B IeOb ¢ IOMOMBIO ABYX
AYT, TO OYeBHAHO, 9TO BCE XPYrHe AYTHA, BXOAAMME HJIA BHXONAMNAE
H3 Taxoll BepmEHH, Moryr OmTh ynadenw m3 rpada. as moGoi
HadalJbHOH BePIIAEH BHINOYKASAHHWX Nemeil MOMHO YAaldATh BCO
AYTH, ECXOZAImue U3 Hee (3a MCKIIOUGHHEM NYTH, BRKIWYAOMmEH Ty
BePIIMHY B IIeb), a AAs M000ii KOHEYHO! BePIIMHH MOKHO YAAJIHTH
BCe JYTH, OKAHYHBAIOIAECS B Hell (OMATH-TAKA 3a HCKIIOIOHHOM
Ayrda, BRIAOYapmpeit ee B mems). Hpome Toro, 3a HCKIIOYEHAEM CIY-
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4afg, KOTAa CYWECTBYeT TOJBKO OAHA Lenb (CKameM, S,), IPOXONA-
mas 9epes Bce BepmuEH rpada G (T. e. Korga S, — raMEJIbTOHOBA
nens), Jao0bad HMeOmasca Ayra, BeAymas n3 KoHOa Jaio6oi nenm
B HAYaJbHYI0 BepIIAHY JTOH jKe Ienm, MoKeT OHWThH yjAaleHa, Tak
KaK TaKasg Ayra 3aMHKaeT He TaMHJIbTOHOBHl IWKJHI.

Ynanenme Bcex aTEX AYr AacT rpag co MHOTHMMH BepIIHBAMHA ~—
BCEMH (CPeNHEMHA» BepIIEHAMA Iened.— B KOTOPOM TOJBKO OfBa
Oyra OKaHYHMBAETCH B K&KA0H BEepIHHE M TOJHKO OJHA AYra HCXONHT
u3 Hee. Bce aTE «cpeHEe» BepIIMHAK ¥ AYTH, MHIEAEHTHHE HM, yaa-
asiorcd n3 G, a BMECTO HEX OJf Ka)XJoA Ieny BBOAHMTCHA €JHHCTBEH-
Hafd [Qyra, EAymas OT HAYaJbHOI BepIMIMHH Nenn X0 ee KOHEYHOH
BepmuHK. B pesyiasTare BCEro aTOr0 NONYYRETCHA pedyyuposaHHuiE
epagp G, = (X4, T}), rae k¥ — mupmexc, DOKasKWBalOIMEA HOMEp mara
MOHUCKA.

Pacemorpanm Teneps npopoiskenwe nemm S, (chopmupoBaHHOR
B pe3yJhTaTe MOMCKA), OCYMECTBIsAeMOe IyTeM J06aRICHEA BePIIAHEL
zj, Koropas ABIseTCA BO3MOKHOH B CMHcJe ajdroputMa Pobeprca
u QDuopeca, 1. e. B G, CymecTByeT Ayra, MCXONAMAdA H3 KOHEIHOH
BepmuHEK nen# S, — ofosgaunm 3ty Bepmuny e (S,) — u Bxogamas
B BepmHEEy z;. JlobaBneHme z; K S, OCYIECTBIAETCA TaK:

(1) Cravana ypaxsiorca m3 G, BCe HeofXomumMue AYTH, T. €.

(a) Bce nyrmE, oxkaHYMBalOmMecA B Z; MaM BcxopgAmme u3 e (S,),
3a mckaiogeHmeM ayra (e (S,), zy);

(6) Bce nyrm, BEIXoAAmMEe B3 z; B HAYaJbHYI0 BepMHEY OyTH S,;

() ecim okaskeTcs, UTO Z; ABIAETCA HavalbHOH BePIIMHOHE Apy-
rod memm S;, TO CiIeAyeT yAAaNHThH TakMke M6yl Iyry, BenymIyio
M3 KOHEYHOM BepIDMHW Hema S; B HAYaJBHYI BepmEHY memd S,.

(2) O6osnaumm rpad, oCTABIEECA MOCHe YOAJTEHHA BCEeX MYT,
gepea G;; = (Xh, Fh').

Ecan cymectyer Bepmuna = B rpade G, He ABIAIMAACA KOHEU-
HOA HE Ans ofHON m3 meneit S,, Sy, . . . ¥ XoTOopasg nociae yYRaAeHNA
Ayr EMEeT HOJYCTemeHb 3aXOfa, PaBHYW efgmEmue, T. e. | I3} (z) | =
= 1, TO BHKHHYTH BCe NYrd, MCXOAAmMMUE H3 BepmEEH v = [} (z),
3a HCKJIwuenmeM Ayra (v, z).

Ecam cymectByer Bepmuna x rpada Gy, He ABAAIOMASICA HAJaJbHON
HE JUIA KaKoif NMemM m KOoTopad Iocje yAAJeHHs AYT MMEeT HOJaycTe-

IeHb WCXOAA, PaBHYI eamHmne, T. e. | Iy (z) | = 1, To BHKEHYTH
BCe NYTH, HUCXOQANMEe H3 BEPMHHW <, 328 HCK/IOYEHAEM IYTH
(.’L', rb' (I))

IlepectporTs BCe menm® ¥ yAAJHTH AYTH, BeAyMMe K3 KOHEYHHX
B HaJaJbHHE BEePIIMHE.

IloBTOpsaTe mMar 2 go Tex mop, TOKA MOMKHO YA&JIATH OYTH.

(3) Yapannte m3 ocrasmerocsa rpada G, BCe BepIIMHKE!, NOJYCTe-
OeHE 3aX0Ja ¥ HCXORa KOTOPHIX pABHH €[HHANE, T. €, BEPIINHE,
KOTOpHIE CTajJN Teneph «CPEJHHMHY BePIIMHAMA Uenei. ITO yAajeHHO
TPOM3BONMUTCA TAK, K&K 5T0 OBHLTO ONHCAHO BHINE, B Pe3yJbTaTe 4ero
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HoJiy9aeTcsA HOBHE peRynHpoBaHHHE rpad Gpiy, 3aMEHAIOMME Dpek-
nymuit rpad Gy.

CoBepmenso oueBHAHO, 9TO eciaH HobaBieHue BOPIHMEH I; K LeNH
S, MelaeT moJycTemeHb 3aXOf4 MJIH MOJYCTeNeHh HCXoAa (HIH 06e)
HEKOTOPO# BEPMWHH I B KOHOe mara 2 paBHO# HYN0, TO He Cyme-
CTBYeT HHKAKOI'0 raMHJBTOHOBA NEKJIA. B sToM ciyyae BepmmHA Z;
yAaJisercA M3 MHOMecTBa S, M B KaueCTB¢ JPyroii BepmmHH Z;,
TI03BOJAIOMEH IPORONKHATH Hens S,, BHOApaeTca HeKoTOopas Apyras
pepmuHa u8 MHO;KecTBa Iy [e (S,)], m Tak mo Tex mop, moxa He Gymer
HCYepmaHo Bce MHOKecTBo Iy [e (S,)] m npmperca mpmbermyrs
K BosBpamenmio (T. e. e (S,) yRaaserca u3 S, M 3aMeHAETCA APYToi
BepmEHOA U T. A.). OTMeTHEM, 9TO Omepanma BOSBPAIEHAA IpeAmosa-
raer XpaHeHHe H0CTaTOYHOM mHpopmamum o0 yHadeHERX Ayrax
B marax 1 m 2 ma Kammom 3rame k%, 4To6H MoskHO GHIO mo rpady
G+1 BoccraHOBHTH rpad G mpm mobux k, ecim NpHXOAHTCA DpPH-
feraTh K BO3BPAINEHHIO.

Ecam (Ba HekoTopoM 3Tame) B KOEHIe IIara 2 yCTAHOBJIEHO, 9ITO
TOJABKO OfRHA IeNs HPOXOJHT Aajiee Jeped BCe BEPUIMHH, TO B 3TOM
cIydae CyImeCTBOBaHMe IaMHAJLTOHOBA IHKJIA MOKET GHTH BHSBIGHO
HemocpeacTBeHHO. Eciam mEKn npm aToM He HaiileH (BIHE ecaH OH
HalfifleH, HO HAJ0 HAATH BCe TAMWJILTOHOBH IUWKJIH), TO HY/KHO HpH-
GerayTh K BOBBpAIICHHIO.

Jlytmmit BHUHCIRTOABBEHHE NYTh COCTOMT B TOM, YTOOH IPH KasK-
Hod mTepammm mara 2 (3a HCKJIOYeHHMeM IOchefHedl) HIpPOBEPATH
oTiHYEe OT HyJsd moJdycTemeHed 8aX0fia M HCXORa BCeX BepmMH rpada
Gy. IloaToMy Kak TOJIBKO OXHA M3 HHX CTAHET PABHOR HYIIO, CPa3y e
OPEMEHAETCA OllepaluA BO3BPAINEHAA, M €CJIH HaiifleHa raMAILTOHOBA
menmb, TO HOJYYaeTCA B IaAMHEJIBTOHOB IHKJI Ge3 MpOBEPKH CYMECTBO-
BaHHA AYTH BO3BpaTa l).

Ecam He BO3HEKaeT HH ONHH H3 BHIIEYHNOMAHYTHX CJy4YaesB,
T. . ecam (Ha HeKoTOopoM aTame k) B KoHme mara 2 ocraercsa Goxee
9eM OfHA OEOb B BCE LOJYCTeNeHH ABIAITCA HOHYJIEBHMH, TO HeNb3s
eme cAeraTh HEKAaKEX BHBoAoB. Torma Bepmmra z; ARoGaBasercs
K S, # BHGEpaeTca Apyras BepIIMHA IJA NajJbHeHANIEro NPOROIKEHHAA
menm. IMlarm 1, 2, 3 moBTOPAKTCA, BHAYMHAA C HOBOTO PEAYIEPOBAH-
HOro rpada.

2.3.1. llpaMep. B macTroamem npumepe GymeT moKasaHO, KaK HTe-
PaTHBHHI mponece mara 2 NPABOANT KO MEOI'AM NONAM, IOAYIaIOMAMCH
3 OCHOBHOM memm S,, B KaK 3TH IENH MOTYT OPHBECTH K GHICTpOMY
OKOHYAHHIO IPOHSBONHEMOTO IOHCKA.

PaccmorpuM wacTh rpada, msobpamernnyio Ba pmc. 10.4. Cravana
mOJNYCTeNeHH 3aX0[a M HCXO0fa KaKmo#l BepMHHH Goabme eXHHAIE.

1) 3mechr Ayra, saMHKaINAA TAMMJIBTOHOBY nenb.— Hpux. ped.
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Ilepsas umepayus. Havnem ¢ BepmuHN 1 KaK HaYaJdbHOH BepIIH-
HB cTposameiica memu S,, u monpoGyem nobasmrs k S,, Haopumep,
pepmuny 6, Tak wro nems S, Gymer {1, 6}.

IMlar 1 onmcarHoro meroxa ygaamr torga m3 G nyrm (1,2), (1,3),
(1,10), (2,6).

[Mlar 2 yxaxer Temeps Bepmmay 10, Kax BMMEOIMYI0 NOJYCTENeHb
saxoma 1 m maomyio Bo3amoxuylo umemb S; = {4,10}, mocie wero

Prc. 10.4. pad n3 npmmepa pasm;. 2.3.1.

yRauasercs pyra (4,2). Bropoe upmvenennme mara 2 faer BepIIEHY
2 ¢ moaycremensio 3axona 1 @ Boamokmyw menmb Sy = {3,2}, mocae
gero ypaxasiorca xyra (3,12), (3,5) n (3,4). Tperbe npumenenne mara
2 macr sepmHEY 4 ¢ HOJyCTENeHBIO 3aX0Aa 1 M IPHBOXAT K mpOJOIKe-
Huwo nenu S, mocae noGasienus ayrm (11,4), tak wro nems S; ects
reneps {11,4,10}. B cmny mara 2 pyra (11,9) ynanserca, m To ke
otHocurea k nyre (10,11), samukaromer mens S;. Yerseproe mpmme-
HeHHe mara 2 He HPUBOLUT K JAAJbHEAIAM YOAJEHAAM, H LEDPBhHIl
penynmpoBaHHHE rpad), molyJalIIEACA B KOHIE mara 3, IOKa3aH
Ha pmc. 10.5a, rme memm S,, S; m S, u306pameHH KUDHHIMH
JHHAAMY.

Bmopas umepayus. Tax xak cymectsyer Gosnee d4em oflHA lenb
H TaK KaK IOJYCTeNeHH 3aXofla M HCX0a BCEX BePIIMH HeHylesule,
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TO MH IPOXOJ/KaeM pacmmpaTs mems S, aaasme. Ilycrts, Hanpmmep,
ums mHOxectBa I (e (S,)) = {8,5,7) Bubpana sepmmma 8, Tak 4TO
nens S, npespatETca B nens {1, 6, 8}. Ilar 1 gacr Temeps BepmmEEy
5, o6e moxycTemeHE KOTOpOi paBEH 1, m BepmEEY {1 ¢ moxycreneHBIO
3axofa, pasHoit 1. BaAB cHavasa BepmERY 5 ® cHenaB ABa pasa mar

Pmc. 10.5a. Iepswit pexymuposamsui rpad Gy.

2, npugem K mobaBiaermio Ayr (2,5) m (5,13) maa pacmmpenma nenm
S,, Koropas mnpeBpamaercs Temeps B {3, 2, 5, 13}. Hyrm (2, 13),
(12, 13) m xyra Bosspata (13, 3) ynanawrcs !). Bropoe npumenerme mara
2 maer BepmmAY 3 ¢ moaycremeHs® 3axofa 1, a Takke Bepmmmy 1
(¢ momycremennlo 3axoma 1), HOJNYYeHHYI0 Ha HpOAHAYIIEM 9Tame.
Bsas sepmmny 3, moGasuM K S, ayry (12, 3), mocae wero momyumm
mens {12, 3, 2, 5, 13} = ymamem ayry (12, 11). Tperse mpumenenume
mara 2 BCe eme Aaer BepmuHy 1 ¢ noaycremenso 3axona 1 m Goapme
He faer HAKakmx sepmmH. K memm S, mobGaBaserca myra (9,1), mens
S, npespamaerca B {9, 1, 6, 8}, a ayr= (9, 7), (9,14) » nyra Bosspa-

1) 3nech TepMHH «Ayra BO3BpATA» HCHOXL3YETCSA B HOCKOJABKO HHOM CMECIe,
9eM Ha CTD. 255: 8Ta AyTa 3aMHKAET B0 TAMAIBTOHOBY, & HOKOTOPYI IPOMEXYTOT-
Hy® nemb.— ITpux. ped.
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ta (8,9) ymanstorca. Uerseproe npumeHenue mara 2 yKamKeT jBe
BepmuEH 9 u 7 ¢ moaycremeHamu 3axoma 1. Basae cHadana BepmuHy
9, nobasum ayry (10.9), coemmusomywo uenm S; B S, H NAOIMYIO
RoByio uems S, = {11, 4, 10, 9, 1, 6, 8}. HOyra (10, 7) ymansercs.

Puc. 10.56. Tpad G] mocie JeTBepTOro NIpEMEHERNA ara 2 HA BTOPOi HTepanun.

IIaToe mpuMeHeRne mara 2 gaeT BepliMHY 7 C TIOJYCTENEeHbIO 3aXOAa
0. 9To roBOpPHT O TOM, YTO ONMCAHHBLIA NOMCK HE MOKET NpPHBECTH
HA K KaKOMY TaMAJLTOHOBY IMKJY.

I'pad G;, monygaromuiica B KOHIE 9eTBEPTOr0 NPUMEHEHAA mara 2,
noxkasa® Ha pmc. 10.56. Temeps crremyeT BOCCTAHOBATH BCe yAaJeH-
HHEe BO BpeMs BTOPO# HTepammE Ayrw, 9ToOH BepHYTHCH K rpady
G, m3 pmc. 10.5a, m npomssecTH omepanMI BO3BpANIEHHH, T. €.
ynanurh W3 S, BepmeHy 8, 3aMEHHTH €€ JPYT0il BO3MOKHOH BepIIH-
Ho# (5 mam 7) m nponoxkaTs npemensTs mara 1, 2, 3 u 1. 1.

Wa mpuBeneEHOro mpumMepa BHAHO, 9TO STO OYEHEH CHILHEIN MeTON
nomcka. llocme nByX Hmrepammit OH IO3BOJIAET CHENATh BHBOMN, 4UTO
HAKAKOX raMMJIBTOHOB IIMKJ HE MOKET CONep:KaTh B KadecTse CBOei
gacte mendb {1, 6, 8}. 310 1/12 Bcex mOTHTOK HOHCKAa, TOCKOJIBKY
moJIycTemeHs ®mcxofa Bepmunan 1 paBHa 4, a Bepmunas 6 — 3. Honeu-
HO, YKa3aHHHA BHBOJ OTHOCHTCA TOJNbKO K dacTu rpada, nzobpamen-
Bod Ha pmc. 10.4, KoTopas cama MoKeT UPHHAJIEKATH K HAMHOTO
Gonepmemy rpady. MokEO mO3TOMY OKHEAATh, 9YTO UPH 3aJaHHOM
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cpefiHeM 3HAUCHMM CTeNeEel BePIIMH NOMCK JAmmb caabo saBECHT
ot pasmepa (umcia BepmmE) rpada. dTor dakT Gymer mpomeMOHCTPE-
POBAH Ha 3KCIePEMEHTANLHHX JAHHHX B CJIeAyOmeM paspaene.
Hanporms, meron PoGeprca m (Dimopeca (4im ero yayvmeHHBE
BapHAHT) NIA HOCTHKEHHA TOro ke pesyabrara Tpebyer oveHs aam-
TeAbHOTO IOHCKA, TAK KaK B HeM CYIIeCTBEHHO HepeCHpaloTCA BCe
nenw, HaymHalomumecH ¢ 1, 6, 8, ..., npemie geM npomaoiizer Bo3-
ppamesme kK 1,6,... . OueBugmo, duro sarpaumBaemas pabora
BaBHCHT XaK oT pasmepa rpada, Tak @ oT cTeneHeil pepmmun.

3. Cpansnenme MeTOj0B NOHCKA raMHIbTOHOBMX NHKAOB

B pacrosamem pasjele CPaBHHBAKTCA NEPBOHAYAJNBHHI{ BapHAHT
aaropurma PoGeprca m Qxopeca, ero yayumeHBn# BAPHART B MYJAbTH~
NemHO# MeTOX. JTH TPH MeTONA CPAaBHHBRIOTCH No HeobXomEmomy
BPeMEHH BHYHCICHHA JJA HAXOKACHHEA OQHOr0 FAMRIBTOHOBA IHKJA,
€CIIH TAKOBOH CymIeCTBYeT, HIH [OKASaTeALCTBA €r0 OTCYTCTBHA.
ITposepkra Gnia mpoBemena Ha cayvaiiHo BHGpanENX rpadax, cTeneHm
BepIIMH KOTOPHX JieKaT B NpPeNNHCAHEHX rpaHmnax. Bcero 6o
ncooassoBaHo okoxo 200 rpadoB, ANA KOTOPHX NPHBONATCA CpeAHHe
pesyabTaTH. Bo Bcex rpadax oKasaJNECh TaMANLTOHOBH IHKJHL.

Ha pmc. 10.6 moxasaHa 3aBECHMOCTH Tpe6yeMOro ajJrOpETMOM
PoGeprca m ®aopeca BpeMeHA BHYMCJIGHHA OT YHCJA BepIIEH rpada;
CTeNeHH BEPHIEH JeMaT B mpeferax 3 — 5. Bemay cuabHHX Bapma-
mui TpeGyeMoro BpeMeHE AJnA rpadoB ONMHAKOBHWX pPasMepoB IPH~
BOAATCA TPH KPHBHE, XapPAKTEPHSYIOIIHe CpeJiHee, MAKCHMAJIbHO®
H MAHAMAJBLHOE BPeMsA, NOJNYYeHHOe [JA Pa3addHHX rpados ¢ omum-
HaKOBHM 9mciIoM BepmmH. Cnenyer sameruts, 9ro Ha pmc. 10.6 npm-
MEHeH DoJyJorapufMmuecKEi Mmacmrab, 9to roBopET 06 9KCmO-
HeHNEAJZbHOM Xapaxrepe saBmcEMocTH. PopMmyna, pmaomas npm-
6amkeHEYI0 3aBHCEMOCTH BpeMeHE I' oT wmcaa BepmmH n rpada.
CO CTemeHAME BePIIMH B mpefenax 3 — 5, Taxoma:

T=0,85.10"".10%%" (coxynn ma CDC 6600).

Yayumennnii BapranT aaropatma PoGeprca m Diropeca me maMBo--
ro Jydme IepBOHAYAABHOTO aaropurMa. Heo6xommmoe BpeMs BHIHC-
JeHusa B HeM Bce eme 3aBHCHT (6oNee mam MeHee) SKCIOHEHIHAJIHHO
OT n. 3aBECEMOCTH OTHOIICHHSA BPeMEH BHIHCHKEHHA OPH HCHOIBBO-
BaHHE 3THX JBYX AJATOPETMOB JJdA HEOPHEHTHDPOBAHHWX rpados
€O CremeHAMH BepmHE 3 — 5 npmBegena Ha pme. 10.7. U3 sroro
PECYHKa BHIHO, YTO 4yJIy4YNIeHHHA» BAPEAHT NeHCTBETEJIBHO XYyKe
nasa rpadoB MaJHX pasMepoB, X0TA Axa Goasmmx rpados (¢ Gonee
g9eM 20 BepmAEAMH) OH I0O3BOJAET COKOHOMETH Gonee 50% Bpemenm
BHYHECJEHAA.
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ITo oTHOmMEEHRIO K TOMY Ke BRINEYIOMARYTOMY MHOMKeCTRY rpados
MYJbTHIOEIHOH aJrOpPHTM OKasajcA 0YeHb 3PPOKTHBHNM. ITO BHAHO
m3 puc. 10.8, ma kKoTropoM mokasaEoO HeoGxommMoe HJIA 9TOTO AJIrO-
pETMa BpeMA BHYACIEHHA (37leCh OPAMEHeH JNWHEAHHA MacmTal).
T'padrk mokasnpaer, 9To BpeMs PACTeT OveHb Med.ieHHO B 3aBECAMOCTH
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Puc. 10.6. Buurcnmrensras peanmaanua anropurva Pobeprca m ®aopeca.

OT YNCJAa BePHIMH M NOITOMY AJATOPHTM NPUMEHHM JJA OYeHb OOJb-
max rpados !). JIpyrEM OpeAMYIMeCTBOM 3TOTO METORa ABIAETCHA
o49eHb crabaA BapHamdA BPeMEHH BLIYHCIEHHA RIS PAa3NAIHHX rpa-
¢or onmEakoBOro pasmepa, E I03TOMY MOKHO ONEHHTH C PasyMHON
CTemeHBI0 NOBEPATENHHOCTH BPeMs BLIUACICHHA, HeoOXomEMoe A
pas3amYEEX 3agat. Hpome TOro, IKCOEDHMEHTH NOKa3HBAIOT, 4YTO

1) Orcoma Ee cienyeT felaTh BHBOR, 9TO AJITOPHTM 2dPAKMUPOSAKKO 3aKaH-
TEBAETCA 3a BpeMd, IPOOOPIAOHANLHOe nk npm mexotopoM k> 0. Ha camom feie
MOKHO ITOR06pars NpAMEPH, KOTOpHe. TpefyioT HaMEOro Goabmero BpemeHHd, JeM
aTo noKasaHo Ha pmc. 10.8. TaxHe KORTPIPEMEPH CTPOATCA C HOMOMBI rpados,
HE CONEeD/KAamHBX TaAMEJIBTOHOBHX LOAKJOB.
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Prc. 10.7. Peannsanasa yayumermoro aaropetda PoGeprca m ®uopeca. T, —
BpOMA BHYHCAOHHA JNA NePBOHAYANLHOTO METOMA, I'; — BpeMsa BHIHCICHHA JAR
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Puc. 10.8. BHYRCIHTNLHAAS PEANHSANMA MYJALTHNENHOrO0 AJATrOPHTMA.
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Jaa rpadoB, CTeNeHH BePHIAH KOTOPHX JEKAT B BHINIENIPHBEIEHHRIX
npepgenax 3 — 5, MeTOR OO CYIECTBY Heé YYBCTBHTEJEH K CTENEHAM
BEpIIKH.

BruancanTennHEe pe3ynnTaTh, HokasaHane Ha pmc. 10.6 — 10.8,
OTHOCATCA K INOHCKY ONHOTO FaMEIbTOHOBA mmkiaa B rpade. Hebesun-
TepecHO CKa3aThb HECKOJBKO CJIOB O BRIYACIEHHAX C TPEMA AJITOPHAT-
MaMH, XOTAa HCKaJIMCh BCe TAMMJIBTOHOBHE LUMKJIK. Tax, IJA HeopueH-
TEpoBaHHoOro rpadga ¢ 20 BepmmHAaME CO CTeNeHAME BepmEH 3 —5
morpeGoBanock 2 ¢, 9T06H HAWUTH BCe TaMUIABTOHOBHI LMKIH, CJIENyH
aaroputmy PoGeprca m Quopeca (aTmx mukaor oxasanoch 18). Yiyu-
TIeHHHE BaPHAHT TOro e aaropurma norpe6osan 1,2 ¢, a MyabTh-
neneoit anropurm — 0,07 ¢. Buiumcnesnus nposopmames Ba IBM

CDC 6600.

4. Tlpocras 3ajavya IIAHHPOBAHMA

Bo BBememMM K JaHHON riaBe MH ONHECANH TPHEMED IPOMEINJIEH-
HOH (HUpMEI, BHIOYCKAaOMEHd OPOAYKTH Py, Pg, . - ., Pp C HCIOOIB30-
BEHHEM EJMHCTBOHHOIO THIA ANOapaTypH B IMKJIHYIECKOM pEKEME,
¥ NOCTABAJNM BONPOC O IOPAJKE HPOM3BOACTBA IPOAYKTOB, Tpebyro-
meM HAa@MEHBHIEr0 BO3MOKHOIO YHCJIA NePeHaCcTPOeK AammapaTypH.
Bsw1 nocrpoen rpad G = (X, A), BepmAEKH 2; KOTOPOro IPEACTaBAHAIOT
opoxykte p; (i = 1,2,..., n), a ayrm (z;, r;) DOKa3mBaoT, 9TO
UPOAYKT p; MOKHO IPOM3BOIATH BCIe[ 33 OPOAYKToM p; Ge3 mepe-
HACTPOHKM.

Ecim rpadp G = (X, A) mMeer raMmJIBLTOHOB L¥KJ, HAaIpPHAMEpP
Zi,, Ziy Tigy -+ + +y Tip, TO COOTBETCTBYIOMAS IOCIEAOBATEIHLHOCTH
OPORXYKTOB Di,, Pi, Piy - - -» Pin MOMKET OHTH IpOM3BEJieHA HA amma-
patype 6e3 Kaxoil-1mOO IepeHACTPOMKH, TAK KaK OO ONpefeleHHIO
TaMHJIBTOHOBA ITMKJA
(xiu’ x,—hﬂ) €4 nas scex k=1,2,.. ., (zip,, =) 1 A onpe-
meneHo BHIeE Kak MHokectBo {(z;, z;) |¢;; = O}.

Ecan G He mmeeT HEKAKOr0 TaMEJIBTOHOBA IMKJA, TO ME MOKEM
nocrpoutrs rpadp G, = (X;, 4,), rne

X, =XU{ys}

Ay=AU{z, y) |l z€ X}U{(yy, 2)|z€ X},

T. e. BBecTH B rpad G PMKTHBHYIO BepIIHHY ¥; BMeCTe C AyTaMd, Befy-
OIAMII B Hee W MCXONAMMEMH M3 Hee B KasKAYI0 NeHCTBATEIBHYIO Bep-
mmHy rpada G.

Ecan y rpada G; cymecrByer raMmiIbTOHOB IMKJI, TO OH Oymer

MMEeTb BHJ Zi,, Zi,y « « -y Zip, yll, Tippgs « « oy Zin, ITO TPHABOIHAT K CITE-
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Ayomeii IOCHEN0BATENLROCTH IIPOM3BOJICTBA IPOAYKTOB
Pirygs Pirg2s -+ +1 Piny Pigy Pizy « -y Pip

C e[HMHCTBEHHOH omepanmeil mepeHACTPOKKH MOCHe OKOHYAHHS IpPOH3-
BOACTBA IIOCJTENHEr0 NPOAYKTA M HAYAJOM OPOH3BOACTBA NEPBOTO.
Taxmm obGpaszom, PEKTHBEHAA BepmMHA Hrpaer PoJb METKH, IOKASH-
BAOmEd TO MeCTO B NOCHEXOBATeNBHOCTH, 'TRAe Heolxommma mnepe-
HacTpoiika anmapaTypH. B Tepummax rpada ¢ukrEBHAas BepmmHA
B aCCONMHPOBAHHHE ¢ Hell Ayr: 06ecHeYHBANT CYmMECTBOBAHHE NENn
MKy XByMA HeHcTBATeNbHHME BepmmEaMM. Taxmm obpasoM, ecim
CYIIeCTBYET IIOCTIEe{0BATEeABHOCTh IPOXYKTOB ¢ ONHOA nepeHACTPoRKoiA,
T.e. eCIH B G CymecTBYeT raMKJBTOHOB IWKJ, OPH YCJIOBHH, 9TO
MOKHO HMCIOJIB30BATH OAHY «AYTY» (Z;, ;) § A, T0 nobaBienme Bep-
OIAHH Y, K G Bcerja IpHBeEJeT K CYMECTBOBAHHEIO B G, TaMEJIBTOHOBA
IEKJI8, TaK KaK JRMHAA Heobxommmas «ayra» (r;, z;) Moxer GHTH
8aMeHeHa NBYMA (QHKTHBHEIMH RyTaMm (Z;, ¥;) B (¥, Zj).

Ecnau rpad G, He mMeeT raMMIBTOHOBA LHUKAA, TO MH IOCTPOHM
rpad G, = (X,. A;) Bmecro rpada G,, rae

Xo =X, U{y)
A3=A‘U{(-'E, yZ) IJEX}U{(yzv z)IzEX}.,

® aHajgoruvHO Gynmem AelicTBOBATH Rajiee.

Teopema 1. Ecau epag G, = (X, A,,), onpedessemuii xar

Xn=XU [’Q {ys}l, (10.2)

An=4U 1) (@ ) 2e01UL S (2 (=€), (109

€00epacuUm 2aMuLLMOK08 Yuka, a 2pad G,_, maKozo yuxsa He codep-
HCum, mo HUCAO0 M ECMb MUKUMAALHOE YUCA0 He0OZOOUMBE neperacmpo-
€K, U ecau 2amuatmonos yuxa ¢ G,, umeem-eud

Tup oo Bg (U] By oo B W] g oo 2y [U]s
z‘?ﬂ.’ esey zios lym Io xi6+1’ eooy Tiny
mo npodysmu GoaxcHs npouseodumves 6 nocaedosamesvrocmu
Pi 4 eaey pr. aamem piml,..., p;?,...um.a. cve

aamem pi6+1, ey p,-n, pgi, “esy pza.

Hoxasameavcmeo. JloxasaTeanCTBO CleNyeT HEIOCPE[CTBEHHO H3
paccyxeHnii, IpelmecTBYIOIEX Teopeme, ¢ HCIOJb30BAHAEM HHAYK-
IHEH.

a+l
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4.1. BuunciATeNbHBE ACHEKTH

B paccyxpermax npeanpaymero paspgena rpad G XaKawid pas
MONONHANCA eAMHCTBEHHOX (HKTHBHOH BepmmHoi. Eciu onTmMans-
HO® pemeHHEe 3ajavd CONEPKAT /m NOePEeHAaCTPOeK AaNnmapaTypH,
T0 HyXHO Oyaer cmexath m -+ 1 HOOKWTOK OTHCKATh TaMHJIBLTOHOBEI
nuKan B rpadax C, G,, . . ., G,,, OpAYEM TOJIBKO NOCAENHAA H3 BTHX
HOIKTOK OKAKeTCA YCHeIIHOX W IPHBEIET K pemeHmi0 3amavm. Oue-
BHIHO, YTO YHCJIO m OrpPaHEYEHO CBepXy BeIMYHHOA n U B obmem
clyyae B IPAaKTAYECKAX 3aadax oHO OyaeT Jumb HeGoabImoll 9acThIO
yacaa n. TeMm He MeHee ¢ BRIYACTHTENBHOA TOYKH 3PEHHA HEoOXOoqmMEI
pa3adYHEE OPONeypPH AJNA OPOBEPKH HanwduuA B rpade raMmiIbToHO-
BHIX NEKJIOB B IHOCTPOEHHMS TAKMX NUKJIOB, TAK KaK OKAa3nBaeTCs
[6], wTo Dpome HaiTH raMEALTOHOB mMEJI B rpade, mMeomesm TaxkoR
IUKI, 9eM JO0Ka3aTh, YTO He CYIMECTBYeT HHKAKOLO TIaMAIBTOHOBA
nExaa B rpage, ero He umewmeMm. IJtor QaKT UOACKA3WBAeT, I9TO
Gonee mopxogammm GyReT aJropHTM, KOTOPHIA HaYMHAET C BepXHed
rpaEmEns B pas onTEMaabEOro (MEHEMAIBHOTO) YHCIA OEPEHACTPOEK
anmapaTypH H® IIOCIEROBaTEIBHO [aeT X uposepsaer rpadu Gpg,
Gg-y, - - . H T. A. IO TeX Uop, HoKa He Gymer maipen rpad G,,_,,
He AMEIMAA TaMHUJIBTOHOBHX IHKJI0OB. HpaTkoe ommcaHme TaKoro
aJTOPHTMA MAETCA HUMKe.

lllaz 1. Haite BepxHiol0 rpasuny B mus ontumanpHoro (MumHH-
MaJbHOTO) dHCJa HeoOXOOMMHX DepeHacTpoeK ammapaType (cM.
IPAJIOMKEHHE).

ITaz 2. Mcooassya dopmyan (10.2) m (10.3), moctpomts rpad
Gg.

IlTaz 3. Onpenennts, umeer au rpad Gy raMHIBTOHOB NEKJA. Ecam
Aa, TO XPaHHTH 3TOT UEKJI B BUAe BeKropa H, sammcaB ero Ha MecTo
OpeLAymero XpaHAMmMerocd QUKIa, A HepedTH K mary 4 uim mary 5.

Illaz 4. B «- B — 1, nepeiite k mary 2.

Ilaz 5. Ocrasos. m = B -+ 1 sgBifgercs MHUHEMAJLHHEM YHCIOM
OepeHacTPOeK anuapaTyps, X OOCHegHASA MOOCHefoBaTeabHOCTh B H
ABjagerca TpeGyeMod IOCIeNOBaTeJbHOCTHI0 NPOH3BOACTBA HPOAYK-
TOB.

Ilar 1 npmBegenHOro BHime anropuTMa TpebyeT MaIbHeRmMEX
nosicEernd. OugeBmgHO, 910 4eM Oonee ToYHOM 6ymeT HavaJbHAA
BeDXHAA rpaHEna B, TeM MeHbIIee YHCJIO UTEPAOAE OCHOBHOTO aJiro-
patMa npmuerca cmeiaath. Ilponenypa monydemms xopomeil OneHKHA
a4 BepXHed IPaHMIH NaHa B npumiomenau. CymecTBoBaHHME raMuib-
TOHOBA IEKTa B rpade Gp MoKeT OHTH YCTRHOBJIEHO C HCIOJB30Ba-
HHeM MYJBTHIENHOro ajropmtMa pasg. 2.3.
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YACTSE II

5. 3apava RoMMHBOsKEpa

3afiaya KOMMHBOsKepa TECHO CBA3AHA C HECKOJBKHMH APYTHME
sajadaMm TeopHE rpagoB, oO6CyKmaeMHMH B APYrmx dYacTAX 9TOM
KHETH. 3/lech MK M3y9IUM XBe TAKHO CBASHM — C 8ajiavedl o HasHAYe-
HEAX (cM. ra. 12) m c 3ajmaveit o KpaTgaitmenm ocrose (cM. ra. 7). OGe
3TH 3aMaYd MOryT GHTH pemeHH HaMHOTO IpOmMe, YeM 3ajada KOM-
MHBOfA}Kepa, M MOKHO MCCJIENOBATH 3TH CBASH JJIA TOr0, 9ToGH pas-
paGorats addeKTHBHHE METOJ pemeHHs NOCHefHek 3afayd.

5.1. HuxEAA rpanEna B3 33JJAYM 0 HASHAYCHHAX

Jlumeiinylo 3ajavy o HasHAYeHHAX AJAA rpada ¢ NpPOM3BOALHON
marparneii BecoB C = [¢;;] MomEO chopmynmponats Tak (cM. ra. 12).

IIyers [§y;] — (n X n)-marpEma, B xoropoit &;; = 1, ecam Bep-
INAHEA Z; «HasHAYeHa» K BepIIHEe I;, ¥ §;; = 0, ecam z; He HasHAUCHD
K z;. Taxylo e cxeMy MOKHO HCNOJNbB30BATh B B 3aja9¢ KOMMHBOS-
#epa, monaras §;; = 1, ecim KOMMEBOSIKED efleT HeIOCDENCTBEHHO
B3 z; B z;, ® §;; = 0 B mpoTEBHOM caydae. B sroii mocienueit sanave
MOKHO TONOKHTE ¢y = oo (i = 1,..., n), 7ro6H ycrpamurs Gec-
CMHCJeHHHe pemeHEA ¢ §;; = 1.

Teneps sajflava o0 HasHaYeHHAX GopMyIEpyeTcA TakK.

HafiTa BenwIEEH §;;, MEERMESHDYIOMUE

‘Zi ¢u§u’ (10~4)‘

M=

j

2 Ey= 2 biy=1 (10.5)

i

OpH YCJIOBHH, 9TO

.

(nna Bcex i, j=1,2,..., n)

£;=0 mam 1. (10.6)

Ycaosme (10—5) mpocro rapamTEpyer, YT0 pemenme GyAeT IBKIH-
9eCKHM, T. . B Ka)KAYI0 BePIIMHY BXOJMT M U3 Hee BHXOAHT ORHA
Ryra.

Ypasrerna (10.4) — (10.6) BMecTe ¢ MOmOJHETENHHHM OrpaHH-
9eHHeM, COCTOAIIEM B TOM, UTO PeIIeHWe KOJIKHO AaBATh eJUHCMEEH~
K&l MEKA (raMAJLTOHOB), a He IPOCTO HEKOTOPOe YHCIO0 HECBASHHX
DHAKJIOB TAKAKE MOTYT GHTH HCHONbBOBAHH ANA GOPMYIHPOBKH 38K
KOMMHEBOSIKEpa. 3aMeTHM, YTO JAONOJHHTEJILHOE YCJIOBHE C;; = 0O
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MORHO MHETEPOPETHPOBATh KaK OrPaHMYEHME, YCTPAHAIONIEE BO3MOK-
HOCTh NOABJIEHAA B PENICHUX 337aYd O HA3HAYCHHMAX I[MKJIOB AAmHH 1.
Tak kKax goGaBieHue mM06G0ro OrpaHMYEHHs B 3ajave O Ha3HAYEHHAX
HE MO/KET YBeIMIATh MHHAMAJIBLHOTO 3HAYEHHA Z, OLPEJelseMOro
u3 ypasuenmit (10.4) — (10.6), To aTo 3Hauenue z ABIAETCA HMKHEH
TpaHHLEeH Beca pemeHHS 3alladf KOMMHUBOsSIKepa MJA rpada ¢ MaTpu-
ueit BecoB [c;l.

5.2. HmxHaa rpaHMna M3 3aJa4d O KpaTdaiimeM ocToBe

Iaa rpaga ¢ cummerpmumod Mmarpmuei Becos (paccrosmwmii) C,
T. €. A7 HEOPMEHTHPOBAHHOro rpada, HMKHIOI I'PAaHANY A pemme-
HAA 3afady¥ KOMMMBOSKEPA MOJKHO NOJAYYIHTh [0 KpaTyadmemy
ocroBy rpada cremyiomum obpasom. Ilycrs ycramosieHo, 4ro pebpo
(z,, z,) BXONHT B ONTHMAJNBHHI IMKJ 3agadd KoMMHBOsKepa. Eciua
310 pebpo ymaluTh M3 NHKJIA, TO NOJYIUTCA IEeOb, COCTOAINANA M3
n — 1 pebep, mpoxogsmas vepe3 BCe BePIIAHK, HAYUHAN C BePIIAHEI
I,, I OKaHYMBAIAACA B Z,. 1Tak Kak BeCc KpaTdaiimero ocCTOBa,
cKaskeM L, sABIsercs HWKBEed rpaHmmedl HJas Beca 3TOH Iemd, TO
IJI7HA KpaT9admero ocroBa Wwiwc c¢ (I, T,) OyneT HwKHEX rpaHUNeH
JUIA Beca ONTHMAJBHOLO DPEmeHWs 33aa9d KOMMHABOMKEpA.

B o6mem cnyguae 3apanee He M3BeCTHO, Kakme pefpa cojepmarcs
B ONTHMAJBHOM IMKJIe, HO camoe AJMHHOe Pe6po B OUKJIe NOIMKHO
6u1h [15] BEe KOpOUe, wem max [c (z;, s)]. 3mecs s — Bropas Gamxai-

X

13
af BepIIMHA K BepmuHe z;. Taxkum oGpasoM, BeauMuuHA
L <+ max [¢ (z;, §)] (10.7)
x;

ABJAETCA HUMKHeH rparmuei‘t BeCa pelmmeHHA B 3ajjaye KOMMHUBOAMKeEpa.

5.3. [soiicTBeHHOCTD

Onpenennm G(TSP) xak ocroBHHME moprpad HeopHeHTHPOBAH-
Horo rpada G, obpa3oBaHHLIA BepmumHamMu ®m TeMu pe6pamm rpada
G, KOTOpHE HUCIOJB30BAHH B ONTHMAJIBHOM IMKJIE KOMMHABOSMKEpA.
Ananoruguo oupepgermm rpadu G(AP) m G (SST), o6pazoBarHsIe
TeMH jKe BepIIMHaMM, Ho peGpa koTophx 6epyTcA N3 ONTHMaJILHEX
pemeHnii 3agayd o Ha3HAYeHHAX M 3ajadd O KparTdaimem OCTOBe
COOTBETCTBEHHO.

Ipap G(TSP) obnamaeT cregyOMNMHU CBONCTBAMH:

(1) rpad ABNAETCA CBASHBIM, T. €. KAXKAYIO BEPIIAHY MOKHO COEHd-
HUTh ¢ J1060# Apyroi BepmMHMHOH IENbIo,

(2) cremenp KaKmodl BepIIMHBI PaBHA 2, T. €. Ka)kgas BepIIHHA
HMHOIIEHTHA NBYM pebpam.

Ha puec. 10.9 (a) opuBenen npmmep S-sepmuunoro rpada G (TSP).
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I'pad G(AP) me obssarexnsno obGnamaer cBoiicrBoM (1), kak 3ro
sagHo w3 pmc. 10.9 (6), Bo mo ompemenenmd ofxamaer CBOMCTBOM
(2). Ecam, oprako, oraskeTcd, 9TO AAsA pPemeHAs 3aJaY¥ O HasHAYe-
HAAX BHIOOXHAETCA M CBoiicTBo (1), To aro pemenme Gymer TaxKe
pelleHEeM 3aaTM KOMMHBOSIKEpA.

Oas rpada G(SST) cmoiicreo (1) BHmoaHAeTCA NO ompeneieHHIO,
HO OH MOKeT He mmerh cBoiicta (2). Ecim Ke oxasReTcs, 910 AASA
KpaTuyafimero ocrosa CBOMCTBO (2) BRIOMHAETCA — 38 HCKIKNTOHHEM
JIBYX ¢KOHEUHHX» BepImHMH (CKa/KeM, Z; B T,), KOTOpPHe Heo6xomxmMo

1 2 JQS

(a)

(%)

()

S

Puc. 10.9. I'padu safa7 KOMMABOMmKEpa, 0 HASEAYOHAAX M 0 Kpardaiimenm oCTOBE.
(a) G (TSP). (6) G (AP). (B) G (SST).

HMMeT cTemeHb 1,— To KpaTvaiimmit ocToB Gyner Takske Kpardaiimrei
nenso0, DpoXofAmen depes Bce n Bepmmu. Ecam, kpome rToro, peGpo
(z,, Z5) BXONHAT B ONTAMAJBHKI UK 3aKaTI¥ KOMMEBOsKepa, TO peGpa
KpaTdafimero ocroBa BMecTe ¢ peGpoM (z;, Z,) MalOT pemenHe 3agadd
xoummBosrepa. (Ecnm me (z;, z,) He 06A3aTeIBHO NPHHANICHKHAT
ONTHAMAJBHOMY NMHKJIY 38898 KOMMABOKEPa, To Heobxonmma He60ab-
mas MopmfHKamusa; cM. pasp. 6.)

Taxmm oGpasoM, pemeHHs 8afad O HASHAYGHHAX M KpaTdaimem
OCTOBE SBIAIOTCA RBOMCTBeHHHMH B TOM CMECJe, 9T0 OHH 00xaajaior
CBOiiCTBAMHE, ABJMIONEMACS JONOJHATEIHHHMHA N0 OTHOIICHAIO K CBOM-
CTBaM 3afau¥ KOMMEBOMKepa. Temephr 06GHapyREBalTCA ABa IYyTH,
MOryImMe IPHBECTH K DemeHHI) mOCHexHeill safadqm.

(I) UcoonrsoBarh pemenne 3afgaTn 0 Ha3HAYEHHAX (A7 KOTOPOTO
BHIOJHAETCA CBoiicTBO (2)) m Ko6MTHCA, YTOGH 3TO pemeHEme IOAYA-
manocsk cpoiictBy (1). (II) McmoasaoBaTh pemeHme 3aga9® O KpaT-
qaifmen ocToBe (IJIA KOTOPOro BHIOIHAETCA CBoiicrso (1)) m noburhea
BHIOJHEHHAA CBocTBa (2).
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B paszn. 6 aToi raaBu MH ECCheyeM OyTh, OCHOBAHHKIE Ha METOHRE
(II), a B B pasn. 7 6ymer paccmorper meron (I). Caemyer, ommaxko,
OOMHHTB, 4TO XOTA 3ajlaia O Ha3Ha4YeHHAX ompepeleHa Aas rpafos
¢ IPOM3BOJBHOH CTPYKTYPOHR BecoB, KpaTd4admmi 0CTOB ONpeneIAeTCH
TOJBKO [JIA HEOPHeHTHPOBAHHHWX rpadoB, T. e. AaA rpados ¢ cHEM-
MeTpHEYHOR (¢;; = ¢;;) MaTpmue# BecoB. 1A BeCHUMMETPMYHHX MAaT-
pHI BecoB (T. €. OPHEHTHDPOBAHHHX rpagoB) B Ii. 7 GHIIO BBEneHO
OOHATHE IPEeBECHOCTH — AHAJOr MmOHATHA ocToBa. TakmMm obpasoMm,
TO0, 4r0 ORJIO CKazaHO O CBA3H MeXAY 3ajadeil KOMMUBOAKEpa
H KpaTYafmEM OCTOBOM [JfA HEOPHEHTHPOBAHHHX TIpadoB, HMeeT
TOYHHHA JKBUBAJIEHT, OTHOCAIMAACA K CBA3HM MEKAY 3ajabell KoMMm-
BOSKepa M KpaTdyadmed IpeBeCHOCTBIO B ClydJae OPHEHTHPOBAHHHIX
rpados. B cienyiomem pasnene, OfHAKO, MK OI'PAaHAYHAMCA CEMMETPHYI-
HOH 3ajnadveil, TaK KaK pacopocTpanesde Ha Ooisee ob6muil cayzaid
IIPOM3BOJHATCA OYEBHIHHEIM cunocobom.

6. 3agaya KoMMHBOM;Kepa 4 3ajgada
0 KpaTuaiimeM ocToBe

HKak yxe ormesajsoch B DpefHAYMEM pa3jeie, CAMMETPUIHAA 3a-
Jada KOMMHBOSKEDa TeCHO CBA3aHA C 3afjadedl o KparTdadmem OCTOBE
rpada G, u omxpumas 3afada KOMMHABOSIKEpA (T. €. 3aa9a HAXOMKIE-
HAA KpaTdaimeidl raMEJIbTOHOBOM yenu B rpade) NPAKTHYECKU IKBH-
BaJIGHTHA 3ajjade HAaXOKJeHMA KpaTdadmero ocroBa rpaga G, ¢ Tem
orpaHWYeHWEeM, YTO HHKAaKasg BepIIAHA He [OJKEA HMETh CTENEeHb,
6oabpmyio wem 2. BBEay Toro, 9To OTKpHTAA 3aja9a KOMMHUBOSIKEpA
HeCKOJbKO Gojlee CHIBHO CBs3aHA C 3aflaveit 0 KpaTyaudmeM OCTOBE,
YeM 3aMKHYTafd, MB HadYHeM C DacCMOTPeHHS CHadaJa 3TOM 3ajadd,
OTJIO0KHMB Ha KOHeI pasfena obcy:nenue Tex HeGONbIIMX W3MEHBEHHH,
KoTopne Heobxonmmo caenaTh B 3aMKHEYTo# (0OnryHO#) 3ajade KOM-
MHEBOSKepa. :

3ajgava HaxXOKAEHMA KpaTdajimedh TraMMJILTOHOBOM nen# G6uaa
BuepBre mccaenosasa [eo m Xaxwmm (13], gasmemm ee dopmynm-
POBKY Ha s3HKe JmHeiiHOro nporpammmpoBaHmsa. [as moanoro
rpada ¢ n BepmmEaMA wXx QOpPMYIMpoBKa comepxur n (n -+1 ) uepe-
MeEEHX H 1 (n + 3)/2 4+ 1 orpammyenmit, KoTopse fopMyanpyoTCca
asro. Hapsany ¢ aTEM mMeercs 04eHsr 6oJabmmoe WMCJIO OrpaHHYeHHH,
KOTODHIE Hellb3a cHOPMYIAPOBATE ABHO, HO KOTOPHE PACCMATPHBAIOTCA
HeABHO, IIPHYEM 33 OAWE Pa3 (IOCHe Ka)KAOro ATEPANUOEHOTO NPHAME-
HEHAA CHMILIEKC-MEeTOfla) BBOXATCA HEMHOrme m3 HEX. XOTA MeTox
NEHETHOTO NPOrpaMMEDOBAHMSA M [aeT BCerja pemesne, oH He Oyner
anech Gonpme obcyxkpmaTscs, Tak Kak ofaagaer BPOKAEHHON TPOMO3J-
KOCTHI0O 1 HedddeKTEBHOCTHIO.
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6.1. Onpenenennn

IIycts G = (X, A) — peGepHO-B3BeIIeHHLIH HEOPHEHTHPOBAHHHIR
rpad, a df — cremens BepmuEH z; B rpage G. Umcao sepmmm B G
6yner o6osmagaTsCa ‘Iepes n=|X|

Ecan 3apanm ocroB T = (X, A7) rpacba G ® cTemeHb BEPIIHHH I,
8 nepese T oGosHaueHa gepes di , MOKHO ONpefeadTh GAH3OCTH 3TOrO
©OCTOBA K TAMHJIFTOHOBOH IeNH OJHHM H3 CAeAYIOIIAX ABYX cmocoGoB:

ep= TS_‘, (dT—2) (10.8(a))
di >2
HIA
e,=‘ii [df —2|—2. (10.8(6))

Buipa:kenue (10.8)(a) yuarnBaer 61H30CTh TOABKO IO TeM BepIIH-

|aM, A1A Kotopux di > 2, B To Bpema kKak (10.8)(6) mpmEmMaer
BO BHEMAHHE U BePIMAHH cremeHH 1. O0a 3T# BHpaReHAA NJIA TaMATb-
TOHOBOH Hemm fAal0T &r = 0 B MOKHO CYHTaTh, IT0 YoM Goabmre &,
TeM CHIbHee fAepeo I' OTIMYAETCA OT FaMAJIBTOHOBOM Imemm.

Temeps MH pPacCMOTPEM JBe CJAAYION(Ae 3afKavH.

3adava (a). Kpamuaiiwas 2amusbmorosa yenv. Haiita xparaaii-
muaii ocroB I* == (X, A*) rpada G, rakoif, 9T0 CTemeRH BCeX BePIHE
He IpeBHmAT 2.

3adava (6). Kpamuaiiwas 2aMusbmor06a Yendb ¢ OMMEYEHHEMU
KOKYEGHMU BEPULLHAMY. 3agaHE Beé BOPIIAHH T Bz, (21, 24 € X),
HaliTe KpaTdakmnuit ocroB I, == (X, A,,,), TaKo#, 9T0 CTENEHHE BCOX
BePIIEH He NPeBHIIAKT 2, a CTENeHH BEPIIHH Z; B Z, PaBHH 1.

Teumepp HyRHO HpPOBEPHTH HOApadyMeBaeMoe B c(HopMyIEpOBaH-
HHX 3a71a9aX YTBEP)KAGHHE® O TOM, IT0 fepeBo I', BCe BePITEHN KOTO-
poOro HMEOT CTemeHb, He Goapme weMm 2, ABAAGTCA HA CaMOM JeJae
TaMEJIbTOHOBOX mnembl. JledicrBETeNbHO, TAK Kak I — mxepeBo,
TO CTemeHb HUKAKOH ero BepmMHMHEH He MOReT OHTh pPABHOH HYIO

u, cregoBatenpHo, d7 = 1 mam 2 nas seex i. Iycrs ¢ BepIIAH EMEIOT
crenens 1, a n — ¢ mmemT cremens 2. Uncio peGep B xepeBe paBHO

me=g 3 di, (10.9)

fami

TAK KaK IPH CYMMHDOBAHHH KakKoe peGpo cuHTaeTcA MNBAKMIH,
10 OXHOMY pa3y AJAA KaK[Aoil M3 ero KOHEYHHX BepPUIHH.
N3 ypaBmenus (10.9) moayamm

m,=?[q+2(n—q)]—n—§-,
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Tak xak umcio peGep B niepese pasHO n — 1, T0 ¢ = 2 H moaToMy
POBHO [Be BePIIMHH HMEKT cremeHs 1, a n — 2 BepmuMH — CTeleBb
2, 1. e. T ABAAETCA TaMHJIBTOHOBOH 1EUEBIO.

6.2. AaropuTM nomcKa, HCOOXB3YIOINUE JEepeBo pelIeHMi

6.2.1. Pemenme 3anaum (a). Mu paccmorpmM cHawaga 3agagy
(a) ¥ O6BACHEM CYTh aJrOpHTMa, HCIOJNB3YIOIIEI0o [EPeBO pemeHui,
Ha OMHOM IpHMepe.

ITpumep. B xagecTBe npuMepa Bo3bMeM LOJHHE rpad ¢ 6 Bepmm-
mamu 3 paboru Jeo u Xaxmmum [13] co caepyomeil MmaTpuneit Becos:

1 2 3 4 5 6

1 0 4 10 18 5 10

2 4 0 12 8 2 6

3 10 12 0 4 18 16

18 8 4 0 14 6

5 5 2 18 14 0 16

6 10 6 16 6 16 0

C pomomsio meroma ra. 7 Jerko HaHTE Xparyadimmi OCTOB 3TOTO
rpaja (6es orpammveHmi Ha df); oH noxa3aH ma pmc. 10.10 (a). s
3TOTO pPHCYHKA BHAHO, 9T0 di = 3, a TaK KaK HaM Hy;KeH Kpardai-

ME# 0CTOB, JAA KOTOPOTo di <C2, TO MOMKHO CKA3aTh, YTO B OKOHYA-
TeIbHOM] OTBeTe [OJKHO OTCYTCTBOBAThH IO KpaidHe# Mepe ORHO
m3 pebep (2,1), (2,6) mam (2,5). Takmm obpasom, pemeHme mepBo-
HavyaJbHOK B3aJayl SABJIAETCA pEIIeHAeM L0 KpaiHed Mepe ORHOR
H3 CIENYIOUAX TPeX YaCTHHX 3anad, maobpakaemux yanamu B, C n D
nepesa pemenmé Ha puc. 10.11. Ha aTom pmcymrke yser A npexcras-
IseT DepBOHAYANBHYI 3amady, & yanu B, C m D orBewawT 3ajmavya,
MaTPHEIH BECOB KOTOPHX Te Ke CaMhe, YTO W MATPHIA BecOoB 3afadd
A, HO TOoNbKO pebpam (2,1), (2,6) mam (2,5) coorBercTBeHHO TpH-
nEcaH OecKoHeYHHIA Bec.

Ha pme. 10.11 g9mcao, crosmee OKoXo y3jia, PaBHC Becy Kpar-
Jafmero ocroBa, COOTBETCTBYIOMEro YacTHOH 3ajadve, OmpepeseMoi
atTuM ysaom. Cruenyer saMeTHTh, 9T0 Ha JI000H CTagWM BETBICHAA
HAaEMEHbIIHA W3 BECOB y CBOGOAHHIX yaia0B (T. €. Y3JI0B, B KOTOPHX
eme He NPOM3ONIIIO BETBJIEHHWE) ABJIAETCA HWKHell TpaHHNEH MJA Beca
OKOHYATEeIbHOTO OTBeTA.
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Haiinenm Temepsr kpatuaiimume ocroBu I (B), T (C) m T (D), coor-
Bercrsyomue ysaam B, C m D. PesyabraTH m3oGpameBH COOTBET-
crsegno Ha puc. 10.10 (6), (B) m (r); Beca 3THX OCTOBOB YKABaHK
B6JIHM3H yB8JI0B.

Ocrosrt T (B) m T (D) ABnAloTCA TaMHENLTOHOBHMA Iensmz (Bce

dl <2), B 1o Bpema kak T (C) raMEIBTOHOBOH LeUbI0 He ABIAETCH.
KpartuafimeM B8 aTEx aByx ocroBoB Gyner T (B) c¢ mecom 23. Hmxk-
HAA TPAHANA Beca JJIfA OKOHYATEJLHOTO OTBETA PABHA HAMMEHbLIIEMY
u3 Becos ocroBoB I' (B), T (C) m T (D) m pasna raxke 23. Taxme

] 2 1 2
s%s s%s
5 4 5 4
(a) ()

2 { 2

L~
0 Y .
/]

4

(e) (2)

Prc. 10.10. KpaTuaitmmme OCTOBH B IpOmecce IIOHCKA.
(a) T* (A), mec 22. (6) T# (B), sec 23. (B) T*(C), pec 2&. (r) T+ (D), vec 25.

TAMHNLTONOSA HETAMWAL~ TaMHALTOHOSA
uens TOHOBO uem
Aepeso

Prc. 10.11. Ilomck ¢ nepeBoM pemenmik.
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o6pasom, T (B) naer onTEMajbHWN OTBET, T. €. ABJIAETCA Kpardai-
Ime#d raMuiabTOHOBOR Ienbw. Ciaeqyer 3aaMeTHTh, 94TO B yajae C Be HYX-
HO TPOH3BOQHTH JajbHedlIee BEeTBJEHMO, TAK KaK J006ad raMHJIbTO-
HOBAa Ienb, HOJYYeHHas NOpPHA TAKOM BeTBIeHEMm Oymer mMeTh Bec,
He MeHpIIOH gem 24.

HNrak, ajXropuTM, HCOOJB3YIONUA [AEpPeBO peMmeHdid, IO3BOJHAI
B 3TOM YaCTHOM HOpPHMepe LOJYIHTh ONTAMAJBHHHE OTBET, UPUMEHSAA
anropETM KpaTdYaiimero ocToBa TOABKO 4 pasa.

A pyrayM no609EKM OpPerEMyMECTBOM JaHHOIO METOAA SBJISAETCH TO,
9T0 OH 9aCTO AaeT MOUNOJHHTEJbHEe TaMHJILTOHOBH Ilend, 6IE3Kme
K OOTAMAIbHKM, KOTOPHE B OPAKTHIECKHX 3aa9aX MOKHO HCIOJb30-
BaTh B Ka4YeCcTBe aJTEPHATHBHOTLO IPHEMJIEMOro pPemeHHA.

6.2.2. Pemenue 3anaun (6). B aroit 3amave Hajgo HailTm KpaTdai-
MIyi0 TaMUJIBTOHEOBY ENE C ABYMA 3aJaHHHMHA KOHIOBHMHA BePIIAHAMH
Z) H z,. ITY 3aj{ady MOKHO CBeCTH XK 3afavue (a), HCOONAB3YA CIeNYIO-
myio Teopemy.

Teopema 2. ITycmv C = [c;;] — mampuya pebepnwz eecos nepeo-
Hauaavhozo 2pafa G u k — docmamouro 6Goabwioe nosoHUMELLHOE
wucao, Goavuiee wem eec awbol 2amusvmornoeoii yenu. Tozda peuenue
3adavu (a) ¢ mampuyeii pebepruz eecos G, ade

C;i =Cj +ka

0:15=Cii+k’ (0as 6cex zy <~ x4, T,)

c25=Cyy+k, (10.10)
C;Z =Cja +ka

cij=cy;+2k, (04 ecex x;, T;=1,, T,)

ci;=Cij (018 scex z;, T;5 x4, Ty)

Asafemcs pewenuem 3adawu (6) ¢ nepsonavasvHoll Mampuyell eecoa.

Hoxasamesvcmeo. Kaspmas raMmabToEOBa Ienb OTHOCHTCH K Of-
HOH H3 CJeJyIOMHUX KaTeropmii:

(1) z; m z, He coBmajmalT HE C ONHOH W3 €e KOHIEBHX BEepIIHH;

(2) omHOt ®3 ee KOHIEBHX BEPIIMH ABIACTCA WIH I;, WIH I,

(3) onHoit woHnemo#t BepmEAOH ABNAETCA I;, a APYro# z,. Bec
raMUIbTOHOBOH nenmm ¢ Marpmne# BecoB C' Goabme Beca aTo# e
pena ¢ marpaueit C Ha BexrmumHy:

4k, ecnm meuns orHOCHTCA K Karteropmm (1);

3k, ecam mens orHOCHTCA K Karteropmd (2);

2k, ecim memp OTHOCHTCA K KaTeropmm (3).

Tak kak k mperocxomur Bec J060i raMEJIBTOHOBOH IOIIH, TO BEC
{rna matpungu C’) camolfl gAMEHOR TAMEABTOHOBOH HENH KaTerOPHE
(3) MeHbpme, 9eM BeC caMOif KOPOTKOH TraMEJIbTOHOBOH IEmH KATEro-
prm (2), a Bec caMoil NJIWHHOA TaMEILTOHOBON menm Karteropu: (2)
MeHEIDe, 4eM BeC caMo#t Koporkoi memm karteropmm (1). Taxkmm oGpa-
3oM, pemeHme 3agaum (a) ¢ marpunedt Becos C’ mact kpartgaimyio
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raMEJIBTOHOBY IleIb KaTeropmu (3), T. e. oHa GyAer pemeHmeM 381a9H
(6) ¢ marpuneit BecoB C. JTo MOKasHBaeT TeopeMmy.

B cBA3m ¢ 3THM clefyeT OTMETHTb, 9TO OTHOCHTEeJbHHE Beca BCeX
raMANETOHOBHIX IeNel B mpepesax OfHOH KATerOpHM He M3MEHAIOTCH
npu mpeoGpasoBanmn (10.10).

6.3. AaropaTd mrpadoBaEEA BepmIHEH

B aTom aaropurMe MCHOABL3YeTCA Ta ke HMAes, 9TO H AOKA3aHHAA
BHIIe TeopeMa 2, a HMEHHO TaKoe mpeo6pasoBaHHe MATPHIOH BECOB
C, npn KoTropoM pa3JHYHEe KaTeropmm AepeBseB mrpadyroTcsa mo-
pa3HOMYy, HO B TO ;Ré BpeMs OTHOCHTENBbHHE Beca BCeX JepeBheB
B Ipefesax ofHOM KaTeropud He maMeHATCA. Lleas npu aToM cocromT
B TOM, YTOOH pa3/eqdTh Pa3JHYHEE KaTETOPHH H CHeJaTh KATEropPHIO
raMaibTOHOBHX neneldi Gonee mpmBiIeKaTeAbHOI (MeHee mrpadyemoii),
a TOria OpPHEMEHEHHE AaJTOPHTMa MHHEMAJBHOTO [epeBa ABTOMATH-
YeCKH OpHBeAeT K KpaTdaiimeil raMmJbTOHOBOH HemH.

Teopema 3. Ecau mampuya C npeobpasceana ¢ mampuyy C' max,
ymo

ci=cy+p@)+p() maa i, j=1,2,...,n, (10.11)

20e p (k) — n-mepuwii eexmop, 006pasceanHBil JelicmeumensbHMU
NOAOHCUMEALHBMY U OMPUYAMEALHHMU ROCMOAHHEMU, MO OMHOCU-
MmeAbHYe 6eca 6cexr 2aMUALMONOENZ yenel das mampuyw C', umeroyuz
YKa3aHHbe KOHYeshle ePULUHBL, He USMEHAIOMCR.

Hoxasamesvcmso. Ilycts F—Bec npom3BoJbHO# raMHJIbLTOHOBOI
uenu ¢ mMatpuneil C, mieomeil KoHIeBHe BePMUHH z; U Z,. Tak Kak
KaK[Masg BePIIEHA COe[IHHEHA TOYHO C ABYMA APYTMMH BepPIIMHAMHE
(3a ECKJIIOYeHEeM KOHIEBHX BepPINEH, Ka:KAasd H3 KOTOPHX COeHMHEeHa
TOJABKO C OfHOM APyroil BepmmHOii), T0 Bec F¢- TOM ke camoit raMAIb-
ToHOBoX menm ¢ marpumeir C' oramwaercs or Fo Ha Beamumny

Foo—Fc= 254_% g0 +p(1)+p (2. (10.12)

3To NOCTOAHHASA BeJMYdWHA, HEe 3ABACAIAA OT BHOpDaHHOR raMHiIbTO-
HoBofi memm. OrTciopa ciaegyeT Teopema.

6.3.1. Pemienne sanaum (6). IIpameneHne alropATMA HAXOKACHHSA
KpaTdyaiimei# raMMJILTOHOBOH HeIW ¢ YKa3aHHEHMH KOHIEBHMH BepIIH-
HamH (3aaga (6)), ocHOBaHHOTO Ha Teopeme 3, Gyaer mpogeMouCTpPHpO-
BaHO Ha IpHMepe.

IIpumep. Paccmorpuym noanwii rpad G ¢ 10 sepmmueaMna, MaTpuna
BecoB C, KoToporo naerca Taba. 10.1, m npenmonoxaM, 9T0 MK XOTHM

HaiiTA KpaTyafimyl0 raMmIBTOHOBY IeNb C KOHIEBHIMH BEPIIHHAME
8Sm9.
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Tabauya 10.1
Marpana BecoB upEMepa

2 28 0 3] 40 41 64 74 80 63 | 101

3 31 31 0 14 53 53 53 50 42 83

4 28 40 14 0 50 41 35 4] 28 69

S 22 41 53 50 0 40 61 86 53 78

6 36 64 53 4] 40 0 24 58 22 39

10 74 | 101 83 69 78 39 30 60 41 5 0 f

B cootBerctBuE ¢ Teopemoir 2 q06aBHM K KayKIOMY 3JE€MEHTY,
cToamemy au6o B crpokax 8 m 9, aubo B cTonbmax 8 u 9 TaGaAnm
10.1, nocratouro Gombpmoe uucao k (ckasxem, 1000). Ilonyunsmylocs
mocJae 3toro gobaBinenms TabamIy Ha3oBeM pe3yabTApyiomeill MaTpm-
neit secos C.

Ianee moctymaem ciaegyiomum oGpa3soM.

Haxonmm kpargaitmuit ocroB rpada G. Eciam on oxameTcs raMaiab-
TOHOBOM IleNbI0, TO 3afa4Ya pemeHa. B paccMarprBaemom IpmEMepe
Kpardaiimmil ocroB, moxkasasHM# na puc. 10.12 (a), me sBaserca
raMuabroHoBoi menbio. Cremenn BepmuH 1 m 7 paBHu 4, a He 2,
Kak 9710 Tpebyerca nasa ramuiabsToHOBOH menu. Cienys AYXy TeopeMal
3, MH MokeMm «omTpadoBaTh 3TH BEpPIHHH. J[OOYCTEM, 94TO MHE
NpoM3BOJBbHO BHOpanm Maaud mar (ckaskeM, O eIdHHI), TaK ITO
Bce miTpadu KpaTHu emy. (MouO BHOpaTh BeInumHy mara paBHOH
1, HO »T0 6GyJeT HEonpaBOAHO MAJO U OPUBENET K YBENHYEHHIO YHAC.JIA
tTpeGyemux mrepanmit.) Taxkam o6pasom, ecau MH pemann mrpadoBaTh
TOJBKO T€ BEpIIHHHI, CTENEHH KOTOPHX Goabme gem 2, To

p(i)=>5(d —2). (10.13)

3ameruM, 9T0 MeToA mTPadoOBAHHMA BepIIMH BHOPAH LPOU3BOILHO
M CyImecTByeT MHOIO APYTHEX ajpTepHaTAB (cM. paax. 6.3.4).
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© )

Prc. 10.12. KpaTyaiimue OCTOBH IpE HTepanEAX co mTpadamm.

B coormercrsmm ¢ ypasmemmeM (10.13) mrpa¢s Bepmme 1 m 7
pasEx p (1) = p (7) = 10, mpmaeM paasA Bcex OCTANBHHX BEPIIHH
ogu pasEw 0. Caexys (10.11), BeramcamM HoOBYI0 MATpEIY BeCOB
H HaiineM [OaA Hee KpaTdaiimmit ocToB. PesyiabTaT IOKasaH HAa
puc. 10.12 (6), m8 KoToporo BHEHO, UTO 3TO HEpPeBO MHOro Gamxe
K TaMHJbTOHOBOH IeNHA, HOCKOJABKY RAA Hero ¢ — 1 BMecTo €& =
=4 B DOpeNHAymeM ClIydae.

Hocrynas kak  pasee, omrpadyem Bepmmany 6 u moaoxmM p (6) =
= 5. (Cnenyer saMeTHTH, UTO 3TOT HOBHI mTpad mobaBisercsa K mpe-
RHAymei MaTpALe BecoB, a He k mepBoHavaabroi Marprne C.) Taxmm
o6pasom, mrpadu pasen p (1) =p(7) =10, p(6) =5 m p (i) =0
IJA BCeX OCTAJbHHX BepmmH. CoOTBeTCTBYOMEH KpaTIafimE#l 0CTOB
naoGpasxen Ba puc. 10.12 (), ® aas mero ¢ = 1, Kak m KA OpeAHAY-
mero ocroBa. Omrpadyem Bepmmmy 7, noaaras p (7) = 5; HOBHE
Kpatdaiimmit ocros 6yner Tem ke, uro m Ha pmc. 10.12 (6). IIponmox-
xasd fanee, mrpadyem Bepmmuy 6 eme pas, monaras p (6) = 5,
H OOATH HAXONEM KpaTtyaimmi#t ocToB. Pesyabrar NokasaH
Ha puc. 10.12 (r), m3 Koroporo BEAHO, YTO Temephb 3TO raMHALTOHOBA
mens B, CIENOBATEILHO, IO TeopeMe 3 — KpaTuafimas raMmibTOHOBR
1215egb. Bec sroit menm ¢ mepBomauaibHOB MaTpmmeit ecoB C, paseH
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31ech mOJE3HO OTMETHTh, YTO €CJH HAa HEKOTOPOM JTale IOXy-
gaeTCcsa KpaT4yadIInil OCTOB, ViKe BCTpedaBuniicsi panee, TO 3TO He O3Ha-
9aeT, 9TO NPOW30IIIO0 3aUKIMBaHUeE, I 1000 TaKOH MK aBTOMATH-
YeCKH YCTpaHAeTCA IpH Npojoi:KeHum aiaropmrma. (OmHaxo, Kak
OGyner BHACHEHO HMKe, CXONMMOCTbh IOCJEA0BATEIBHOCTH KpaTdYaid-
IONX OCTOBOB K KpaTdaidmell ramuJIbTOHOBOIl Ienu He MOKET OBITh
rapaHTupoBaHa 6e3 KOHKpermaanum Brbmpaeyoro cmocoba mrpadoBa-
HOA BepmEH.) MH DOAYYMIA KpaTYafimyi0 raMulIbTOHOBY IeIb
¢ KoHNeBHMH BepmuHaMa 8 u 9 3a 5 mrepauuii, BKI04aA 5 BHYNCIe-
Hiil KpaTYaidiEX OCTOBOB, B TO BpeMsA KaK Io.JIHHI mepefop comep-
kad Om 8! = 40320 Bu9mciaeHHil MATPHI[ BeCOB M CpaBHEHHIl
nemneu.

ANBTEDHATHBOH K BHIOIEONMCAHHOMY MeTOXY MTpadoB ABIAETCH
cienyromui. Bmecro mrpadoBarua TOIBKO TeX BEPIINH, A KOTOPHIX

dT > 2 (c mcmoapsoBammem (10.13)), MokHO mTpadoBaTh TOIbKO
Te BEDHIMHH (3a NCK.TIOYEHAEM JBYX BHIEIEHHHX KOHEUHEIX BepIIIH),

CTEIeHH KOTOPHIX dT =1 < 2, npmuem BeImImHA mrpada p (i) orpu-
naTeIbHa W paBHa BHOpaHHOX enmmuunme mara. C apyrofl cTopoHsi,
MOKHO NPFMEHHTb KOMOWHANMIO 3THX JIBYX NOJIHTHK HAT0MKEHIIA
mTpadoB HJIM BOCIOJb30BATHCA COBEPHIEHHO NPYIHMH IOTUTHKAMII,
omncaHHpME B pasa. 6.3.4. 3geck caexyer oTMeTHTh, 4TO BHIGOP
IIO.INTHAKA HAaJXOKeHHS mMTPadoB MOKET CYIECTBEHHO BIAATH HA 9HCI0
HeOOXOMEMHX JId NOJVYEHAS PemeHUA uTepanuil.

IlpepmonosxmM B KadecTBe mIpuMepa, 4YTO HA BTOPOM Jralle
ONUCAHHHX BBHIYNCJIeHUIl — Korga Kpartdyafimnii ocToB m3o0paskeH
Ha pmc. 10.12 (6) — Mt pemnan BOCHOJIB30BATHCA BTOPOH MOJIMTHKOIL
Ha10/KeHus mTpadoB M BMECTO Toro, 4rob6el momno:kuts p (6) = 5,
Ba3aan p (10) = —5. Ilonysmpmmiica KpaTdafmmil ocToB OBl Ol
TaKHM, Kakod mokasaH Ha puc. 10.12 (r), 1. e. on HemexaeHHo naa 6u
Kpar9afimyilo TaMHJIBTOHOBY IENb.

MNEaTepecHo oTMeTATH, YTO HE CYMECTBYET eIAHCTBEHHOrO BEKTOpA
mrpadoB p (i), i = 1, ..., n, 1A KOTOPOTO MATPHLA BecosB Oymer
npeoGpasoBRIBATECHA TAK, YTO KPaTYaimmi oCTOB OYyIET H TaMHIBTO-
HOBOH IemmI0 W, cjJeJoBaTeNbHO, KpaTdafimeid Takoil nenrvio. B npnse-
JIEHHOM IIpUMepe OKOHJYAaTeJhbHOe 3HAYeHHe BeKTopa mTpadoB npm
nepsoit mommTuke Takoe: p (1) = p (6) = 10, p (7) = 15, Bce ocTann-
uue p (i) = 0; B To ;Ke Bpems OPH BTOPOH HOJINTHKE, NPEHATOII,
HAYWHAA ¢ mara 2, AiA OKOHYAaTeJbHOro Bextopa mrpados p (1) =
= p (7) =10, p(10) = — 5, Bce ocranbrme p (i) = 0.

6.3.2. Pemenne 3agawn (a). MH npomiilocrpmpoBanu cHadana
TIIpHAMeHeHHe ajaroputMa mrpadoBaHMA BepPIIWMH K 3amade (6), Tak Kak
K 9Toil 3ajade HemoCcpeJCTBeHHO npmMeHnma Teopema 3. IlomoGHo
TOMY KaK A pemeHus 3agad# (6) ¢ moMoImbio airopuTMa HOMCKa,
HCHOOJB3YIOMero JgepeBo pemeHun#, oHa Onla cBemeHa K 3apmade (a),
TaK ®W cefivac, uroOwl pemnTs 3amady (a) ¢ NOMOMBIO aJropHTMAa
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mTpadoBaHAA BepmIAH, MH CBefieM ee K 3agade (6). Iro ocymecTBas-
€TCA HOCPENCTBOM CJEAYIOMEro IpueMa.

K mBo:kecTBy X BepmmH rpada G nobaBuM eme [Be BepIIMHH,
HampaMep I, H Z;, B obpasyem HoBoe MHOKeCTBO X' = X |J {z;. z,).
K wympomecrsy peGep A rpada G nobGaBum aBa mHOMecTBa peGep:

S, =’,Q {(zy, z))} = Sz=5L=_!‘{(‘”zv z5)},

n obpaayem HoBoe MHoecTBO A’ = A J §; U S;. Aaa Bcex j =
=1, ..., n 3ajmannm Beca @ — pas pebep (z;, z;) B b — naa pebep
(x5, z;), TRe @ 1 b — nBe NMPOM3BOJLHWE HOCTOSHHHE.

Teopema 4. Pewenue aadavu (6) 0as 2paga G' = (X', A’) ¢ wonye-
GUIMU 6EPULUNAMU Xy U Ty A6A%EMCR peweruem 3adavu (a) dar epaga G.

Hoxasamesvcmeo. Jliobas raMuasToHOBa Hems rpada G’ ¢ womme-
BHMH BepIDMHAMH I; ¥ I, MOMKET PACCMATPHEBATLCA KAK TAMAJBLTOHO-
Ba IleDb, OPOXOAAMmAas dYepes BepmuHH rpada G ¢ nobaBaeHHHME
pe6pamu (z,, xy) | (z,, zy), T4, Ty € X. Taxkayu o6paaon, BeC raMIILTO-
HoBo# nemm w3 G’ paBeH, ckaxeM, F' = F + a -+ b, rne F — Bec
HEKOTOPO# raMHAbTOHOBOH memm u3 G, H, clefoBaTeNbHO, Bec F’
MEHEMAaJIeH TOJBKO TOTAa, Koraa F MmaEAMaJeH, T. e. korga F coorser-
CTByeT KpaTdaiimeii ramMmiabToHOBO# memm m3 G. Teopema mokasama.

6.3.3. CxonumocTs MeTona mrrpadosanms sepmma. Merox mTpa-
donanma BepmmH, ommcamEHE Bmme, Gua passar Hpmcrodmmecom

0

0
Pne. 10.13.

[7] m, B Heckonbko mEOE dopme, MPEMEPHO B TO sKe BpeMsa XeIloM
u Kapnox [18]. Ilocnenume aBTopH mokasadm Take, 4TO ATEpPAaIHOH-
HHE MeTox He 006A3aTeNBHO CXOAHTCHA, H B KAa4eCTBe IOAXORAMETO
upEMepa npepsaoKuIa rpad, azobpaxennui Ha pre. 10.13. Hecmorpa
Ha 9TOT GOJBIION HEOCTATOK, METOJ ABJACTCA TeM He MPHOe OUeHb
OeHHHM N0 ABYM OPHYEHAM.

Bo-nepBux, B GoabmHUHECTBe Cay3IaeB OH cxogurca (Kak Oyzer
DoKazaHO HmKe, Bce 33 ciaydaiiHo BHGpaHHNe 3aMadd GHUIA peleHH
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THM METOJOM IO KpafiHell Mepe Ipd OQHOM CTpPaTerMH HAJOMKEHHAA
mTpagos).

Bo-Bropux, ROMYCTAM, HYTO MTEPANUM OCTAHOBJIEHH B uexompmﬁ
MOMEHT, KOr[ja KpaTyadmui OCTOB ¢ MOIUQHINAPOBAHHOH MATpHUIlEN
ects T', mrpadu Bepmur p (i), i =1, 2, ..., n, # CTeNeHH BepmINH

d,T, paccMaTpmBaeM 3ajady, KOIrfa HYXHO HaNTH KpaTYadmyro
TaMUIBTOHOBY IeNb C KOHUEBHNMH BEPIIMHAMA Z; A . Bec ocToBa
T’ ¢ mopadmomposarHoil Marpumeil pasen

Fro=Fr.+ 2’_} P dl +p(1)+p(2),
rne Fr. — Bec octoBa I’, BHUACIEHHRIT [JA OepBOHAYAIBHOI MaTpHU-
O BECOB.

Ecnin H — xparyaiimaa rammiabroHoBa menb rpada, To Bec Ienm
H c¢ monndpmnmpoBanHod MmaTpHueil paBex

FH—FH+2 Z @O+p)+p@2).
Tark kKak mo onpeneseHHI0 FTo <1'_‘ gy TO PAa3HOCTL

f(p)=Fy—Fr.=Fy—[Fp. +H§ R0 @ —2)] (10.14)

ABIsAeTcA Mepod Gamsoctd mepesa T’ k Kpardaiimeil raMmabTOHOBOIL
nenn H, npumaem f(p) =0, ecim T’ = H.

Beanmanry f(p) moxHO paccMarpmBaTh Kak (QYHKIOOIO BEKTOpa
mtpagos p = (p; [i = 1,. .., n). Xeag u HKapn npegaosuam npa
MeTofa Haxonenma mrTpados p*, mMuEumuampyomux f (p). Onmr
OCHOBAaH Ha TeXHHKe upeobpasoBaHMA CTOAGLOB, a BTOPOL ABIAAETCH
MeTojloM HamcKopedmero cuycka. ([ pyroif, seckoapko Gosaee obmuii
moc/1efloBaTE€ABHEHA HOAXOA, OCHOBAHHHEIA Ha 3BPUCTHYECKOM IOHCKE,
6p1 HemaBHO ycmemHo npumeHeH Kamepurm m np. [4].) Ecau meron
mTpadoBaBUNA BePIIHH CXOQUTCH, TO A MHEHMMAJILHOTO 3HAUYEHHUSA
f(p*) = 0, rax kax T" — H m d! = 2 qasa scex i # 1, 2. C gpyroit
CTODOHH, Kak OHJIO OTMEYeHO BEIE, METON CXONHTCA HE BCErja,
H IPH OTCYTCTBHM CXOJHEMOCTH MHEHMaJbHOe 3HaueHue f (p*) Benm-
unHbl f (p) paBHO HEKOTOPOMY IOJIOKHTEIbHOMY 4Yncay. CoBepmeBHO
0YEeBHHO, 9TO B ITOM CIy4ae BeJHYHMHA

Fro+ > p*(i)(d] —2) (10.15)
i1, 2

JaeT HM/KHIOIO TIDAaHHIy Beca KpaTdadmeil raMuJbTOHOBOIl Ilenu.
B asrom mocaegHeMm ciydae modydaeMas TpPAaHANA ABIAAETCA OYeHb
TOYHOH H MokeT OmTh mcmoan3oBaHa ¢ Goabmmm sddextom [19]
B aJropaTMe NONCKA, NpPHMEHAKmEM [epeB0 pemeHmid,— B QyXe
TOTO, KaK 3TO He’dajoch B pasm. 6.2.1,
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6.3.4. Crpaternm manoxenns mrpadoB. XoTA, Kak yKe oTMeda-
aoce B pasp. 6.3.3, cymecreytor iBa Meroza [18] mas ompemenenms
IIOCJIeX0BATEABHOCTE ITpadoB, BHEYMIAIOMMX KpaTdadmmilt OCTOB
CTAHOBHTHECA Kpardaiimei# TraMHJILTOHOBOM Nenbl0 (ECAM TOABKO
Boo6me CXOREMOCTh BO3MOKHA), 00a 9TH MeTONAa ABJAAIOTCA CHIHITKOM
H3HICKAHHHIME B TpeGylor Goapmmx saTpar BpemeHH. B Hacrosmem
pasgese MH JKCOePEMEHTAJLHO HKCCIAeAyeM BINAHHO pasIHIBHIX
crpaTeruii mrpadoBaHWsA BePMEH HA CKOPOCTh CXOLMMOCTH METOXA.
Huaa Bcex 33 caywaitno BHOpPaEHHX NOMHHX rpadoB, HCIOAB3OBAH-
HHX [Jg OPOBEePKH CTpaTermid, mo KpaiiHeil Mepe ofHa CTpATerHsa
OpPHBOAMIA K KpaTdaiimeil raMuabToHOBOH memd. Jro yGeskpmaer Hac
B TOM, 9TO, XOTA H CYImECTBYIOT 3alaYé, B KOTOPHX &JTOPATM INTpa-
doBanns BepmmE He cxommrces (HA camoM jeixe Jao6oi# ceAsEmi rpad
6e3 raMEIbTOHOBA MEKIA OPHBOAAT HAC K TAKOM CHTYAIMH), HO BCO e
B GoiapmEHCTBE 3ajaY, NPHA COCTABIEHME KOTOPHX He CTapalHCh
CHenAajJbHO HAWTH KOHRTPIPHMEPH, OyReT HMeTh MeCTO CXOXHMOCTb.

(I) Purcuposannme wmpagn

(a) Toavko nososcumesvhue wmpagu

JTo TOT ciyuaif, KOrAa BCe BEPIEHH Z; AepeBa I CO CTemeHAMN
dl > 2 mrpapywrcs Ha BeAHIHEY y-(d] —2), a Bce ocTampEHe
pepmEHEN He mrpadyiorcsa. Buiao HalijeHo, YTO AJAA MAJHX Yy IHCIO
HeoOXOMMMHX NJIA AOCTH)KEHHA pPeIeHMA HTepanmmil (T. e, ompepene-
HHA HEKOTOPOTO TraMHJBTOHOBA IHMKIA) NPHGAASATENHLHO 06paTHO
NpPOnOPIEOHAJLHO BeJIHIHEE Y, HO AJA JOCTATOYHO GOJABUIAX Y BHOJHE
BOBMOKHO 3aNHK/IMBAHEE H pemeHme noayIeHo me 6yner. Haunyumee
SHAYeHME P 3aBHCHT KaK OT YHCJA BepIMH, TAK M OT PAcIpefej]eHHS
BecoB pebep.

(b) Toavko ompuyamesvhue wmpagn

3T0 TOT Cayvail, KOraa BePIIMEH Z; (38 ECKINYCHHEM ABYX OTMe-
9eHHHX KOHIEBHX BepmuH) mTPadylonTCA HA BeAWIHHY — Yy, €CIH

d? = 1, a ocraxsrue He mrpadylorcs. PesyapTaTH mpHEMepHO Te Ke.
910 W B caydae (a).

(c) Hosoxcumeavnnie u ompuyamesvhnie wmpadn

B sToM caywae BepmmEHH z; mTpPadylOTCA B COOTBETCTBHE C (a)
u (b), B 3aBECEMOCTH OT Toro, Gymer am d; > 2 mna di = 1 coorser-
cTBeHHO. BHo HaiineHo, 9TO0 3HAYeHHE Y, PaBHOe MOJAOBHHE HCIOJIb-
syemoro B cayuasax (a) m (b), oGecmeumBaer CXOZHMOCTH HPHMEPHO
8a TO jKe caMoe YHCNO HTepanuil, yro m B cayuasx (a) m (b). Srtor
MeTon B o6meM ayume merogos (a) m (b).
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(I1) Hocaedosamesvho ymernvuwaemvie wmpagu

IIpn ucooan3opaBnE PEKCAPOBAHHWX mTPadoB MoMeT BO3HHK-
HYTh CHTYaIlus, KOTA2 BEPIIMEA I;, ¢ d; — 3 (mampumep), omrpado-
BAaHHAf B HEKOTOPHIT MOMEHT Ha Y, NPEBPATATCA B Bepmuny ¢ d; = 1
ocJ€e CJAeAylomel WTepamud, WHHMHA CJOBAMU, BEPIIHHA Z; «CBepX-
omrpagoBanar. Ecam ncmoanayerca cmemannaa crparerns (I (c)),
TO Ha cilefylomell uTepanud BepmuHa 6yaer omrpadorasa Ha BeIHIH-
HY — y, B 3TO MOKeT IpmBecTH K ToMy (He o6fsarenpHo), uTo dif
cHOBa cTamEerT paBHEM 3. M3-3a aTHX KoseGaEni BelmumEH d: MOKeT
noTpeGoBaThCA HeoNpaBRaHHO 00AbIIOE YHMCJIO HTEPAIAM.

Buno maiimeno, uro B Takoil cmTyauum ana GoanpmuHcTBA rpados
JyYmuid MeTO[ COCTOMT B YMEHBIIEHUH paHee HajoKeHHoro mrpada,
TaK YTO Ha CJefyloIed MTepanuu NI BHINENPWBEAEHHOTO IpuMEpa
crefosano 6w omrpadoBaTh BepmMMHY Z; HA — oy BMECTO — Y, TAe
0 <o < 1.

Caryanms, aHaJOrw9HAsA ONMCAHHOM, BO3HUKAET M TOrZa, KOrja
BepINEHA CO CTEIEHLIO al =1 cBepxmrpadyercs BEa OTPANATEIbHYIO
BEeJHYMHY, B pe3yJbTaTe 9ero mocje OYepemHOIl MTepalmE OHA HOJNY-
gaer di > 2. B aroM ciydae mOCTYymAIOT KaK M B OpeHyIeM.

B 9mciaeEHHX dKCOepHMEHTAX, PE3YIBTATH KOTOPHX IIPUBENEHE
B tabn. 10.2, 6mno mcmoan3oBano 3uHavenmme o« = 0,5.

(I1I) Buuucasemwme wmpagn
(a) Toavko noaoxcumeavnvle wmpagu

B atoM ciygae Bce BepmmEH Zz; ¢ di > 2 mrpadyiorcs Ha p (i),
rae p (i) BHUMCAAETCA KAK MHBHMAJBHHI ITOJOKHUTeNBHHI mTpad,
KOTOpH{I, 6yAy4Y® npmMeHeH K BepmwuHe z; (M30JMPOBAHHO), YMEHB-
maer df Ha ojHY eJWHENY Tocie oXHoi mrepawum. lltpads p (i)
OPEMEHAIOTCA TOTAA ONHOBPEMEHHO — KajsK[AHIl K CBoeil Bepmumue.

BesamumHa p (i) Ana 3afaHHO# BePIIMHH I; BHIYHCIAETCA CAENYIO-
muM obpasom. Yaaamm m3 gepea I = (X, A7) ToIbKO oxHO H2
pebep (z;, z,), PHUANEHTHEIX BepmuHE r;. JTO UPHBENeT K pacnaje-
auio T na nsa nopnepesa T; u T,. Haitnem peGpo Hammensmero seca,
coelmHAIOIIee 3TN [Ba IOJepeBa, T. e. Halnem pebpo (z}, xf) ¢ Becom

¢ (2}, zi) =min min [c(z;, )], (10.16)
ijTl ::k.E'I‘2
:f=1" :in

Fie X; W I — ONTHMAJbHbHE 3HAYeHHA I; M I COOTBETCTBEHHO,
a Ty u T, 0603Ha9a0T Kak AepeBbs, TAK U COOTBETCTBYIOINUE MHOKe-
ctBa ux BepmuH. Bec ¢ (2, zf) ABisercs nosToMy HaMMEHBIIHM BECOM
«cBA3n» noanepesbeB Iy m T, B OJHO AepeBO, KOTAa YAaJEHO NIEpPBO-
HavaibHoe pebpo (r;, z,). Takmm obGpasom, mrpad c (2§, zf) —
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¢ (x;. ), HajlaraeMHii Ha BepmWEHY I;, SBJAETCA HaNMEHbIIAM
mrpadoM, KoTopHii ynanmia 6n pebpo (z;, z,) W3 KpaTyaiimero ocrosa
npn caegyiomeli mrepammu. Iloastomy ecaw mrpad BHGpam kax

p(i)= min [c (x;"’ z;)_c(xh Zr))s (10.17)
(g, X )EAD

ro mrpad p (i), HaNOKEHHHA TOJBKO Ha BEPNMHY I;, YAJHI OH
(8 mpenumonokeEmH, 9To p (i) ABAAETCA ENMHCTBEHHHIM) TOJNBKO
onao pebpo (z;, a¥) m3 MHo#ecTBa pefep, MHREXEHTHHX Z;, T. e.
yMeupmma 6 d ma emmuuny. Pebpo (z;, z?) ABIAeTCA KAk pas Tem
pe6poM, koTopoe MEEEMHBHpyeT BHpaxenme (10.17).

3nech cIefyeT OTMETHTH, 9TO0 Korga Bce mrpadu p (i), BHIHCIEH-
gne mo (10.17), maxnagHBAIOTCA ONHOBPEMEHHO Kaj/KAWIE Ha CBOIO
BEepIIHHY, CTeOeHH HEKOTODHX BEPIIME MOTYT YMEHBIIHThCA Go.ee
geM Ha 1, B TO BpeMA Kax CTeIeHH APYTEX BepIIMH MOTYT Boobme
He yMeHbIIETHCA (HJIM MOTYT fajsKe YBeJWYHTHCA). JTO 0GBACHAETCH
COBMECTHHM BANsAHEEeM MTpadoB BePIIHH Ha Beca pefep HpH Caeayio-
me#i wurepanmm. Taxkmm o6pasoM, XOTA HCHOJAB30BaHEe mTpados,
galinesEux w3 (10.17), He rapaETHpyeT HOJYYeHHe OTBETA NOCJIe
3aflaHHOTO YHCJIA ATepanuil, Ho, Kak GBI0 06Hapykeno (cM. Ta6a. 10.2),
aToT MeTop mTpadopamma aygyme, veM metoau (I) m (II).

(b) Toavko ompuyamesvrtie wmpagv

910 TOT cayuaii, Korja Bce BepmEEHW Z; ¢ di = 1 mrpadymorcs
Ha OTPHNATeNBAYI0 BeamumHYy p (i), rae p (i) BHYACIAAETCA KaK MaKCh-
MAJBHHA (HanMeHBIEH OTpHNaTeNbHHE) mTpad, KoTOpwHE, Gyxyam
IPEMEeHEH TOABKO K BepIIHHE Z;, CAeNaeT cTemens di paBHOM 2 mocie
OfiHO# HTepanmu, T. e. KoOaBAT BTopoe pe6po K BepmmHe x;. OxHEaKO
mrpadn  p (i) OpEMEHAIOTCA ONHOBPEMEHHO — KKAHHE K CBoel
Bepimse.

3uavenne p (i) AJd KAHHOH BePIINHH z; BRIHCIACTCA CIEYIONAM
obpasom. Jlo6aBum pebpo (z;, z,) k mepeBy T. I10 moGasiaenme mpm-
BeleT K 3aMHKAHEI0 INUKJA, COCTaBJeHHOro 3 pebpa (z;, z,) BMecTe
¢ peGpamm nepesa I, BXOXAMAUMYU B IeOb OT X, K0 Z;. IIycTh MHOKe-
crBo peGep AepeBa I' B mem: OT Z, X0 z; (AcKA0uas mocxenanee pebpo,
mEOEneHRTHOe Z;) Gymer S,;. Ecam Tor;ma mo6asmts peGpo (z;, z,)
x pebpam T M ynaauTh 01HO Kaxoe-1mbo pebpo ms S,;, TO NOTyIATCR
IpyToe NepeBO, B KOTOPOM CTemeHL BEPIIMEH I; paBHA ABYM. Ecanm,
TaKkEM 06pa3oM, HaKIagHBaeTCA eNWHCTBeHHHA mrpad p (i) Ha Bep-
muRy ;, TAe

p (i)=-meig lc(ziy 2;)— min  {e(zy, 2}, (10.18)

r (xp x))ES,;

(r. e. p (I) paBeH HamMeHBIEMY JONOJHHATEIbHOMY Becy Ro0aBIeHEA
pebpa or z; kK Kakoii-EmOGynb Apyroii sepmuHe z,  yaadeHHs peGpa
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13

(a) (6)

Pme. 10.14. 3apava c¢ 24 Bepmumamu. (a) HaganpEMit KpaTvaitmmii ocroB.
(6) Kparsafimai raMeabTOHOB OUKI, mOaydYeRHRil mocie 40 mTepanuil ¢ HCHOAL-
sosarmeM mtpados III(c).

RAEMEHBINOr0 Beca B IENH OT Z, K Z;), TO CTeNEeHb BePIIMHH Z; CTRHET
paBHOif 2 mocie OXWHCTBOHHOR WTepanHA.

Ecnm Bce mrpadm p (i) HakIagHBAIOTCA ONHOBPEMEHHO, TO, KaK
m B caygae (III (a)), BaammopeiicTBme aTmx mrTpadoB HesaeT HeBO3-
MOJKHHM DOpPe[CKA3aHA® H3MEHEeHHA CTememeil BepmHUE mocie ORXHOM
ATepaNHH.

(c) IHosoxcumesvntie u ompuyamesvibie wmpagu

JdTa cTpaTerms 3aKM049aeTcs B HAJOKOHAH mMTPadoB HA BepMAHH
B coorsercTBrd ¢ (III (a)) mam (III (b)) B 3aBECEMOCTE OT TOrO, Gyner
Az df >2 wm df = 1.

B rtaGamne 10.2 mpuBoasaTcA pesyabTATH H AeNaeTcsA CPaBHEHME
ceME cTpaTermii mrpadoBaHEA, oNECAaHHHNX Bume. I'padm B 3TOM
rabanne GHAW MONMYYeHH CayIafiHHM BHGOPOM 7 TOYeK B KBajgpare
OpA DPAaBHOMEDHOM DAaCUPeJieIeHHH, a B KadecTse BecoB pebep c;;
6panock eBKIHAOBO paccrosHme Mexny i B j. TaGamma maer amcaa
mrepanmii B Bpemena Biymciaenmit (3BM CDC 6600, spema B cexys-
Jax), BeoOXoEMHe IJA mOAyJeHHA orBera. VI3 sTo#t Tabammu BHEA-
HO, 910 feiicTBEe BCeX cTpaTerwii mrpadoBRHHA 3aBHCHT OT 3ajavH,
XO0TA MOKHO 38METHTH, UTO Hamayumel ssagercs crparterus (I1I (c)).
Hcoonpaya sty crpaTermio, MoKHO HAMTH KpAaTIaAImIyl0 FaMEIBTO-
moBy nenb B rpade npmmepEo ¢ 60 BepmmHAMEm MeHee deM
sa 15 c.

Ha pmc. 10.14 gna seroroporo rpada ¢ 24 BepmmuaMm HOKa3aHK
HavyaJdbHHHA KpaTialmmMik OCTOB M OKOHUYATeJNbHAsA KpaTdaiimas
raMoJapToHOBa mHemb. Ileppas m HocaeHAA HPORYMEPOBAHHHE Bep-
MINHB ABJAAKTCH OTMEYCHHHMH KOHIEBHMHE BepPIIAHAMH.
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6.4. 3anaun, poacTBEeHHbIE 3ajlage KOMMHBOSKEpa

o cux mop B pas3n. 6 MBI MMeJH JeJ0 C «OTKPHITON» 3afadell KOM-
MHIBOsS;KEpa, T. €. ¢ KpaTdaiimelf raMANbTOHOBOIl menpio (a He C LUHUK-
aoM). Bragane sTo 6RO ompaBmaHO TeM, YTO IPH 3TOM ME HMeJlHd
ae10 ¢ Gosee mpaAMoil CBA3KI0 «OTKPHITOMY 3amady;m ¢ KpaTdaiimmm
octoBoM. C Ipyroif CTOPOHH, HY/KHO CAEJIAaTh TOJALKO 049eHb HeGoabmue
H3MEHeHN#, 9T006H DOTOUTU I K «3aMKHYTOH» 3afade KOMMUBOAIRE-
pa. Xeag u Hapn [18], manpmmep, BBenm nomATHEe KpaTdaiimero
1-7epeBa rpada G, npudem OHO ompefeIALTCA KaK KpaTdaimmail ocToB
moposkpeHHoro uoarpada rpada G ¢ ymanenHod sepmmHOH 1 noaroc
JBa KpaTdaimpx pebpa, mcxofsamux n3 BepmaHH 1 X AByM apyrou
BepmmHaM pgepeBa. (OdYeBNMIHO. 4TO MEKNY HOHATHEM KpaTyaiimero
i-mepeBa M «3aMKHYTOH» 3ajaueill KOMMHABOSKepa CYHIECTBYET Ta iKe
caMaf CBA3b, YTO M MEKAY NOHATHAEM KpaTyaimero oCTOBA M «OTKPHI-
Toil» 3amaueil. Taxum of6pasoy, mrpadoBamme BepmIMH H3MEHAET
OTHOCHTENBbHEIE Beca 1-TepeBbeB, HO OCTABIAsSeT UHBAPHAHTHHM OTHO-
CHTeJbHOE yHopAjodYeHne TaMHMJILTOHOBHIX IHKIOB. Tak jKke coBep-
meHHO OYeBHAHO, 4TO, KAK B «OTKPHITOH» 3agade, KpaTdaimmix
OCTOB CO BCeMHM BEepPIIIHAMH CTemeHWM 2 (3a HCK.IHYIEeHHEM JBYX KOHIe-
BHIX BEepPIIMH) CTAHOBATCA KpaTdadmed raMHIbLTOHOBOH MENBI0 MEKIAY
STAMHA KOHIEBHIMM BepIINHaMH, TAK M B «3aMKHYTOI» 3amade Kpart-
gajimee {-nepeBo, Bce BEPIMAHK KOTOPOT'O MMEIOT CTENEHb 2, ABIAETCA
KpaTYaimHEM TaMHJIbTOHOBHIM IMKJIOM rpada. AxropmrM mrpadoba-
HAA BepmmnH, ofcyxpaBmuiica paHee B JaHHOM pasfieie, MOkeT OITh
HCIONB30BAH N03TOMY (aKTHYeCKH 6e3 m3MeHeHMII W ANIA pemeHns
«3BaMKHYTON» 3ajad;m KOMMHBOSIKEDA.

7. 3apava KOMMHMBOAKEpPA H 3a7a4a O HA3HAYEHHAX

B pasn. 5 6n10 oTMeyeHO, YTO 3aAa%a O Ha3HAYEHHSAX, OIpeesse-
mas coornomermamu (10.4), (10.5) n (10.6), Moker wmeTh pemenns,
o6pa3oBaHHEKE HEKOTOPHIM YHUCJIOM HENePeCeKalnMUXCA MUKIOB, H UTO
COOTBETCTBYIOMMA METOX peIUeHHsA 3afladl KOMMHMBOSKepa Tpebyer
HaTOMeHHA oI pABKIEHNIT 10 TeX IOp, NOKA pelmesne He 6YIeT COCTOATH
I3 eJRECTBEHHOro (raMHJIbTOHOBA) MEKIA. B HacToAmeM pa3sjene Mt
HCCAelyeM WPONENypPH HAJTOKEHHA ITHX OTPAHNYCHAM B paMKax
alTOPHUTMA NOMCKA, MCIIOJNB3YIOMEro Aepeso pemenmil. [Ipumensemasn
cxema GymeT B OCHOBHOM TaKoilf ;ke, Kak # B pasf. 6.2 mas aaropaTya
DOHCKa, OCHOBAHHOIO HA PACCMOTPEHHH KpaTuailmero ocToBa.
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7.1. AaroputM nomcka, mcmoabsylomuik nepepo pemeHsi

Tlycth pemenne 3a789d O Ha3HAYEHHMAX C MaTpuneil Becos [ci]
{rme ¢;; = oo, Vi) 06pa3oBaHO HEKOTOPHM IACIOM HellePeCeKAIOMUXCH
nuki1oB. Tak, HampEMep, €CJIH pemeHde 3ajadd ¢ 8 BepIIEHAMH
mieer BAN & = =8 =8 =fu=8fu =B =8 =1
n t;; = 0 gaa Bcex ocraapEHX map (i, j), To pemenme, oTBedalomee
nByM nmkaaM, naobpakeno Ha puc. 10.15 (a). Temepr Heob6xonmsso

| 3 1 3
5 5
6 8
6 8 . 4
7 2 7
(a) (6)

Puc. 10.15. Pemenme 3agas o mHasmavenmsax. (a) Pemenue 3agmaam P,.
(6) Pemenme aajain P,.

chenaTh clejyiolee — HCKIIOYHTH AAHHOE PEMIeHHe BMeCTe CO MHO-
THME JPYTEMH TaKHEMH Ke pelleHMAMH, He IOTepAB pemIeHHe 3a4avdm
KOMMUBOsKepa ¢ Tol ke MaTpmueldl BecoB. Tak Kak pellenme 3agadym
KOMMHBOsS)Kepa #ABJIAETCA TaMHJIBTOHOBHM IHMKIOM, TO MH 6ymem

UHTATECA HCKIAKNYATH dI060e pemenne, cocroamee Gojee deM U3 OXHO-
TO OHKJIA.

(A) IIpaBano npocroro Bersienua. Ilycts B o6mem cayvae pemre-
HEUe 84149 O H43HAYCHMAX CONEP:KAT (He raMEIBTOHOB) NAKA (Z,
Zy, . . ., Tp, ;) AMEBH k. Yianenme 3Toro mMKJa (& BCeX pemeHmi,
€ro CofepKamux) A3 AaJbHeHIIero paccMoTPeHHs MoKeT GLTh Npon3-
BENECHO LmyTeM HAJOMKeHHs TpeGoBaHMA, 9TO IO KpaiiHed Mepe oxHa
B3 0yr (r;, Z4), (23, Z3), . . ., (zp, ;) He DOKHA BXOXHTH B pemeHHe.
3T0 MOMKHO CHeJaTh COBCEM IPOCTO, €CJIH HEePBOHAYAIBHYIO 3a1aTy
¢ MaTpunmeii BecoB [c;] pas6ure ma k momsamaw Py, P,, ..., P,.
B sapase P, c(z;, ;) monaraercA paBHEIM oo, & BCe OCTANBHH® Cyy
ocralorca Ge3 mamenenus (T. 8. TAKAMHE Ke, Kak & B 3anaue P,), B za-
nave P, c (x4, 3) = oo m BooGme B 3amaue P, ¢ (z;, 7;) = oo. Oue-
BHIHO, 9T0 pemeHme 3agaum P,, He conep:kamee nuiaa (I, Zg, . . -
«ees Tpy 1), ABNACTCA POIICHAEM IO KpaiiHel Mepe onHoi U3 3agayq Py,. . .
.« «, Py H, cIenoBaTeNbHO, ONTHMANBHO® PEIICHHE 3390 KOMMHBOS-
JHepa ABNACTCSA PONIOHMEM OJHON MIH HECKOJBLKHX H3 3THX HOA3anad.

Taw, sanpmmep, mckmwouaa mHa pmc. 10.15 (a) maxax maeEw 3,
NoJyYnM Nepeso pemeHE#, msobpasennoe Ha pmc. 10.16, B xoTopoM
sagadn P;, P, m Py npencraBiesH y3JaMHd fepeBa, PacTymero m3 Ha-
vauxbHOR 3anasm P,. ITycrh sapmaum P,, P, m P, pemeHH Kak 8ajaqn
O HA3HAYCHHAX, # NYCTb COOTBeTCTBylomme Beca Gyayr C,, C; u Cs.
Tax xak C; ABNAeTcA HEKHe# TpaHANEH B 3ajade KOMMEBOSKepa
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pag Py, a Takmwe gna Py m Py, 10 wweao L = min (Cy, C,, C;) aBas-
€TCA HMKHe# rpaRuned AJA Beca pelleHAd NePBOHAYAJLHOHN 3ajgadn
KOMMEBOSKepa.

Nycrs, cramem, L = C, (1. e. C;<<C, 7 C,<<C;). Ecaum peme-
BAe 3agad® P, ABIAeTCA raMUIBTOHOBHIM LEKJIOM, TO OHO Oyjer
pelmeEnmeM NepBOHAYAJbHOH 3afavM KOMMHOBOsKepa. B mpormBHOM
cayvae mycThb oHo Oyjer, cxakem, TakeM, Kak ma pmc. 10.15 (6).
Hcknouas maka (1, 8, 2, 6, 1), M cHoBa cocraBiseM H pemaem
nogaagaun P,, Ps, Pg n P;, noxasarnsie Ha puc. 10.16. U3 artoro

Puc: 10.16. JepeBo pemeHmil ¢ OPOCTHIM OPABUJIOM BeTBIEHHS A,

pPECyHKa BEAHO, 410 P, orBevaer 3ajadue, [Jas KOTOPOX B MaTrpmue
BECOB 3JIeMEHT C;g IOJIO;KEH PaBHHM oo (B JIONOJHEHHE K TOMY, 4TO
BJIEMEHT ¢y, DOJOKEH PaBHHM oo y:ke paHee). To ke camoe oTHocnTCH
n K Ps, Pg u P;. HmskEAa rpaHuna Temepb mepeoUpeNelIsieTcs Kak
L = min (C,, Cs, C,, Cs, Cq, C;). HouycruM, uto 3amgada P, cooTner-
ctByer Becy L (1. e. L = C,). Ecau pemenme sagaun P, sBisercs
TaMAJIBTOHOBHM IUKJIOM, TO OHO 6yaer pemeHzEem I€pBOHAYA:IbHOI
3ajayd XxoMMuBosKepa. [lanbHedimee BeTsiaeHme B yaide P, ¢ xpyroi
CTOPOHH, JOJ/KHO OCYIECTBIATHCA TOYHO TAK 3Ke, KaK 9TO Heaasoch
B Py, 1 3TOT npouecc nNponoiKaeTCA [0 TeX mop, IOKA 3a/1a9a C TEKY-
maM 3HaveHueM Beca L He OyHeT UMETHh B KA4eCTBE PEINEHHS TaMIIb-
TovoB nukJI. Horma aro mpomsoiier, To NoaydeHHH#E HUKI Oyaer
OKOHYATeJbHKHM pemIeHreM, TaAK KaK €ro Bec (o OmpelesieHHI0 9ucia
L) me mpeBoCXOQAT HEKHEAX IPaHUI BecoB JIOOGHX APYTHX TaMILIBTO-
HOBHIX IIMKJIOB, KOTODhIE MOTYT NOSBHETHCA LIPHA NaJbHEHImeM BeTBJe-
HAM B OCTaBIIMXCH Yy3JaX Jepesa.

Wz npumBeneHHOro OnmCaHMA aJropATMa CTAHOBHTCA OYEBMIHEIM,
49T0 UpPUMEHEHHHH IOMCK C NOMOMBI0 [AepeBRa pemeHdir OTHOCHTCH
K TANY ¢ «<OPAOPHTETOM IO MUPHAHE», KAK 3TO 06bACHEHO B IPHIOKE-
HUE 1.



7. BATAYA KOMMHBOMAKEPA H 3AJAYA O HABSHAYEHHAX 287

(B) Ilpasmno mcemogawmero Bersuendsa. Hak o6bacEeno B mpm-
jJoeErE 1, RasA Xopomero BeTBJCHAZ NpE paa3buemmm 3sagadm P,
Ha moasagawm P,, P, m Py TpeGyercsa TONbLKO, 9TOOH KasKN0e BOSMOK-
Hoe pemeHue 3afadd P, (3a HCKIKNYeHHEeM YAalAEeMHX pemeHmit)
GLI0 pemeHmeM IO KpaiiHei# Mepe ofjHO# m8 mopsapmad. OnEaKo, Kak
OTMEYeHO B OPHMJIOKEHHH, O4YeHb KeJIATeJBHHM CBOMCTBOM MeTOAa
BeTBJEHHA Onlo OH pas6HeHHe BOSHEKAIOIHEX IOX3afAaY HA BBAHMHO
HCKII0Ya0IKe, KOJb CKOPO Pedhb HIET 0 BO3MOKHHX pPeIIeHAAX 3a]a-
ur P,. MEEiME cloBaMH, Kampmoe AOOyCTAMOe pemeHme sagaum P,
NOMKHO OHTH pemeHHeM OfHOR, I TOABKO OfHOM M3 BTHX mOX3ajgad.

Panee ommcaEHOe NDABHJO BeTBJIGHHA OCHOBHBAJOCL HA TOM
daxTe, 9TO MK, TaKOH, KaK (L, Zg, . . ., Tp, T1), MOKET OHTH yAAICH
IOCPeACTBOM HCKJIOYCHAA ONHOA M3 ero Ayr. 9To, OMHAKO, HE NPHBO-
OMT B IIPOIEcCe BETBJAGHHMA K BSAWMHO HCKIIOYAKIIEM IOA3aAaual.
Tak, B BHIIeIpHBeleHHOM IpuMepe pemeHHme safadm P,, cooTeer-
crByiomee mmukiaam (1, 3, 6, 1) m (2, 5, 4, 7, 8, 2), apaserca gomycTH-
MHM pemreHHeM KaK mof3afiadd P; (¢ ¢;3 = o0), Tak B Py (C ¢y = 00).

JpyraM npaBHEIOM BETBAGHMA, YAAAAOMEAM NEKA (Z;, Zs, . . .
.+ .y Ip, Z;) ¥ OPHBOAAIMEM K B3aMMHO MCKJIIYAIOUIAM IOJ3aAadaM,
ABIAETCA CIeAylonee:

naa sagaum P, moaoxmts ¢ (1, z,) = oo;
naa sagaym P, monoxmrs ¢ (ry, z,) = — M u ¢ (z,, z3) = oo;

ana samaum Py monokmTh ¢ (%), Xy) =c(zy, T =—M
B ¢ (zg, Z,) = oo.

L T S T S S S T R S S R T S Y

ana sagaum P, mnonoxmte ¢ (1), ) =c(zy ) = ... =
=¢(Tp-1, Zp) = — M m c (23, z,) = 00,

rae —M — mocTaTouHO GOJBINOE OTPHDATENBHOe UHCIO, IapaHTH-
pyiomee, 9T0 Ayra, Bec KOTOpoil paseH —M, BXOART B ONTHMAJBbHOE
pemenue.

9T0 mpABWIO BETBIGHHS HABEDHAKA NPHBOANT K BBANMHO MCKJIIO-
YalomHEM IojA3ajadaM, TaK KaK MJA JIoGHX ABYX mojsajad HMeeTcH
no KpaiiEeir Mepe ogHA Ayra, HCKIIOYeHHAS W3 pemIeHHMA OJIHOM,
HO 3aBeJIOMO BXONAINAaA B PemIeHWe ApPYroil moxsanavm. Jlerko Tak:ke
BHJIeTh, 9TO HH OJHO BO3MO’KHOe pemenme 3ajmaum P, me Gyner mote-
pARO, T. €. YTO NI0Goe pemeHme mepBOHAYAJALHOE Samaum P, Gymer
ABIATHCA PeNIeHAeM OXHOH W8 moasajgad. 3TO OYEBHAHO B CHJIY TOTO,
9T0 nM1060e pemenme 3afaqn P, EMeeT HEKOTOPYIO HOCTEOBATENLHOCTD
HYT, BHXOAAMYIO U3 Z;, TAKHX, KAK (Z;, To), (Zs, Z3) B T. A., ¥ HEPBHe
T OYr NOMKHH COBIAZATh ¢ Ayramd uemm (ry, Zg, Zs, . . ., Z3) OpH
HeKoropoM 3Hawenmm r =0, 1,..., k. 3navemme r = 0 orBewaer
TOMY CIYyJ8l0, KOrja CoBDajgeHHMA Boobme mer, r = 1 — cayuaio,
KOTAA Tg = Zo, HO Zg 7~ T3 M T. A,
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Puc. 10.17. [lepeBo pemernii ¢ ickmo- Prc. 10.18. JlepesBo pememwmii ¢ ymyd-
YaI0IAM UPABHJIOM BeTBieHdA bB. [MEHHKM ITPABHJIOM BeTBIEHHA B.

B npmeenensoM nprmepe mepBonavaibHas 3afaua P, pasbmpanachk
6n Ha Tpu mop3ajmayd, mokasaunue Ha puc. 10.17 (cp. ¢ pa3buennmem
Ha mepsoM ypoBHe u3 pmc. 10.16, nmoaydYeHHRIM IO IpegHIyIMEMy
NPaBHJIY BETBJEHHUA).

{B) Jlyamee npaBmio sersienss. O6a npeabiymuX OpaBHEIa BeTB-
JIeHHA HCKI0YANMH (IpH KaKIOM OTAeJbHOM BETBJCHHH) BCe pelleHMs,
cojepsKamue 3afaHHHA MK, Tako#, Kak (z,, Tz, . . ., Zx, Z1). Oge-
BHIHO, OJHAKO, 9T0 B PEMEHHM 3aJ39H KOMMUBOAKEpa He TOJIBKO
HE JOJKeH He CYIeCTBOBATh TAKOIl LHMKI, HO JOIKHA OHTH mO Kpaii-
Hell Mepe ofHa Ayra, Begylias m3 Mao:ecTBa Bepmud S = {z;, . ..

.. Zy} B MHO%ecTBo BepmuH S = X — §. [leiicTBuTensH0, Cyme-

CTBOBaHHe KaKoil-1n6o ayru, Benymeit m3 S B .S, He TOJBbKO rapaHTH-
PyeT HUCKIIOYeHHE DENeHHdH, COAepHAMUX UK, IIpPHHAgIeKamuil
MHOKECTBY S. HO TaK:;Ke I03BOJIAET HCKIKINTh PelIeHus, MHOKEeCTBa
BeDIIAH KOTOPHIX JeKaT B S M KOTOpDHIE COCTOAT M3 HECKOJbKHX
OAKI0B (2 He TOABKO U3 OXHOro). TakuMm o6pa3oM, MOKHO OKHAATH,
9TO OPaBWJIO BETBJEHHA, OCHOBaHHOe Ha TpeGomaHmHM, 9TOGH cyme-

CTBOBaJIa HEKoTopasA ayra 3 S B 5, 6yaer paBHOMEDHO Jyd4Ire, geMm
XBa OPEHAYIIUe NPAaBEIA BOTBNEHHA 2.

Tak xkak gyra #3 S B S f0o:KHA HAYMHATHCA B HEKOTOPOX BepIIAHE
u3 S, TO 3aga’y MOKHO pacmennTe Ha kX mopmsanad. B momsamaue
P; mu 6ynem Tpe6oBaTh, 4T06H HAaYaNbHONE BepmHHON AYIm SBIAIACH

z; €S, a KoReyHO! BepmuHOHX OnuTa HeKkoTopas BepmmHa B S. ITO
MOKHO CfleNaTh, IOJOMXKHB ¢ (I;, Z;) = oo OJA BceX x; € S ¥ OCTABHB
0e3 W3MeHeHHA BCe NPYrEe Beca. B pemeHHmH moJydYuBIIeics 3agadd

0 Ha3HAYeHMAX MH HaBepHAKA OW MMeNHW AYTYy 43 z;, BeIymymo B S,
TaK KaK QJA BCeX JPYIHX aJbTEPHATHB MX Beca NOJKHH OHTH HOJO-
7KEHEL DaBHEIMH o0.

B npumepe, nanHoM Bume, HavaJnHAaA 3agada P, Guuia 6w B cooT-
BEeTCTBMH C HAaCTOANIMM OPABHJIOM BeTBJIEHAA NOApasfeleHa HA TpH
nmoA3afadd, onpelesieHHHe, KaK mokazaHo Ha puc. 10.18. Janpreiimue
BEeTBJIEHUA NIPOUCXOQAT aHAJIOTATHO.
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7.2. Tipamep

Haiita pemenme 3aja9® KOMMHBOSKepa C MATPHIPRH BecoB
1 2 3 4 5 6 7 8

1|00 |76]43)38]51|42)19(80

2|42 |0 |49(26| 78] 52|39 87

3|48 |28 | o0 [36]53]|44|68]| 6]

4172131129 o0 |42]|49(50] 38

51301523847 jcc|64]75] 82

6166151 |83151 22|00 |37|TN

717762 (93154 16938 foo|26

8142158 (66 |76 (41 |52 |83 | 0

Temeps MH HCIONB8YEM TOJBKO YTO ONMCAHHEI AJTOPATM HCKIK-
9eHWA IOHKMOB, Gepa Ha KaKAOM mMAre IEKIH HaWMeHbIeH MIHHH
H ACHONb3ys HMPAaBHAO BeTBJeHmA B.

Pemennme safaus o HazHaueHmAX ¢ mMaTpmmeir C, cocromT M8 ABYX
nukxos (2, 4,3) m (1,7, 8,6,5) ¢ sBecom 232. 10 cooTBeTCTBYET

232
(A)(178,651) (243)

(1,4,3,2,7,865)

6‘,4'00

(14278)(365) 4  (16532478) } (17832465
(1,7,824,365) (1,765324.8)

Pac. 10.19, ITomcr, mcmoassymomuait fepeBo pememmi m8 mpumepa 7.2,
yany A mepesa pemeHEi#, mokasaEHoro sa pmc. 10.19. Mcraovenne

makxaa (2, 4, 3) mo npasmay BersaeHEA B npmBommT K TpeM moxsana-
9am, nsobpamaemMux Ha pac. 10.19 ysaamm B, C m D. Marprou Becos
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9THX IoA3ajad, pemeHns 3afad O Ha3HAaYE€HHAX NJA HOX II BeCa 3THX
pememn‘i PaBHH COOTBETCTBEHHO

76

43

38

51

42

19

78

52

39

87

3148

28

36

53

68

61

4172

31

29

42

49

50

38

5130

52

38

47

75

82

51

83

51

22

37

7

62

93

69

38

26

58

66

76

41

52

83

76

43

38

51

42

19

80

49

26

78

52

39

87

3]48

53

68

61

3t

29

42

49

50

38

5130

52

38

47

75

82

6] 66

51

83

51

22

37

71

62

54

69

38

x

26

58

66

76

41

52

83

(1,4,3,2,7,8,6,5)
264

(1,7,8),(2,4),3,6,5)
248

Pemenne nonsanasu B ABaseTcsA raMUABTOHOBBIM IIMKIOM € BECOM
264. Opmako HmXHHEE rpasunsl B ofoux yamax C m D menbIme 3Toro
3HAYEHAA, TAK 9TO CYMECTBYeT BO3MOKHOCTH NOJYYHTh JVUIIee pelre-
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1 2 3 4 5 6 7 8

1]o0|76|4338|51]42)19] 80

21421 c [49126)| 78 52|39 87

3[48)28 [oc [36)53]44 68| 61

4(72| 0 | |0 ]|42|49]50] 38

C,= 1,7,8),2,4,6,5,3)
530523847 |cc |64 75]82 250

6|66|51 |8 (512200 [37(71

7177)62]93|54 |69 |38 |co |26

84258 |6676 |41 |52 83|

HEe, IPOROJ:KAA IpoLecc BeTBIeHHA. Hawmenpmaa W3 HEWKHHX Tpa-
paxn ecth L = min (248, 250) = 248, m oma coorBercTBYyeT y3ay C,
HOBTOMY HpONECC BETBIOHHA CJeAyeT INPOXOKATH C 3TOTO YaJia,
Bckawuand mEKA (2, 4). Temepp BOSHHEKAIOT [Bé ApyrHe NON3ajadm,
noxasagHNe ysinamu E u F na pmc. 10.19. Ux marpanu Becos, peme-
HAA 3a/1a9 O HABHAUGHWAX M Beca TAKOBH:

1 2 3 4 5 6 7 8

1007643 38| 51)42]19] 80

2|42 |00 |49 | 0| 78523987

3|48 |00 |0/ 0| 53]44)68]61

4723129 | 0|42 |49 50|38
C, = (3,6,5,(1,4,2,7,9)
5|30 |52 |38 |47 | o |64 |75 |82 280

6|66 |51 |83|51(22 o0 (3771

7]77 |62 |93 (54|69 |38 oo |26

8142 |58 |66 |76 (41 |52 {83 |0
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1 2 3 4 5 6 7 8

1o [76 43 38 |51 [42]19]80

49 126 |78 | 52|39 | 87

to
N
to
&

348 | |>x |x |53 44|68 |61

4172 (o [29 | oc |42 {49 |50 | 38
C, = (1,7.8.2.4.3,6, 5)

5130 (5238 [47 | |64 |75 |82 254

666 |51 183 |51 [22 |oo |37 |71

7177 [62 193 |54 (69 |38 |0 |26

8 42 58 66 76 41 52 83 o

CrexyeT OTMETHTH, 4TO HA 9STOM OTame pelleHde Nopgs3ajagm F
ABIAETCA TaMHIBTOHOBHM IUKJIOM C BecoM 254. 3TOT Bec MeHbIIe,
geM Bec IPeHAyINero Jydmero pemeHus (¢ Becom 264), ®, ciemosa-
TeILHO, NYYMHEM TeKymMuM pememneM OygeT pemende UoAsajaq: F.
JIsa y3na (£ u D) Bce eme 1a0T pemesds ¢ HEraMAJILTOHOBEIME IAKIa-
MH M ABIAITCA IO3TOMY KaHAUJATaMH Ha NPOAOJIKEHHe LpoIecca
perBienns. OgHEako pua yana E mwmuas rpasgEna pasHa 280 > 254
(rexymee 3HaveHme HAMJY9YIero peIIEHAs), M, 3HAYAT, BETBJIEHHE
B 3TOM y3Jle He MOJKeT IIPHBECTH K JydmeMy pesyiasraty. Iloaromy

1 2 3 4 5 6 7 8

1[ac|76]43 (385142 |0 o

o

42 | oc (49 |26 178 |52 /39|87

3148 128 |0 3653144 |68 61

472 00 Joo |c [42]49 |50 38
C,- (1,6,5,3,2,4,7,9)
513052138 (47 | o |64 (7582 274

6166151 183151 (221 {3771

7177 (62 (93 154169 |38 |0 |26

8|42 |58 (66 |76 |41 |52 |83 |
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ysen D ¢ mmwxme#i rpamEmmest 250 <254 ABIAETCA ENAHCTBEHHHM
yB8J0M, BeTBIGHE® B KOTODOM MOKeT NPHBeCTH K yayymenmo. Hckmmo-
vegme mukiaa (4, 7, 8) @8 pemenns nusa ysna D DpEBOOET K TpeM
moxsanagaM, oGosnagennnM Ea puc. 10.19 wak G, H m I. Coorser-
CTBYOIIMEe STEM IOASAJayaM MATPHIH BeCOB M peNeHHS 3anad
0 HASHAYGHAAX TAKOBH:

1 2 3 4 5 6 7 8

1f{oc [76 |43 ]38 |51 (4219 |80

2142 |00 |49 |26 |78 |52 (39 |87

3|48 |28 (o0 |36 |53 144 |68 |61

4(72 |00 [0 (o0 [42 |49 {50 38
C, = (1,7,6,5,3,2,4,8)
5130 (5238 |47 |0 |64 |75 | 82| 251

6166 |51 |83 |51 (22 oo [37 |71

Tioo {62193 (54 (69 |38 jco |00

8|42 |58 |66 |76 |41 |52 |83 |0

1 2 3 4 5 6 7 8

1|00 |76 |43 |38 (51 j42|19]80

2|42 |0 [49]26 (78 ;52|39 |87

3148 |28 | oo |36 53 (4468 61

4172 oo |00 |0 (42 |49 |50 38
C = (1,7,8,3,2,4,6,5)
5130 |52 [38 (47 [0 |64 | 75| 82| 266

6{66 |51 |83 (51 (22 |00 |37]|71

7|77 |62 (93|54 |69 {38]|cc|26

8] |58 |66 |76 |41 52 |x |

Ha aToM aTame Mu 3aMevaeM, 970 pemenume noAsafaum H Apaserca
TaMBJIBTOHOBHM IHUKJIOM ¢ BecoM 251, 9ro MeHbme weM mpeJHAYIIEe
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Jyqmee 3Havenme 254. Ilosromy pemenme mopsapmauu H, T. e. (1, 7,
6, 5, 3, 2, 4, 8), samemser mpegmaymee naywamee pemenme. Kpome
TOro, 3HaYeHwe 251 MeHRINe, ¥eM HEHKHAA TpaHmua B JI060M KoHEY-
HOM y3le fepeBa, H, CJef0BaTeIbHO, HAlJ€HO ONTUMAIBLHOE PeIIeHHEe
Beeil 3afavm. (PemeHnsa BO BCeX KOHIEBHX Yy3JaX — 38 HCKJIIOYCHHOM
ysia E, BerBleHHe B KOTOPOM OHJIO UPEKpAIIEHO paHee,— SABIAKTCA
Ha CaMoOM fiejle FaMHAJIBTOHOBHIME NHUKJIAMH, H 37eCh 6e30THOCATEJHHO
K TPaHHIAM BECOB 3THX pelueHmit He HYKHO Ohl OBJI0 IPOH3BOXHMTH
JanpHeiimee BeTBIeHHE.)

7.3. BuuncauTelbHHE KOMMEHTAPHM M XAPAKTEPHCTHKH

ToabKO YTO ONECAHHHI aJTOPUTM IOHCKA, HCIOJIb3YIOIUHA [ePeBo
peleHiil 1 OCHOBaHHKIA HA HCKIIOYEHAH LHMKIOB, 3aBHCHT OT HaXO0K-
JeHNs PEIMeHEH 3ajad O Ha3HAYEHHAX C OYeHb HEe3HAYATEJLHO M3Me-
HeHHHMH MATPAIaMM BeCOB. 3[eCh CIeAyeT OTMETHTh, YTO KarKHas
H3 JTHX 3a7ad MOKeT OHTH pemeHa O49eHb UTPOCTO, €ClAd XPAaHHTh
peleHue UpefnyIIell 3agadd, M3 KOTOPOil oHa BosHMKIA. B wacTHO-
CTH, MoAuQHKaHy, IPOA3BOJUMEIE B C.1ydYae BCEX TPeX paHee yIOMA-
HYTHIX NPaBHJ BETBJIGHHH, IPOM3BOAATCH C NOMON(bI0 OpAPABHHBA-
HHEA oo HEKOTOPOro 3jeMmeHTa ¢ (z;, z;) AAA RYrnm (z;, z;), BXoRAmeH
B pemeHIe TeKyneidl 3agadyd O Ha3HAYEHHMAX.

B Benrepckom asropurme (cM. ra. 12) pemenus 3agaun o HazHage-
HUAX 3TeMeHT ¢ (z;, ;) B OKOHYATEABLHOH OTHOCHTEJHHOH MATPHIR
BeCOB J10JKeH Ona Gn mmeTh 3HaveHue 0, a COOTBETCTBYIOMUA MapKep
LOKa3bIBaeT, 970 B pemeHn® Onno HazHadenme. ameHnenume 3navenus
auaemeHnTa c (z;, ;) upmBeio 6bl, 0YEBHZHO, K IePEpacIpeneeHAI0
9TOr0 Ha3Ha4YeHHA, HO ocraBmio On 6ea mamenenmst npyrue n — 1
Ha3paveHn#d. TaxkuMm o6pa3oM, BauHHasA C pemeHds (HA3HAYeHAH)
3aJaIM — X0 TOr0 KaK ORI HpOoM3BeJeHH MOFMMKAIUM MATPANL
le;;] — i ymaass ynomsmyToe HazHaveHme, MOKHO IOJYYATH pelle-
HEe HOBoOil MogEUUUpOBaHHOU 3afadl, HOBTOPHO NPHEMEHAA BEHTep-
CKOIl aJITCOPHTM Ha DOCJE{HEM Lare, Tak KaK eHHCTBEHHBIH (IPOPHIBY,
T. e. eIUHCTBEHHOE YBeJIH4YeHHe YHCJa HeHYJeBHX HA3HAYeHHH
¢ n—1 10 n, gan 6K B AeACTBUTEJBHOCTH ONTHMAJBHOE pPEHICHHE
HOBOM 3ajmavd o Ha3HaveHnaAx (geraam cm. B ria. 12).

PaGoune Ka4ecTBa BHINEOHHCAHHOLO aJTOPUTMAa HOMCKA C MCKJIIO-
qeHHeM [HMKJIOB 0 LOpaBmiay BerBaeHdd B mcciaemosanu Benamop
7 Manove [2]. Ha mwo6oit cramun BerBIeHHe B yaje IPOROJIKAIOCH
TaK. 9T00H HCKJIIOYUTE IHMKIL HAaEMEHBINEH MJIHHE B PeMEHUE 3aAaIH
0 HA3HAYEHIIAX, COOTBETCTBYOIIEN aTOMY y31y. 3a/(ada KOMMABOAKepa

€ TPON3BOJIBHOI aCHMMETPHIHOI MATPHIEIl BECOB MOKET GHTH pemeHa
ma UBM 7094 11 sa T cexyunu, rae

T ~ 0,55-107%. n3.48
® n — 49ncao BepmuH B 3agage. (Bol1o mokasaHo, 9ro ABa Apyrmx
IpaB#iIa BETBIEHIA 061aXat0T XYAMMMH XapaKTepucTuKaMy, ocoGesso
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B 3a/la9aX, Ipafll KOTOPHX COREPKAT TAKHE «CKOIJICHHA» BEPIINH,
9TO AYrH B OZHOM H TOM {6 CKOIUIEHHH MMEI0T MAJIHe Beca, a AyTH
Me)K[ly BepIDHHAMH H3 PasHHX CKONJNGHHYW HMeloT GoJbmmEe Beca.)

Tey He MeHee BHITGONHCAHHHH AXrOPHTM paGoTaeT He CIHIIKOM
X0pomo B CHMMOTPHYHHX 8ajla9aXx, TaK KAK B HHX DeNICHHA 8agal
O Ha3HAYEHHAX OOWYHO COCTOAT M3 GOJNBIIOr0 YHCAA IMEKJIOB AJHHH
2 B aaA ux ACKIANYeHHA TpeGyeTcA OUeHb. MHOro BeTBAeHHE. Eme
xyme o6CTOMT neno Torga, KOrfia 3ajada KOMMHBOSKepa pemaercA
Ha rpade, KOTOPHI{ He CONEPHHET FAMAILTOHOBHX IHK/IOB KOHEIHOTO
Beca.

7.4. Jlyumme rpaHmMne 1A fepeBa MOHCKA

Mu onucanm B pasp. 7.1 aaropuTy moHECKa, B KOTOPOM B KaJeCTBO
HEKBeil TpaHEENH B y3iae GepeTcs 3HAUYGHEe M3 peNIEHHAA COOTBET-
cTByomeii 3agasm o HasHasemHsax. Ha caMoM-To Resie COBEPMIEHHO
OYeBHMIHO. UTO METOJ| HCKIIOYEHAS IMKJOB OCTAGTCH HEH3MEHHRM
HE3ABECHMO OT TOI0, KAKajg HWKHAA IPaHHNA HCOOAb3YEeTCH IR
orpannveHds momcka. Ho Tak Kak mpomecc BETBAGHHA B y3Je Lpe-
KpamgaeTcs TOJBKO TOTAA, KOTJA HIM pelmeHMe IOA3aAaTH, OTBEYAN0-
meif aTOMYy y3uny, ABIAETCA TaMUABTOHOBHM I[HKJIOM, HIH KOTAA
HWKHAA TPAaHMOA B Yy3je HPeBOCXONAT 3HAYCHHe NOJNYYEHHOTO MO
3TOr0 HAILIYYImIero pPEImeHUsA, TO OYeBHAHO, YTO KAYeCTBO ONPHKH
TPaHHIH OKA3HBAaeT 3aMeTHOe BIHAHME HA YACHO BOTBICHHN B fepeBe
pemmeHmii u, CI6X0BATeJAbHO, HA BWIYHCARTENBHYI0 3QPERTHBHOCTH
meroga. Llespio HacToAmero pasgena ABAAETCA ONHCAHAE MeTOAA
DONyYeHHNA HEKHeH I'paHANH, BHIACAAEMOA IO pPEIIeHMIO 3ajaTH
0 Ha3HAYEHNAX C HeGOJLIMAMEA NONONHATEAPEHME YCHIAAME A ABJIAI0-
meiica Gosee ToYHOH, 4WeM paHee HCHOAb3yeMHe rpaHEmH. IlycTs
pemeHne 3aJavd 0 HA3HAYGHBAX COREPIKAT HEKOTOPO® THCIO IMEKJIOB,
KaKk 9T0 IOKasaHO B Kavecrse mpmmepa ma pmc. 10.20 (a). Ilycrs
i~ mmEKa o6osmadaerca S, ;, ¥ OYCTh YHCIO HAKIOB paBHO 7;. (Mm
GyneM ICIONB30BaTh OAMH M TOT e CHMBOJX S;, ; KAK AAA 0603HATe-
HEA OOKIa, TAK H XIS 0GO3HAYGHAA MHOECTBA ero BepIIHH.)

OmpenennM cmAzusanue Kak 3aMeHY IMKJA €[MHCTBOHHOX BepHIH-
Boi. Ilonyuennmi# rpad comepskmr n, Bepmme S;; (i =1,2,...
... ;). B ravectBe MaTpHOn Becop HOBOro rpada Oeperca (r; X
X ny)-matpama C, = l¢; (S1,;, S1.;)] ¢ anemenramm Bmpa

¢ (Sy, 1, 84, ;)= min [f;(k;, ky)), (10.19)

isil.i
hje 1. F

rae F, = [f, (k;, k;] — oxongarensHas MaTpHOA OTHOCHTENBHBIX
BECOB, HOJAYYeHHAA B KOHIE DPEMIeHHA 3afaill BeHIepCKEM (Hampumep)
metogom (cM. ria. 12).
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Puc. 10.20. Ilponecc crarusamua. Ileppoe cTaruBaume, BTOPOC CTArHBAHHE, TPCTHC CTATHBAHNE.
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Ha pmec. 10.20 (a), mampmmep,
¢1(S1,5 S1,6) = min [f1 (ks, ke)]-

hsE{11, 12, 13}
ke€(®, 14, 15, 16}

Teneps BTOpOe pemeHwe 3ajadd O Ha3HAYEHHAAX B CAydYae 3agadd
¢ marprnei C; Bce eme MOMKeT COfepKaTh NAKJIK, B Ka4eCTBE BePIIUE
KOTODHIX BrICTynamT npefnpymume uukas. Puc. 10.20 (6) noxassiBaer
OlMH H3 BO3MOKHHX cnoco6oB o0pasoBaHMA HOBHX IEKIOB S, ; (i =
=1,2,...,ny), roe n, — ux obmee gucao (za puc. 10.20 (6) n, =
= 3). OTH UMKIH OUATH MOTYT OHITh CTAHYTH B BEPIINHH H JIaTh
HOBYK 3ajady c HOBo#l Matpuueil BecoB C,= lc, (S,,;, S,.;)], BEUEC-
JeHHOH Tak ke, kak m B (10.19), 1. e.

¢2(82, 1, Sz, ;)= min [fa(k;, k)], (10.20)
€55, ¢
RES,.
rae MHOMKeCTBA S, ; HABIAIOTCA 00BEIMHEHHUAMH BCEX MHOKECTB
Sy, ;, obpasylommx «uacTHme» nmkias, u rae F, = [f, (k;, k;)] —
MAaTPHIA OTHOCHTEIBHHX BECOB, IIOJYYE€HHaA B KOHIE PeIeHHA BTO-
po#l 3ajaYE o Ha3HAYEHAAX.

Pemenme 3ajayn 0 HasHAYEHMAX MJA HOBOIO, ABAKAK CTAHYTOTO,
rpada Bce eme MOKeT COAEP/KaTh LUKJH, H HTEPaOUOHHHH Nponecc
pemeHnsa — CTATHBAHUA MOKHO IPOJOJIKATH J0 TeX mOp, IOKAa 3aja-
9a He CBeJleTCA K eMHCTBEHHOH BepmmHe.

Onpenenmm Komnpeccuro Kak npeo6pasoBaHne MATPHIIH, He YIOBJIE-
TBOPAIOMEHd aKCHOME TPeYroJbHMKA B METPHIECKOM IPOCTPaHCTBE,
B MaTpHIYy, YAOBJIETBOPAIONIYI 3Toi axcmome. Taxkmm obGpasom, pias
KOMOPECCHH MATPHIL HYKHO 3aMEHATH KaKAHI 3JeMeBT m;;. IS
KOTOPOTO

m;;>m;,+my; (OpE HeKoTopoM k),
anementoM min [m;, + my;] 1 npogommaTs 3Ty 3aMERy [0 TeX O, TOKa
R
1A BeAKOTro k He GyVT CIpaBeIEBE HEPABEHCTBA M;; < My —+ Mpj.

Teopema 5. Cymma sHavenuil pewenull 3afai 0 HA3HAYEHUAT. NOAY-
YEHHBT 60 6DEMA NPOYECca «peuwleHue — CMAUSAHUE — KOMNDECCULY
ocyujecmeniemozo enaomv 00 MoMeHma, Ko20a «cmanymas» 3a0aa
6ydem codepacamv eJuHCMEERHYI0 MOYKY), AGAREMCA MOYHOU HUNCHEL
eparnuyell 048 3a0aMU KOMMUBOAINCEDA.

Hoxasameascmso. B ra. 12 mokasano, 4ro saemenr (i,j) B MaTprROe
OTHOCHTEJBHHX BECOB, IIOJYIEHHONX B KOHIE PeIICHHEA 3aJadl O HAa3HA-
9eHAAX, faeT HEKHIOKW I'PAaHANY AJA LONOJTHHTEIBHOrO BeCa, KOTOPHIA
nojyvaeTcs H3-3a BKJIWYeHUA Ayrd (i, j) B pemeHme.

Paccmorpum mumka S;,;. DolydeHHHIA! B KOHIE pemeEHIs NepBORX
3amaum o Ha3HadeHHMAX. JlGoH raMmIbTOHOB LHKJI, IPOXOAIUR
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uepe3 Bce n BepmuH, 6yJaeT mMmeTh IO KpaiiHell mepe aBe Ayrd (ogHy
HANpaBJIEHHYI BHYTPh UNKIa Sy, ;, APYI'YI0 — Hapy’y), UHUAXEHT-
Hele BepPIINHAM, He JeKamuM B Sy ;, W (IPAXOAAIIEe» B OAHY H.IH
60.1ee BepmmH ®3 S, ;. Yucno takux ayr Gymer, O4eBHIHO, JeTHBIM.

°3

Pewenne 334a4un 0 HAZHAYEHUAX
enmmmmn [3MWUALTOHOB UNMKA

(a)

§,,=(1,2,5)

5,27(34,6)

§13=(8,10)
(d)

Puc. 10.21. IIpeo6paaoBarne raMaabTOHOBHX MIKJIOB OPA CTATABAHNH.
(a) Pemenne 3agaun o masamavennax. (6) [aMuabTOHOB LHEKJI.

Ha puc. 10.21 (a) raMEabTOHOB LUKJI MOKa3aH KUPHOH JuHuHel,
B TO BPeMsA KAaK DeNIeHHMe 3afadd O Ha3HAYEHMAX OOKA3aHO TOHKOMX
Jgnruneii. Ilocne craruBamma moaydaerca rpad, u3obpasKeHRHHIH
Ha puc. 10.21 (6), ¢ nmBymsa ayramm, nEUAAEHTHHIMH S; g B S;4,
B 9YeTHPbMA AYFaMH, MHIMAEHTHRMHE S;; 1 S, .

Ecan Teoeph NCOOJb30BaTh HEPABEHCTBO TPEYroJbHHKA, TO OOJYy-
qnM

€ (S1ee S1.3) <y (Sys Sm)+0s (1,40 S1,2)+ci (Sy.2, Si.a)v (10-21)

I, caeloBaTeTbHO, HadHaueHue u3 puc. 10.22 (B xoropom nyrm (S, 4
Sy, 1)« (81,1, S1,2)y (S1, 2+ S1.3) 3aMenenn gyroii (S, 4, S;,3)) AMeeT 3Hage-
HIle, He IIPEBOCXOAAMee BeJlnmddHsl HadHavenns u3 puc. 10.21 (6). Tax
Kak HaaHadeHwe uHa puc. 10.22 mMeer mo aBe AYTH, HHIIMZEHTHHX
Ka;RI0Il BepINnHe, H pemeHne 3aJadd O HA3HAYEeHUAX 1A CTAHYTOIrO
Tpada mreer MEHBLIIHIT BeC HasHA4EHUA, TO 3HaYCHUE PEUICHUA 3agadd
0 Ha3HavYeHIAX, cKameMm V (4P;), ABIsercA HMKHEHd rpaunneii giad
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BeJMIMHN HasHavenwsa HA pmc. 10.21 (6), T. e. maA 3HaYeHHA mpHpa-
UIeHAA Beca, KoTopoe 6uo 6u Heo6XoMEMO J1A 06beIAHEHAA BMECTE
PasIEIENX UEKI0B. QueBHAHO, 9YTO IOCKOJBKY rpad HasmagweHnsn,
HOMyYeHHHI ¢ mOMOmMBI0 AI60re raMHIBTOHOBA IHKJIA, COXEPHKHET

Sit
S %

Pac. 10.22. Hasmauemme, coorsercTBymmee puc. 10.21 (6),

C ABYMA AyraME B KaKROod Bepmmwme.
1OCJIe IepBOro CTArMBAHAA (T. 6. B CAydae HasHAYeHMSA, COOTBETCTBYIO-
mero puc. 10.21 (6)) sifinepos mukx, TO ero Bcerga Mo3kEO mpeo6Gpaso-
BaTh B rpad ¢ MeHbmHEM (WIH PAaBHHM) BECOM, B KOTOPOM Ka:REOH
BepIIAHe HHAMNEETHH TOJILKO JBe AYIH. JTO MEJAeTcsA C IOMOMbIO
B8aMeHH IlenH, o6pasoBaHHOM AyraMH, BeXymEMHA H3 OfHO# BepPIIHHH
B APYTY®, e[AHCTBEHHOH XYyToil Me:KAy STHMH BepmmHaME (Kak Gro
TPOAEMOHECTPHPOBAHO BHIIeE).

Ecan, ¢ ngpyroit CTOPOHH, MaTPANA OTHOCHTeIBHHX BecoB C;
He YAOBJIETBOPSAET YCJIOBHIO TPeyroJbHEKA, To cooTHomenme (10.21)
MoskeT GHTH He BHIOJHEeHO. B aroM caywae marpuna C, RomkEa GHTH
CHAYAJTa HOXBEPTHYTA KOMOpecCHH. 3JHAUCHHe PeIIeHHA 8aJa9d O Ha3-
HaYeHWAX C KOMIPECCHPOBAHHOH MaTpHOell ciegyeT B3ATH TOrja
B KadecTBe HW)KHeH TIpaHMON BeJMYHHH NPHpPAMEHHA Beca, 9TO
HeobxofuMO IpH OGBeMHEHHW IUKIOB. JTO TaK, M60 KoMmpeccHs
MaTPHIH MOKeT JIHIOb YMEHbIIATH MJH OCTABATH (3 msMeHEHHA BecC
q1060T0 HASHAYCHHA IJIA NEpPBOHAYANBLHOM MATPHIH.

Ananormuso V (AP,) — Bec pemeHHA 38739 O HA3HATOHMAX
ToCJe BTOPOTO CTATHBAHAA ABIAETCA HMKHEH TpaHENeld Beca CBA3IH-
BAeMHX IHUKIOB, NOJY9Ya€MHX NPH 3TOM CTATABAHHM, M TaK Jajee
IJISL TPEThero, 9eTBEPTOr0 M OCTANBHMX cTArmBanmii. [loaToMy Bemm-
9uHa

L= 425‘0 V(4P)), (10.22)

tne V (AP,) — 3sHaveHHe HAYaJLHOTO pPeIeHHsA 3afa9d O HasHadJe-
HEAX ¢ BavajabHO# maTpmneit C, a k¥ — wmeno crarmBanmiil, Heobxonm-
MHX AJaf npeoGpasoBanus rpada sajayd B €[HHCTBEHHYIO BOPIIEHY,
pPaBHOe BeCy pemeHHA sajaun KommmBosykepa. Teopema HmokasaHa.

Boolme 3ecs ciegyer OTMETHTH, UTO JaKe eCAH HaYaJNbHAA MaT-
pHIa BeCOB YROBJIETBOPAET YCHOBHIO TPEYTOJABLHAKA, TO MOCHIEAYIONMMAe
MaTPHIH OTHOCHTEJLHHX BECOB MOT'YT He YIOBJIETBOPATH 3TOMY YCJO-
BHMI0 H Ha KaKOM-TO 3Tame MO)keT moTpe6oBaThCA KoMIpeccHs.
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IIpumep ewMuUCAEHUR 2DAHUYB

Paccmorpum 3amaly Kommmsosmxepa ¢ 10 Bepmmmramm, marpmma
BECOB KOTOPO# CEMMeTpHMYHAa M OpmBefeHa B tabmx. 10.3.

Pemesne HauajbHOM 3aJaid O HA3HAYEHHAX JaeT BeJIHIHHY
V (AP,) = 184. PeaynsTEpylomas MaTpPHIOA OTHOCHUTEILHHIX BECOB
maBa B tabx. 10.4, a pememme nmaercsa rpagom ma pme. 10.23.

S
S 7?: s
1.3
¢ g
7
v;'m
10

Pac. 10.23. IlepBoe pemenue 3aja4d 0 HA3HAYEHAAX.

1
3
2
Y 8

Stz Q St

82,2

Puc. 10.24. Pemerme mocie mepBoro CTATABAHMA.

ﬂ S
S.

22

Prc. 10.25. Pemenne mocie BTOpOro CTATHBAIHMA.

Crarusamme rpaga ma pmc. 10.23 naer rpad ¢ 4 mepmupamm,
MaTpANA BECOB KOTOPOro Moxker GuTh BwumciaeHa mo (10.19), m oma
nasa B tabx. 10.5 (a). dTa MaTpuna BecoB He YNOBJETBOPHET YCIO-
BHIO TPEYTOJbHAKA H IO3TOMY HOABEPTaeTCA KOMIpeCCHU. PeayapraT
nas B Ttaba. 10.5 (6).

Pemenne samaum o HasHauenmax ¢ Marpuneidr ma Ta6a. 10.5 (6)
naer Beaudany V (4 P,) = 20. Peayasrupylomas MaTpaIa OTHOCUTENb-
HHX BecoB fnaHa B Tabn 10.6, a pememme 3amaum o HazHawemmAX
naerca rpagom Ba pme. 10.24.
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Tabsuya 10.5a Tabsuya 10.56
Marprua Becos

1 2 3 4 1 2 3 4
oo (12| 220 1]l |12] 2|20
2 0 |c | 2] 8 -— 2 0|0 (18] 8
3| 2 )14 |0 |22 3] 2(30 |0 |42
4( 8 | 8 |10 | oo 4] 8| 830 |
Pewenue 3adavu
0 HAIHAYEHUAX l
Ta6auya 10.6 Ta6auya 10.7
1 2 3 4 1 2
1| [10] O[]0 I1|o| O
—_——
21 0> |20 2|10 |00
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Crarusanve rpada ma pmc. 10.24 paer rpad ¢ 2 BepmmHamm,
MaTpPHIA BecoB Koroporo (swumciaenHas mo (10.20)) nana B Taba. 10.7
(Ora TpEBEaabHaa (2 X 2)-MaTpEma He HNOMKHA MOXBEPraThCA
KOMIIDECCHH, TAK KaK OHA YAOBJETBOPAET YCJIOBHIO TPEYroabHHKA.)

Pemenne 3afaum 0 HasHaueHAAX ¢ MaTpuneir ms tabu. 10.7 mmeer
sHavenme V (APg) =10, a camo pemeHme paerca rpadoM
na puc. 10.25, xoTopHii mepeXOXHT B €AMHCTBEHHYI0 BEPIIHHY IIOCTIE
caepyiomero cxarma. Taxam o6pa3oM, HWKHAA IPaHMNA 3HAYCHHA
A 8alaYH KOMMHBOSIKepa ¢ MaTpumeir ma Tabn. 10.3 pamma

L=V (AP,)+V (AP))+V (AP, =214.

CpaBHEB ee co 3HaYeHHeM ONTHMAJLHOTO PEIICHHA 3aJaT¥ KOMMHABOSA-
#epa, pasHoro 216, moayumm ommbry B 0,93 %, B To BpeMa Kak
HCIOJb30BAEME B KayecTBe HMKHeHl rpanunmu seawswsu V (4P,)
gaer ommbky B 14,8 %. XorA HacroAamasa HIKHAA TPAaHHOA H He
ABjIsAerca B ofmeM ciydae Takoil GiH3Koil, KAK B IPHBEJEHHOM HOpPH-
Mepe, HO peayiabTatH [8] NOKaswWBaOT, YTO 9TA I'PAHALA B CpeJHEM
3HATHTEJBbHO JyIme, JeM V (AP,).

Bpemsa BHYHCJIEHAA TPaHANH B 3aJja7e KOMMHBOS;Kepa B CpeHEM
Toabko Ha 9% Goabme Bpemennm, TpeGyeMOro [/ PemeHHA 3aJadd
0 HaBHAYEeHMAX € TOH Ke caMoit MaTpuueil BecoB. Bpema BHumCIeHHA
IPH PeIeHAH 3aJa9¥ 0 Ha3HAYEHUAX C HCIOJh30BAHHEM BEHIePCKOTo
MeTofia oueHmBaeTcs Kak knd (cum. ra. 12), rne k¥ — Bekoropas nocTosH-
HafA, 8 n — NopAKoK MaTpunu. CaMuil mA0X0i cayJall OpH BHYHCIE-
HAH TPaHANOH (YTO KacaeTcA BPEMEHH BHYMCIEHAsS) BO3HEKAET TOTAA,
KOT/Ia BCe IHKJH IPH Ka)KAOM CTATHBAHHMH COAEP/KAT TOJNBKO IO ABE
BepmmHEN. B aToM caydae o6mee BpeMA BHYHCIEHHA IPH pemeHHAH
3a7iaYd 0 HA3HAYEHHAX TAKOBO:

Ktk (5) +k (£) +. . g hn 2 1,143 knd. (10.23)

Hs (10.23) BugHO, uTO B XyameM ciayuae TpebyeMoe BpeMa AJiA BHYMC-
JeHAA NpENJOKeHHON TIpaHENH B 3afade KOMMMBOSKEpa TOJIBKO
Ha 14,3% G6oapme, wem BpeMs, Tpefyemoe AJA pemieHHA 3afadH O
Ha3HAYEHHAX TOTO K€ CaMOTO pa3Mmepa. (3mech clefyeT 3aMETHTh, UTO
Bpems, Heo6GxXoaEMoe [JIA BHNOJHEHHA TOM YACTH mponecca, KOTOpas
CBfi3aHA C «CTATHBAaHHEM» U (KOMIpeCCHeil», ONEHMBAEeTCA Kak nl.)

7.5. lipamep n3 paspena 7.2 ¢ yaywmenHod rpammneii

PaccmoTpum eme pas npumep w3 pasgena 7.2, HCIOAL3YA yaAyImen-
HYy10 TPaHALY, ONHCAaHHYI0 BHIIe (BMECTO HCIOJL3OBAHHA B KAUECTBO
Takoii rpaHAOH NPOCTO 3HAYGHHS PeImeEHMA 3a4aUH O HASHATYEHWAX).
I'pannna, cooTBeTCTBYlOmMAas HAYAJBHOR 3amaue ¢ Marpamei BecoB
C, (pasn. 7.2), nomxna Torna 6ure V (AP,) + V(AP;)4-232+4+13=245.
(Heob6xonuMo BTOpOe CTATHBaHHe, M peIeHWe HOBOM 3aXadM O Ha3Ha-
yeuusnx pasuo 13.) Ilopgsapaum B, C m D nonyuenn, Kak M paHbme,
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HO HOBONl rpammued aaa moxsagadu C 6ymer V (AP,) + V (AP)) ==
= 248 +— 6 = 204, Bmecto mnpexmpymero 3sHavenua 248. Hosoix
rpammneit naa uomsagasm D Gymer V (AP,) + V (4P,) = 250 +
+ 0 = 250 — 10 e, uwro m pawpme. ('pammma mna B ocraHercs,
KOHEYHO, HEM3MeHHOH, TAK KaK pemeH¥e 3ajai® B sBasercAa Ha ca-
MOM JeJe raMHJIBTOHOBHM NUK/JAoM. Temeph BeTBIeHHe HYKHO JAeJaTh
B yaiae D (tak xak 250 << 254), a me B C, Kak B IpeANIyIIeM caydae.
9T0 BeTBIeEWe NDHEBOAMT, KaK B Opekne, K mopasagauaMm G, H =» I,
7 mamiayymee pemennme (mopmsapava H) mmeer zmavenme 251. Ilaap-
Heimee BerTBiaeEMe B C (rfe pemeHHe He ABIAETCA TaMHJIBLTOHOBHM

Prc. 10.26. TIoECK C AepeBoM pemieRHMil U3 npAMepa 7.2 ¢ yAyJmeHHOI rpaEanei
AAA 3374 O Ha3EaueHHAX.

MUKIOM) yxe He OyaeT HeoOXOXMMEIM, TAK KakK ero HEKHAA TPaHENA,
a uMeHHO 254, Goabme wem 251. Ilpesxkmsa rpammma gns C, paBHaA
248 (membme 251), 6mia HemocTaTOYHOM AMA TOTO, YTOOH NPEKDPATHTH
BeTBlIeHHe B 3TOM yaxe. Takam ofGpasoM, YJIydmeHHAsA TpaHANA
N03BOJAET CIKOHOMMTH J{Ba y3/a B JiepeBe pemeHdil mOHCKa, KaK 3TO
mokasano ga puc. 10.26. 1o maer s3xomoMuIo ToNbKO Ha 2/9 Mus aTok
MaJieHbKOH 3aja4¥, HO NJIA 3ajga¥ OONBIIOT0 pasMepa IONYIAeTCH
6oapmoit IPOLEHT SKOBEOMAH Y3J0B AepeBa, T. . YHCIA 3afad o (n Ha
n) HasHaYeHHAX, KOTOpHE CJIeLyeT DEemdaTh

8. 3agaun

1. IloxasaTs, 9TO ec/M HEOPHEHTHPOBAHHHIA rpad G yHoBIeTBODA-
eT ycaoBmaM: (1) ans KaKIOro MONOMKATENBLHOTO LEJOro JHCIA k <

1 “
<3 (n — 1), 9@CIO BEepMEE CO CTENEeHBI, HE NpeBOoCXOAAmen k,
Merbme ey k, (2) ecam 9HMCIO BepmHH CO CTeNeHBIO, HO NPEBOCXONA=

o 1
meil 5 (n — 1), Menbme BIX paBHO 5 (n — 1), To oHO mMeeT raMAIL-
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toHoB HHKA (cM. [25, 29). 3amerum Tak:ke, uro rpad, cocrosmmik
N3 eTHHCTBEHHOr0 TaMHJIBTOHOBA INWKJA, He YHOBIETBOPSAET BHIMe-
npHEBeJICHHKM YCJIOBEAM, T. €. YCJOBHA TOCTATOUHH, HO He ABIAKNTCA
peo6xoxAMEIME).

2. JloxasaTs, 94To eCIE B HEOPMOHTHPOBaHHOM rpade G aaa awboi
napH HeCMERHHX BePIIMH Z; M Z; CTONEHH YNOBJETBOPAIT YCJIOBHIO

d.(xi) +d (xj) > n,

To rpad G mMeeT raMmabToHOB mmKI (cM. [26]).

3. PaccsmorpuM pemerdatnii rpag G, o6pasoBaHHHE p TOpPH3OH-
TAJIBHHME H ¢ BEePTHKAJbHHMHU JWHAAMH, TAe KakAas TOUKAa mepece-
9YeHHA pacCMATPHBAETCH KAK BEpPMAHA M Ka:KALE OTPE30K MEKIY
COCeTHEMH TOYKAMH IEepecedeHHA pemeTKA — Kak pe6po. IIpm xarkmx
p B q rpap G mMeeT TaMHIETOHOB IHKI.

4. Ilokasats, 9To rpad, BepmEHHM H peGpa KOTOpPOro COOTBET-
CTBYIOT BepIIMHAM H peGpaM n-MepHOro rEnepkyGa, EMeeT raMEIBTO-
HOB IHKJI.

5. IToxazars, 910 B rpade H3 sagaud 4 FAMHILTOHOBA NMEHOb MEKIY
ABYMA NHEAMETPAJNLHO NPOTEBONOJOKHHME BEPMHAHAMHA CYIIECTBYET
TOTRA H TOABKO TOrAAa, KOTZa N HEYeTHO.

6. NokxaaaTh, 9TO B K& KAOM IOJHOM AaBTHCHMMETPHYIECKOM OpHEH-
THPOBaHHOM rpae CymecTByeT raMHJIbTOHOBA IeNb.

7. Ucnmoansys wMeroum pasfa. 2.4, 2.2 m 2.3, a1m6o maiitm BCe
raMEJIBTOHOBHN OHKIH B rpade ma pmc. 10.27 (ecam Tarme mmEKIH
CYIReCTBYIOT), Jm60 mOKasaTh, YTO TAKHX LHKI0B HeT. CpaBHHATH
BHIHCAATEIbHYI0 TPYROGMKOCTh 3THX METOMOB.

8. Hcooassysa Meron pasn. 2.3, npoBepurh, 9T0 rpad, msobpasken-
guit ma pmc. 10.28, He comep:XET raMHJIBTOHOBA mEKia. JlokasaTh
TOT ’Ke PesyJaBTaT APYTHEM CmocoGoM.

9. [lna samaum KOMMHBOSKepa ¢ HPHBOAEMOA HmKe MaTpHNe
peGeprrix BecoB C BHYHCIATH HMKHME I'DAHUIH ONTHMAJBHHX peme-
HEil, HCUOOJABLSYA 3a[aYM O HA3HAYEBHAX H O KpartvafimeM oOCTOBe.

2041 2
3012730 3
c=4!z7£40 9 4
5| 521439 |43} 5
6| 622553 65'31, 6
7 ,47[17(38|52[28 15

' 10. Haitte xpargakmyso TAMAJIBTOHOBY Iel'b Me)KAY BepIIEHAME 4
B 7 pas rpada ms samawm 9.
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~

oo
(2]

5
Pnc. 10.28.

11. Hairte a6conoTHO KpaTdalmylo raMAJIBTOHOBY @Henk B rpade
23 3apgavm 9.

12. PemuTh 3amavy KOMMHBOAKepa C MaTpHEneil pefepHEIX Becos
#3 3a7aud 9, MCOONB3YyA QJTOPHTM NOHCKA C filepEeBOM peIeHHEH H3
pasgena 7.1 m mpaBmio BeTBHIeHEA bB.

13. PemwuTe 3amagy 12, mcmoabayA TOT :Ke CaMElid METOX, HO IpDH
BHYACIEHEH HIKHEX PAaHUN, NeACTBYA B COOTBETCTBHH C Pe3yJbTaTa-
ME pasg. 7.4.
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10. Ipuxo:xenne

Humxe manaraeTcs ajropuT™M BHYUCIEHHMA BepxHeR rpaHunu B
MAHAMATBHOTO 4YHCJIa NEepPeHACTPOeK annapaTypel., TpeOyommxcs
B 3ajade [UIAHMPOBAHHUA M3 pasf. 4 MaHHOH TJIABEl. KOTODPHIA MOKHO
HCIOJH30BATH B KAageCTBe HAYAJBHOLO AJTOPHTMAa JTOTO pasjena.

lllaz 0. Napekc <— 0, B < 0.

IMaz 1. Baste Mvetkm I (z;) =0, V z; € X. Iloxoxures p = 0.

Llaz 2. G = (X, A), subpats awGoe z, € X, mOI0KETH S =
Z{xv}'

Ilaz 3. Ecam mamekc =0, obpasosats S = S | T (S); B mpo-
tuBEOM caydae S = S |J I'"1(S). 3mecs I (zy) ={z; | (s, zj) € A}
I (S)= U T (z;), a rakxe

s

X

I (i) ={z;[(z;, z;) €4} m T (S)=xgs I (zy).

Mgz 4. Ecagr S = S, 10 mepeidTd K mary 5; B OpOTHBEOM CJIy4ae
p<~p—+1,1(x)«pVz, €S—S, S« S a Bepuytsesa K mary 3.
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Illaz 5. Hasitm x €{z; | I (z;) = p}.

lllaz 6. Ecam wenexc=0, mafitu 2' € {z; |l(x;) =p —1 =
(r'. ) € A}; B npormBHOM cayuae HaiiTH z' € {z; |l(x;) =p — 1
n (z, z') € A}.

Wae 7. X <X —{z}, A4 —{(z, ;) | z; € X} —{(z1, 2) | z: € X).
Ecamz ={z,}, 70 B« B -~ 1 » mepeiits k mary 12; B npoTEBHOM
caydae mepeiTH K mary 8.

Iaz 8. x < 2', p<«—p —1. Ecam 2’ = z,. nepefitn K mary 9;
B IPOTHBHOM CiIydae mepefiTR K mary 5.

Illaz 9. Ecan mrnekc =0, nagexc < 1 & nepeiite K mary 1; B npo-
THBHOM cJaydae nepeitm k mary 10.

a2 10. Ecam X = {z,}, 70 B <— B + 1 n nepefity ¥ mary 12;
B OPOTHBHOM ciay4ae NepeiTE K mary 11.

Hllgz 11. Unpexc <0, B «— B + 1.
X X—{z}, A A—({(20, 21)| i € X} —{(2:) Z0) | 2: € X}).
ITaz 12. Cron. B sBaserca TpeGyemoit Bepxmeit rpannmei.

Axropatm Tpebyer HexoTopmx nosAcmermit. Ecam maperc =0, To
OPOCIEKABATCH NPAMbE UelH, NPOXOAAMMe N0 BepmmHaM rpada G,
HAYHHAA ¢ BEeDHHMHH Z,. OTH IleNM NPOCIS;RABAIOTCA ¢ NPHCBOCHHEM
MEeTKH p TeM BepHmHEAM B3 G, KOTOpPHEe MOTYT GHTbH AOCTEIHYTH H3 I,
qepea p Ayr (marm 1, 2, 3 u 4). Ecan HA ofHA U8 STAX IeNei He MOKET
6HTH DpONOMKEHA, TO QJTOPATM HEepeXofdT K maraM 5, 6 ® 7, B Ko-
TOPHX caMasd JJIHMHHAA M3 3THX Iemeil MpociaeKEBaeTCA Hasaj K Bep-
MHHEe Z,, IPH 3TOM y6HpawoTcA 3 rpada BepmUHH (K acCONEEPOBAH-
HHe ¢ HEMH JYyrE), Je;Kam@e Ha 3To# caMoi nirmmHO# nemm. Illar 8
npeKpamaeT nponecc ynadennsa sepmun. Ilar 9 BoaBpamaer k Hagaxy
AJropHTMa CO 3HAYCHHeM HHAeKca =1, uTo6H HavaTh QopmmpoRa-
HBe o6pamKwx pmemeidt, T. e. Hemell, okaEumBalomuxcA B z,. CHoBa
HAXONHTCA M yNAJAAETCA caMas ANHNHASA K3 9TAX memeil.

CaMas mnWHHAA M3 OPAMHX H OGpaTHHX memeid (¢ HIM u3 Zo)
MO/KET pPacCMATPHBATECA KaK OfHA NJAMHHAA IeNb, COAEP)KAmad .
Ynrcao B (Heo6XommMEX mOCHeNOBATENBHOCTel Ieneil) yBeXHIHBAETCA
TOrAa Ha efMEHNY Ha mare 11, ¥ mocie BHGopa Apyroi BepmMHH Z,
H3 ocTaBmerocsa rpaga mpouecc mpoxod:xaerca (PpopMEpYIOTCA HOBHE
AIRHEelimMe npAMHe B o0paTHHe NenH H T. A.), HoKa He 6yaeT mcuep-
maH Bech rpad.

Homeunoe amavemme B, XoTopoe paBEO WHCIY HOCJIeXOBATEIb-
HOCTell memeii, HeOGXOMAMEIX AJAA «CTHpAaHHsA» BCero rpada (T. e. AiaA
DOKPHTHA BCeX BEPIIHH), ABIAETCA TOTAA, OYEBHAHO, BepXHEH I'paHH-
e anA TpebGyeMoro MEHEMAJNBHOIO YHCIA TaKHX HOKPHBAOMEX
nocjieoBaTeabHOCTeH (T. . MEHEMAIBHOTO YHCJIA IepPeHACTPOEK amna-

PaTypH).



Cnasa 11

MOTOKU B CETHAX

1. Bregenne

Onnoii w3 man(oee HHTEPECHHX W BajKHHIX 3aad TeOpHH rpadoB
ABNAETCA 8ajjada OoUpefeNeHAs MAKCEMAaJAbHOIO LOTOKA, IPOTEKAKIIe-
ro OT HEKOTOpOH BepmMEH s rpada (ACTOYEMKA) K HEKOTOPOX KoHeu-
HOl Bepmmme f (cToKy). Ilpm arom Kaskmoir ayre (z;, z;) rpada G
OpANHACAHA HEKOTOpPAA DPONYCKHAA CIIOCOOHOCTD ¢;;, B 3T IPONYCKHAA
CIOOCOOHOCTH ounpefensdeT HaBOOJbImee 3HAYEHHE NIOTOKA, KOTODHIH
MO;KeT OpPOTeKaTh II0 JAHHOH Ayre. Ta 3aflada ¥ ee BAPHAHTH MOTYT
BO3HUKaTh BO MHOTHX IPAKTHYeCKAX OPHJIOKeHHAX, HAOpPHEMEp IpH
onpefleJeHME MAKCAMAJBHOM HMHTEHCHBHOCTH TPAHCIOOPTHOI'O HOTOKA
Me:KIy ABYMSA IYHKTaMH HAa KapTe AOPOT, IpefcTaBideMoir rpadom.
B stoM mpmMepe pemeHHe 3aJai¥ O MAKCEMAJILHOM IIOTOKE YKaKeT
TaK/Ke Ty YacTh CeTH NOPOT, KOTOpPAA «HACHI(eHA» X o6pasyeT «y3aKoe
MeCcTO» B OTHOIIEHHE NOTOKA MEKAY ABYMA YKAa3aHHHMH KOHIEBRIME
OYHKTaMH.

Meron pemerEA sadauu 0 MarxcumaivhoM nomoke (0T s K 1) OuI
ppennoxken QoproM m QPankepconoM [12], m mx «rexHEKa mOMETOK»
COCTaBJAGT OCHOBY [ADYTHX QJIrOPETMOB pemieHAsd MHOTOYHCIEHHEIX
3afa4. ABNAIMEXCA OPOCTHIMHE 0000MEeHMAME HIE pACHIAPEHWAMHE
vkazaHgoi 3amaum. Caenyomme B0O3MOKHHE BapHAaHTH 3alavd
0 MaKCHMAaJbHOM IOTOKe (0T § K f) BCTPE4alOTCA B JIATEpaType.

(I) MonycrmM, 9To Kaskmo# nyre rpada npHOMCAHA HE TOJBKO
OpPOOyCKHAA COOCOOHOCTH ¢;;, AAIOINaA BePXHIOKW TIpaHANY NOTOKa
gepe3 Iyry (z;, ;), HO TaK:Ke (OPONYCKHAA CHOCOOHOCTHY I';;, AAKOIMAA
BARHIO0 TPAHHANOY IOTOKA dYepe3 Ayry. B TakoM caydae galeKo He
0YeBHIHO, 9TO CYIMECTBYeT XOOYCTAMOE MHO;KECTBO OHOTOKOB, yIOBIeET-
BOpAKMAX TPeGOBAaEUAM 0 MAaKCHEMAJLHOH M MHHUMAJIbLHOH NpONYCK-
HHX cmocobmocTax Ayr. Opmako ecad (B ofmeMm ciydae) cymecTBYeT
MHOTO TAKHX IOTOKOB W €CJIA B JONOJHEHHEe K HPONYCKHEIM CIoco0-
HOCTAM 3aJaHH TaK:Ke CTOMMOCTH eIHHHIH IIOTOKA. IPOTEKAIOINero
oo ayre, TO BO3HMKAaeT 3adava Hazoxdenus Oonycmumozo nomoka
MuHUMAAbHOU cmoumocmy (OT BepIIWAHR § K BepmEHE f).

(IT) PaccMoTrpmm caydail. Korga HAIMYTCH MAKCUMAAbHbE NOMOKU
Mexedy raxncdoll napoii eepwun. XoTsa Takad 3afgada Mo)KeT GHITH perme-
Ha Kak n (n — 1)/2 «otneasunx» (OT S K t) 3amad, HO 3TO 0YeHB TPYMO-
eMKmil nponecc. Ilpm maxoxIenME KpaTdafidx memeit Me:ROY KasxKod
mapoid BepmmHE rpada OBJIO ycTaHOBJIEHO, 9TO HeT HeobxommmocTH
pemarth Kakayio (0T s K £) 3aqady o KpaTuaimeil nen® AHIABAAYAJIBHO
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(cM. ra. 8), m B HacToAmel 3afave TOYHO TAK e CYMECTBYEeT METOf,
KOTODHIX — [JIf HOOPHEeHTEPOBAHHRHX rpagoB — He mpeAumoxaraer 06s-
3aTeJHHOTO pelleHEA 3ajlad O MAaKCHMAJLHHX NOTOKAX JAA KaRmok
naps BepmHH § H 1.

(II1) Ecnm BMecTo OMHOTO HCTOYHEKA B OJHOTO CTOKA PACCMOTpeTH
HECKOJBKO 88JJaHHKEX MCTOYHHKOB M CTOKOB, IpHYeM MEKAY paaimd-
HHMH HCTOYHEKAMH M CTOKAMH NPOTEKAKNT HOTOKE DPAasAHYHHX HpO-
IYKTOB, TO 8afa9a MaKCHMHBAIMA CYMME BCEX IIOTOKOB MEKAY HMCTOY-
HEKAMH B CTOKAMM HASHBaeTCA 8ajageil 0 MHozonpodyxmosom nomoxe.
B a7olf 3amave mpomyckmaa cnocoGHOCTH g;; AYIE (2;, Z;) ABAsAETCA
OTpaHMYEHHEeM JJIA CYMMH BCeX IOTOKOB BCeX BHMIOB IPOXYKTOB depes
9Ty Iyry.

(IV) Bo Bcex paccMOTpeHEHX BHIG CJYy9afAxX HEABHO ONYCKa-
JIOCh, 9TO HOTOK HAa BXORe AYTH TakKoil e, KaK H Ha BHXofe. Ecam
OTKA3aThCA OT DTOro JOOYMEHHAA H pPaccMoTpeTh rpaf, B KOTOPOM
BHXOXHOH IOTOK AYTrH paBeE ee BXONHOMY NIOTOKY, YMHOKeHHOMY
Ha HEKOTOpOe HeOTPHOATeNbHOE TACIO, TO 3afaTy O MaKCHMAJIBHOM
noroke (0T s K ) Ha3HBaT 3ajaveil 0 nomoxax ¢ euuspuwamu. B Ta-
Koif 3afiage MOTOKE MOTYT H (HOPOKAATHCAY, H CIOIJMOMATHCA» CAMHEM
rpafoM, Tak 9TO LOTOK, BXONAWHEA B §, B IOTOK, NOKHKarommit Z,
MOTYT HM3MEHATHCA COBEDIICHHO HE3ABHECHMO.

O6nacte TeopmE rpadgoB, B KOTOpO#l paccMATPHBAIOTCA BONPOCH
0 moToKax B rpadax, MHTEHCHBHO pD&SBHBAJAcCh B COJBMOM THCIE
paGor. B macrosamei#t raaBe maerca o6sop of6mmx mpoGiaeM, ycra-
HABJIABAEeTCA CBASH ME}KNy HHMH M IPHBORUTCSA ONHECAHHMe HEKOTOPHX
B&’KHEIX QJITOPHTMOB, HCOOJb3YeMHX NIpPH pelMIeHHH 3afa4 O MOTOKaX.
Ilocrenmee Heo6XOaEMO, BO-DePBHX, H3-38 COGCTBEHHOH 3HAYEMOCTH
9THX aJTOPHTMOB, BO-BTODHX, IHOTOMY, YTO OHM HOSBOJSIOT BCKDPHTH
TaKHe CBA3H MOKAY 8ajalaMH, KOTOPEIe He OUYCBEIHHE C APYTHX TOYEK
SPeHHA, H, B-TPETHHX, HOTOMY, 4TO AJATODHTMH, KOTOpHe OyRyT
OmUCaHH, MOTYT GHTH MCHOJAb30BAHH (HEMOCPOACTBEHHO HAH KAaK dJe-
MeHTAPHHEe JacTH (ojiee CJIOKHHIX aJTOPATMOB) AJS AHAAM3A MEPOKO-
ro Kpyra ApYTHX 3apad.

B artoit rmaBe MH ofCyIHM OCHOBEYIO 8aa7Yy 0 MAaKCEMAIBHOM
notoxe (or s K f) # ee o606menma (I), (III) m (IV). Tak Kax aaropmr-
MH JIA MHOTOIPOXKYKTOBOTO IOTOKA HMEIT COBCEM APYryI IPHPORY
A coBceM He TaK 3QdeKTHBHE, KaKk MeTOIN IOMOTOK, 00CY;KEaeMBIl
B 370l rmaBe, T0 MK He 6yZeM 3aHUMATHCA 37eCh 3TOH sagavedl ® OTCH-
JlaeM samMHETepecoBaHHOTO wmTaTexs k [18, 27, 26, 25, 24, 15].

2. OcmoBHas 3ajaya 0 MaKCHMAJLHOM NOTOKe (OT § K f)

Paccmorpad rpadp G = (X, A) ¢ nponycKEEME cDOCOGHOCTAME
AYT ¢;;, BCTOYHHKOM § M CTOKoM f; s, { € X. Muoxecrso umcen §;;,
onpeneJeHHEHX Ha Ayrax (z;, Z;) € A, HasHBalOT MOTOKAMH B Jyrax,
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€CJH BHIIOTHAITCH CleAyIOHHe YCI0BAA: 1)

v, ecam x;=s,

2 Ej— X Bu={—v ecau z;=t, (11.1)
x:€l(x;) XL ET (X))
A k : 0, ecam =z;5~s,t,

§ij<<qi; a1a Beex (z;, Z;)€ 4. (11.2)

Ypapuenne (11.1) sABuseTcss ypaBHeHEEM COXpaHEHHA IOTOKA.
Oxo yTBep:kmaer, 4YTO DOTOK. BTEKAKMWil B BePIMIUHY, paBeH HOTOKY,
BHTEKAOmeMy M3 BEepPIIHHH, 38 HCKIIOYEHHEM BeDIIHH, ABIAIMEXCA
HCTOYHUKOM M CTOKOM (BepIIEH § M f), AJIA KOTOPHX CYIECTBYIOT
ceTeBble BHTEKAHHS M ODHTOK @eAUMUNB U COOTBeTCTBeHHO. CooTHOmE-
mmA (11.2) ykasmBanT DpPOCTO HA TO, YTO UPONYCKHEE CHOCOGHOCTH
OTpaHHMYEHH JKIA Ka;kno# ayrd rpada G. 3agava COCTOMT B Haxo:kle-
HAN TAKOT'0 MHO/KECTBA IOTOKOB IO AyraM, 9To0H BeJM4mHA

v= 2 §s3‘= 2 En: (11.3)
x ;€T(s) x, €ET-1(1)

6ara MaKcAMadbHON. 3peck Eg; m &, 3ammcaEM [asA NIOTOKOB H3
BEDINMHH S B I; A A3 I, B [ COOTBETCTBEHHO.

AuropaT™M paccTaHOBKE mOMeTOK. mpenno:xennnit Mopmom n Dai-
KepcoroM [12] nna pememms sToi 3ajaud, oCEOBAH Ha claefylomei
TeopeMe (onpefieleHMe NOHATHA paspes3a CM. B II. 9).

Teopema 1. (Teopema 0 MaKCEMaABHOM NOTOKE M MHMHHMAaJbHOM
paspese [8, 10, 11].) Beauuuna marcumaavnozo nomoka us s 6 t pusha
geaunuUne MUNUMAIbLKozo paspesa (X, — 5{,,,), omoeasowezo s om f.

Paspes X,—> X, omdeasem s om ¢, ecau s € X, u t € X o- Beauuu-
Kol 2) makozo paspe3a HA3LEAEMC CYMMA NPONYCKHUI cnocoGrocmerl
scex dyz u3 G, HauaabHbie gepuUNB kKomopwz aexcam 6 X,, a KoHeunwe
6 X,, m.e.

v(Xo—>Xo)= X gy
(xi,xj)E(Xo-».\o)

Munumaaeniti paspes (X, — X)) — amo paspes ¢ HaumeHowum
MAKUM 3HAYEHUEM.

Horasameavcmeo. 3meck IDAaHO KOHCTPYKTHBHOE 0Ka3aTedbCTBO
TEOPEME 0 MAKCHMAIbHOM DOTOKEe W MHHEMa BHOM paspese, H HCHOJb-
3yeMHIil MeTOH HelocpelCTBeHHO NPHBOJAAT K AJTOPHTMY PacCTaHOBKH
DOMETOK, HM3JIaTaeMoOMy HU:Ke.

1) Ecan MOryT BOBHUKHYTh HEACHOCTI, TO MH fyieM ymoTpeSasATh 3amichk
§(:r,<, zj), q (x4, 73), 7 {7y z5) 1 (z;, ;) BMECTO COKpAMEEEHX 0G03HaveHI
&ij» ij. Tij M Cjj COOTBETCTBEHHO.

%) Han nponycknod cnoco6rocmuio.— Ipum. ped.
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Conepmermo OYEBHAHO, 49TO MAKCHMAJBHHNH HIOTOK M3 § B [ He

Mmoker OHTH Goabme, 4eM U (X,,— X,), Tak KaK BCAKaa meOb,
Belymasa B3 s B {, IPOXORHET XOTA OH uepe3 ONHY AYTy AAEHOTO pas-
pesa. IToatoMy mocTaTo9nO YCTAHOBHTH CYMIeCTBOBAHHE IIOTOKA C Ta-
KoM gpavenmeM. JlomycTEM Temephb, YTO HOTOK 3aMaeTCA M-MepPHEIM
BeKTOpoM §, ® ompefienmM pasped (X, — X,) POKYDPCHBHHM IpHMe-
HeHHeM HEKeyKasaHHOro mara (6).

(a) Havartp, moaaras X,<« {s}.

(6) Ecanm z; € X, B, kpome Toro, §;; < ¢;; Bam §;; > 0, To BK1IO-
9HTH Z; B MHOkeCTBO X,, B NOBTOPATH 3TOT mar A0 TeX UOp, HmOKa
MHO:KeCTBO X, Hexb3saA OyAer pacmEpATH Aajbine.

Temepb MOryT BOSHHKHYTh ABA CJIyIaf B 3aBHCHMOCTH OT TOTO,
Gyner ma t ¢ X, mum t ¢ X,.

Cayuait (I), t € X,. B coorsercreum ¢ marom (6) orHomenne
t € X, osHagaeT caexyomee: CymecTBYeT TaKasA «HeOPHEHTHPOBAHHAAY
menb, BeAymasA M3 BepIPHH S B BEPOMEHY [, 9TO JNA Kaskaod Ayrm
(x;, z;), BCHONB3YeMOl NeNBI0 B IPAMOM HaNPABJICHHE (UpsAMoil AyTH),
iy < qiy, & naa Kaxpod Ayru (ry, z;), BCOONB3YeMol nenbio B o6paT-
HOM HAIpaBJeHEH, T. €. B HANPABIEHHH OT Z; K Iz, (o6paTHO#l Ayrm),
Ex; > 0. (Taxkas mens (@3 ayr), Benymas ®s s B {, Oyner HaswBaTHCA
ayemermarviol ') yenvio nomoxa.)

IIycrs
6;= min [g;;—&;;] nna npamo# ayrm (z;, z;), (11.5)
xi.xj
6b=(min) [t39)] aaa obpatHod ayrm (xy, z;), (11.6)
*re ¥
¢

Ecam remeps Beamumny § mpmb6aBHETH K NOTOKY BO BCEX HPSAMEIX
Ayrax H BHYECTh BO BCeX OGpaTHHX Ayrax IeNH, To B pesyabTaTe
NONYYHMTCA HOBHY NOOYCTEMHA NOTOK, Ha O eqwmmn Goxpmmi, geM
OpeRuAymAi. ITO 0YEBHAHO B CHIY TOrO, 9T0 NpmOGaBieHHe BeaHIH-
HH § K MOTOKY B OPAMHX AYrax He MOKeT OPHBECTH K IPeBHINCHHIO
HHE opHO# B3 mpomycKHEX cnocoGHocrelt atmx Ayr (Tak Kak & <C 6y).
a BHYATAHEE § B3 NOTOKA B 0GPATHRIX Xyrax He MOKeT CelaTh MOTOK
B 3THX Ayrax OTPROATeNBHHM (18K Kak & < §,).

Hcnoansys HOBHE HCIpaBJIeHHHHE MOTOK, MOKHO 88TeM IOBTODHTH
marm (a) ® (6) ®, ompenmenwms HoBHH paspes (X,, X,), DOBTOPATH
npeIMAyIEe PacCy:KAeHus,

Cayqait (IT), t¢ X, (1. e. t € X,). B coorsercreum ¢ marom (6)
§iy = quj s Beex (2, z)) € (Xo - X,) ® &x; = 0 nan Beex (7, 7;) €

1) Or augmen («am.) — yBenndYeHme, NpHpamenue, npEPOCT.— Tpux.
nepee.
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€ (fo — X,). CaepoBarensro,

Z &= 2 qij

op 2 JEX o+ X ) (2 % EX =X )

Z~ & =0,

oy 2PEX =X )

T. €. BeJIJH9AHA IIOTOKAa, a3 AMEHHO

Z gij'_ 2 Ehh

(x5, x}-)e(Xo—»:’}'o) (Xp, x,)E(fo-»Xo;

paBEa Beamumpe paspesa (X, — X,).

Tar Kak B cryzae (I) morok Bce BpeMs yBelRYMBaeTCHA mo KpaineR
Mepe Ha e[[HHNIY, TO NPH IEJIQYHCICHHOCTHE BCEX ¢;; MAaKCUMAaJIBHHX
HOTOK IOJYYNM 33 KOHEYHOE YHACIO IIAr0oB — KaK TOIBKO BO3HEKHET
cayuait (II). 3Tor moTok Gyner paBeH TOrga BeJHYHHE TeKYIIero pas-

pesa (X, - X,), KOTOpHIi, CiefoBaTeAbHO, MOJNKEH TOTAa OHTEH
paBHHM MEHEMAJlbHOMY paapesy. Teopema joKazama.

HoHCTDYKTUBHEIA MeTOJ, MCHOJb3OBAHHHN IHpH [OKA3ATENLCTBE
TEOpeMH O MAKCHMAJIBHOM NOTOK® M MUHAMAIBHOM pa3pese, IO3BO-
JAeT Cpa3y e HOJYYHMTh AQJIFOPHETM BHYHCIEHASA MAKCHMAJILHOIO
NOTOKA M3 [[aHHOH BEDMEEHK § B HAaHHYI0 BepmHERY { B rpajde c H3-
BeCTHHIME IPONYCKHHBIMH cmoco0HocTamm, Takoir axropmrM 6yner
cefgac ommcas.

Anroput™ HaumHaeT pPafoTy ¢ OpOHA3BOIBHOIO AONYCTAMOIO IOTO-
Ka (MO/XKHO B3ATh M HYJEBOH LOTOK), 3aTeM CTPEMATCH YBeJIMIATH
BeJINYMHEY HOTOKA € IIOMOIBI0 CHCTEMATAUECKOTO IOHCKAa BCEX BO3-
MORHHX AYTMEHTAJbHHIX Nened moToka ot s K £. [Jomck ayrmenrtanas-
HOH IenX OCYMECTBISETCA ¢ IOMOMBI0 PACCTAHOBKY IIOMETOK B BepHId-
pax rpada. IloMerkm yKasHBaWT, BOJIE KaKHX JAYT MOkeT OHITh
YBeJWdeH DOTOK HM HA CKOJBKO. Hak ToabpKo HalileHa OgHA W3 TAKAX
peme#, IOTOK BAOJNb Hee YBeJIHYHMBAIOT /0 MAKCHMAJIBLHOrO 3HAYEHH,
BCe IOMETKA B BeDmMMHAX CTAPAIOTCA W BHOBb NOJAYYEHHRA MOTOR
HCHOJAb3YeTCH B Ka4eCTBE MCXOIHOI0 IPA HOBOH PACCTAHOBKE IIOMETOK.
AnropmT™M 3akamdmBaeT pafoTy M JaeT MAKCEMAJIbHHEI IOTOK, €CIH
HeJIb3A HAATH HO OXHY ayTMeHTAJBHYIO menb. AJTOPHTM IPUMEHSETCH
ciaeyomeEM o6pasoM.

2.1. AJropuTM paccTaHOBKW NOMETOK
AIA 327298 0 MAKCHMAABLHOM (0T § K ) HOTOKe

A. PaccranoBka nomerok. BepmuHa MOMeT HaXOJIUTHECA B OJHOM
M3 Tpex COCTOAHMH: BepmHHEe NPAOHCAHA [OMETKA W BEepIIEHA IIPO-
cMoTpena (T. e. OHa HMeeT LOMETKY H BCe CMe)KHEE C Heil BepIIMHE
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«00paGoTaHm»), mOMeTKAa NpPHNHCAHA, HO BEPMHEHA HE IPOCMOTPEHA
(T. e. OHa HMeeT MOMETKY, HO He Bce CMeKHHe ¢ Heil BepmmHH 0lpa-
GOTAHH), BePIIKHA He EMeeT HOMeTKH. IloMeTKa MpoHsBOIbHOK BepmH-
HH Z; COCTOMT H3 JBYX 9JacTedi B MMeeT ONUH H3 ABYX BHAOB: (-z;, O)
wie (—z;, §). Yacte +2z; MOMETKA NepBOro THOA O03HAYAET, 9TO
IOTOK JIONYyCKaeT yBeJHMdYeHHe BHIOAb XYr® (z;, z;). Yacts —z; mo-
MeTKH JPYroro THOA O3HAYaeT, YT0 HOTOK MOKeT OWTbL yMeHbHIeH
BROXB OYTH (Z;, Z;). B o6omx caywasax § samaer MAKCAMAJBLHYIO BEIH-
YHHY [ONOJHETEIBHOIO HOTOKA, KOTOPHH MOKET IPOTEKATh OT S K Z;
BROAb IOCTPOGHHOH AYrMEeHTANbHOM nemdm noToka. IlpmcBoemme mo-
MeTKH BepHmHHEe r; COOTBETCTBYET HAaXOKNGHHID ayrMEHTAJBHOH IemE
MOTOKA OT § K ;. CHa9aa BCe BepIAHH He HMEIT IMOMETOK.

Iz 1. TIpucBoMTH BepmmEe s MOMETKY (+S, 8 (s) = o0). Bepmn-
He § IPHCBOGHA IOMEeTKa H O0Ha OPOCMOTpeHA. BCe OCTAJbHEE BepPIMHHHK
6e3 HOMETOK.

Iaz 2. B3sATh HEKOTOPYI0 HENPOCMOTPEHHYI0 BePmMHEHY C IOMET-
Koif; mycTs ee moMerka Gymet (+txy, O (z:)).

(I) Kamnoit wnemomewemmoit BepmmHe z; € I' (z;), mas Koropoit
t:; < qij, OpHECBOMTH HOMeTKY (—z;, 8 (), rme

8 (z;) =min [6 (zy), qi;—Eij)-

(IT) Kasxnoit memomewemmoi#t Bepmmme z; € I'"! (z), maa Koropol
t;; > 0, opEcBomTs moMeTRY (—z;, 6 (zj)), rhe

8 (z;) =min [6 (z), &yl -

(Temepp BepmEHA Z; B ImOMedYeHa, W LOPOCMOTDPEHA, & BePIHNEHH ZIj,
nomeTRE Koropum npnaceoesH B (I) m (II), aBasorca mempocmorpen-
BnME.) OGosmaudTh KaKEM-THGO cmoco6oM, 4TO BepmHUHA Z; HpO-
CMOTpeHa.

Illlgz 3. IloBTOPATH mMAar 2 Ao Tex mop, moKa aubo Bepmmaa ¢ Gyner
moMeYeHAa, H TOrAa mepeiTm K mary 4, amGo f{ Gymer He moMedueHa
B HEKAKAX APYrAX ODOMETOK HeAb3A GyZeT pacCTaBATh; B 9TOM Ciaydae
aJIrOPETM 3aKaHYEBAeT PaboTy ¢ MAaKCHMAJBHHIM BeKTODOM IOTOKA §.
3mecwr cuenyer orMeTATh, UTO ecaE X, — MHOKECTBO IOMEYeHHEIX
BepmuH, a X, — MHOKeCTBO He IOMeYeHHNX, To (X, — X,) ABIseTCA
MEHHMAJIBHEM DaspesoM.

B. ¥YseanueHme nDOTOKAa

Hlaz 4. Tlonoxkuars z = { ¥ nepeliTm K mary 5.

Illaz 5. (I) Ecam nomerka B Bepmune x mmeer BEA (-2, 6 (),
TO H3MeHHTH HOTOK BHOdb Ayr: (z, z) ¢ & (z, z) ma § (3, z) 4 & (f).

(II) Ecam noMerka B Bepmmee r EMeeT BER (—3, 6 (z)), To maMe-
HATH HOTOK BOAB AYrHE (z, 2) ¢ & (2, 2) Ba § (2, 2) — O (¢).
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Illlgz 6. Ecim z = s, To cTepeTh BCe HOMETKH ® BEPHYTHCA K IIa-
ry 1, 9T06H BHOBH HAYaTh PACCTaBJIATL IOMETKH, HO HCOOJBIYH YiKe
VAy4meHHKA DOTOK, HaWAeHHHE HA mare 5. Ecam z 4 s, To B3ATH
X = z W BepHYTBECA K mmary oO.

2.2, Tlpnmep

Pacemorpmm rpad), maoGpaskemmmit A pme. 11.1, @ BosBMeM B
KadecTBe HCTOYHMKA BEPIIMHY I;, 4 B Ka4eCTBe CTOKA — BEepPINUHY I,.
IIponryckurie cmocoGHOCTH AYyr yKasans Ha pucynke. Tpebyercs
HAHTH MaKCEMAalbHHIHA IOTOK OT Z; K Z,.

B xavecTBe Ha9anBHOTO BO3bMEM IOTOK C HYJeBHIMH 3HAUCHHSAMA
HR BCeX Jyrax. AJXropmT™ padoTaeT CieqyomuEM obpazoM.

Illaz 1. Mpunnmem Bepm®HEe z, NOMETRY (-z;, 00).

lllaz 2. (I) Mrosecto Bepmma {z; | x; € T (z,), &; << qi;, z; me
ooMedeHa} eCTh {Z,, I,},

BepMIUHE I, NPHUNBCHBAaeTCH noMeTka (--z;, min (oo, 14 — 0],
T. e. (4z;, 14),

BepmuEe z, npunocuBaeTca (-3, min [oo, 23 — 01), T. e.
(++z,, 23).

(IT) Mnosectso Bepmmr {z; | z; € ! (z,), &, > 0, z; me mo-
MeueHa} sBiAeTcA DycTHM. VTak, z; moMeYeHa M IPOCMOTDeHA, I
O Z, IOMEYEHH M He IPOCMOTPEHH, a BCe OCTAJbHHE BEDPMEHH He
noMmedesnH. IloBropsem mar 2 u mepBoHl IpocMaTpHBaeM BEPMEHY I,.

(I) Muowecto {z; | z; €T (z,), Eyj << gs; ® z; HEe moMeueHA}
ecTb {z,}.

NIA x3 noMertkoit 6ymer (-, min [14, 10 — 0] = (+z,, 10).

X, 19 Xy 18 Xy
14 8 20
X 9 1 12 Xe X9
23 25 7 15
X4 26 Xg 4 Xy

Puc. 11.1. Tpad n3 npamepa 2.2.
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(IT) MroxkectBo {z; | z; € (x,), 8. <O ®m z; Be moMeueHa}
fiBJIAeTCA NycTHM. Tenepp BepWMHH I, B X, MOMeYeHK H IPOCMOTPEHH,
a zy B z, IOMEYeHH, HO He IPOCMOTPEHE!.

Bepa mus mpocMoTpa s B mOBTODPAA mar 2, NpHIeM K ClelyomaM
SIOMeTKaM:

nna z, momerkoit Gymer (+zs, min [10, 12 — 0]) = (4-z,, 10),
anA z, noMerkok G6ymer (-+z,, min (10, 18 — 0]) = (+z,, 10).

Bepa nas npocmoTpa z,, HalifieM, 4T0 HMKAKHX IOMETOK paccTa-
BATH HeabsA. I[Ipomomkas mpocMOTP € Xy, HOJAYYAM CleAyIOmHAe
TIOMETKA:

moMeTKa 1A z, Gymer (+zy, min [10, 25 — O]) = (45, 10),
moMeTKa AasA z, Gymer (+z;5, min [10, 4 — 0]) = (4=z,, 4),
noMeTKa mas z, 6yner (+z,, min [4, 15 — 0)) = (+z,, 4).
Ilepexons k maraM 4 B 5, DOJyIAM:
z = zy; Ero=044=4;

=2y Es.2=4;
Z =I5 Bs=4
=23 Las=4;
T =T Eia=4.

Bupx DoToka B KoHIe mara 5 B IOMETKM BepHIHH [0 MX CTHDAHHASA
Ha mare 6 moxasaEH Ha pac. 11.2a. Bce moToKM mOKasaHH MOAYEPKH-
BaHHEM.

CrEpas mOMETKH y BepIIEH M BOZBpPAMAaACh K mary 1 mis BTOpOro
mpoxofa, NOJYYHM CleAyoHe HOBHE MOMETKA BepUIAH (IoMedYeHHHE,
HO He IPOCMOTPeHHHE BOPIIEHH IPOCMATPHBAITCA B HOPANKe BO3pa-
CTaHHA HX HOMEDOB).

a2 3.

ITomerkodt nas z, 6ynmer (4=z,, oo),

OoMeTKo# maa z, Gymer (+=z,, min [oo, 14 — 4]) = (-z,, 10),
noMeTkoit mas z, Gymer (+,, min (o0, 23 — 0]) = (+z,, 23);
Tellepb BepIIAHA I, IOMeYeHA H HPOCMOTpPEHA.

IlomeTkolt maa z; Gymer (+z,, min [10, 10 — 4]) = (+z,, 6),
Tenleph BOPHIAHA X, HOMEYGHA H IPOCMOTpPEHA.

IlomeTkoit pua zy; Gymer (+x; min [6, 12 — 4]) = (+z,, 6),
noMeTKo# A z; Gymer (-2, min [6, 18 — O) = (44, 6);
Teeph BepMHHA Z; NOMEYeHEA E HOPOCMOTPEHA,

BepIHBA I, TAK/Ke IOMEYeHA M IMPOCMOTPEHA.
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(+X,,14) (+4,,10) (+x5,10)
X 4 Xy 8
4
(+X,,00) 4. Xe p(+x5,10)  P+a7,4)

x

L3

A4 A5 4 *1
(+x,,23) (+x4,10) (+X5,4)

Puc. 11.2a. Ilorokn m nomeTKH wocje 1-ii mTepanud.
~— HACHIIEHHHE JIYTIH.

(+x),10) (+45,6) (+x3,6)

. >~
x, X 4
+x,,23) (¥44, 6)

Pnc. 11.26. IToToku B moMeTKu mocxe 2-i WTepanua.
-— HACHIIeHEHE [YTH.
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-x,10 +14,10)
5 ("‘X"4) 10 (=X, ) }' 3
10
¢+ X,,%) X b (+45.,19) (+x,.1)
] Xy
1 7 7 i
4

X, > X,

(+1,,23) (+x,,23) (+xg1)

Pmc. 11,28, IloToxe B moMeTKE mocae 3-#i mrepammm.
~— HACHIEHHNE XYTH,

10
BN O x0ig (e )
X.
3
10 ‘ 10
(+xl.w}' Ao 2(+x,18) (+x4,10)
Xy
1 2 /1
N x 4
¥4 (+4,,22) £

(+X,,22)

Pme. 14.2r. IToToRE W mOMETKH moche 4-% RTepammu.
~— HaCHINEHHH® AYTH.
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(*A.4) 10 Xy 10
% 10 B}
10
(+4,,00)
XI
19 15
19
Xq
*+4,12) Xg Xy
(+%4,12)

Prc. 11.2x. IloToknm m DmomeTKH mocie 5-if mTepanud.
—— HACHIMEeHHEE TYrH.

(+%,,)

Xy X X
(+x,4) (+X4:4) MunuManshbi# paspes

Pmc. 14.2e. IloTokr n momeTkm mocae 6-if nTepaunm,
— HaCHIIEeHHHEe IyTH.



2, OCHOBHAS 3ATAYA O MAKCIMAJIBHOM IIOTOKE 321

Tlometra ans z, Gymer (+z; min [6,25 — 0] = (4-z,,6),
Teneps BePIIMHA I, MOMEUeHA ¥ IPOCMOTPOHA.

Iomerxolt masm =z, Gymer (+z¢ min [6,7 — O]) = (+2,,6),
Teneph BOPIIAHA T, MOMEYOHA M IIPOCMOTDEHA.

Tlomerkok mas z, Gymer (+=z; min [6,45 — 4]) = (+2,,6).

Maau 4 u 5.
HoBHe NOTOKH yBeMHUHIHECH CHGAYIOMEM o6pasom:

50=4+6=10; & 1=0+6=6; E,=0+6=6;
§"5=4+6=10; Ez_s=4+6=10; §1'3=4+6=10;

BCe OCTAXBHHO SHAYCHHS NOTOKE HE HSMOGHRINCE,

Hopri BER mOTOKA H NOMETKH BEPIIMH A0 CTHADAHHA IOKASaHH
ga pmc. 11.26.

Ilponomxan pmanbme, moJxyIaeM Hocie Ka)KAOT0O LIPOXOa AJATO-
PETMA DOTOKA M IOMETKH, H306pa’KeHHHE IOCIEAOBATENBHO HA PH-
cysrax 11.28—11.25. AnropaTM sakagEBaeT paboTy, KOorja BOpPIIHHA
He MO)KeT GHTh HOMeTeHA; ¢3AKIIOYHTe/bHHEY IOMOTKE IOKASAHH
ma puc. 11.2e.

ITorox Ha pmc. 11.2e ABAsAeTCA mMOITOMY MAKCHMAIBHEM NOTOKOM

co sHavenHeM 29, a COOTBEeTCTBYIME MEEHMAJIBHNIE paspes MOKasaH
OyEKTEpOM Ha pmc. 11.2e.

2.3. NarpeMerTanpane rpadui

Ilponmecc maxoxnenms B rpade G = (X, A) ayruenTanpuo¥ nmenm
HOTOKa, KOrfa IOTOK II0 AYraM 8ajjaeTcsi BeKTOpOM E, MOKHO pac-
CMATPHBATH RAK IPONECC HAXO0KAeHHA NEeNH (OT 8 K £) B UKKDEMEHMAA-

nox rpade G* (§) = (X», A"), onpemensemom caenmyromms oGpasom:

X=X, A'=4aty4,
roe
Al == {(2f, 23) |81y < qus)s
npEIeM ngponycxnax cnocobmocts ayrm (¥, 2¥) € AP pamma g} =
=qy— o B
Ab ={(z}, 2¥) | &> 0},

OpaueM nDpomyckmas cmocobmocts ayrm (zF, z}') € AY pamma ¢f} =
= &y

IIponexypa paccTaHOBKE HOMOTOX B ANTOpHTMe, ONHECAHHOM
B pasn. 2.1, ABIAETCA Temeph He 4eM HHKM, KAK METOXOM IIOCTPOGHHEA
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1
(6)

Pnc. 11.3. (a) Tpad G, moroxn §;; KoToporo mogueprEyTH. (6) MEKpeMenTATEHNE
rpadp G* (§).

RoctmxmEMoro MEo)kecTBa R (s) B mEKpeMenTaasHOM rpade G* ().
Ecam t € R (s), T. e. ecam BepmEHa [ MOJXyYWAa NOMETKY, TO B rpade
G* (%) paiimena uens P oT s K I. AyrmenransHas menb B rpage G
ABJISETCS Tenepsb menslo P, rae AyTE W3 P B AY ABIAIOTCA DPAMHMHA
Ayramu, a nyrm m3 P B Al aABasAiorcA o6paTHHMHA AyraMm.

Ha pme. 11.3(a) narm npamep BexTopa & B rpade, Iie MOTYePKEYTHO
9ACIa 3aJal0T NOTOKH, a [ApPYrHe 9MCIa Yy AYT 3afal0T IPONYCKHHE
cuoco6rocTH. Ha pmc. 11.3(6) msobpasken cooTBeTcTBYIOMEA HHKpe-
MeHTaJXbHEEA rpad G* (E).
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2.4, [lexoMOoOSHOHEA HOTOKA

HBorna 6mBaer jkemaTeabHO NPENCTABATh CIOKHHE IOTOR KAk
CyMMy OpPOCTHX HOTOKOB. JTO OHBaeT mOJEe3HO He CTONBKO H3-32
TOro, 9YT0 TAKAaA JEeKOMIOBHNHS HYKH& Ha DPAKTHKe, & IIOTOMY 9TO
OHA NAeT JyYmee HOHWMAHHe NPHAPOJH DOTOKOB B COTAX H CIYKHY
YIOGHEM CpefcTBOM A 0G0CHOBAHEA MBOTHX IIOTOKOBHX AJTOPHTMOB.

OGosmagruM gepes h o (S) rako&k norox B rpade G, B KoTOpoM Moo~
meHo &y = h nas ayr (z;, z)) €S u &, = 0 nmua nyr (2, z5) ¢ S.
Ouesnpuo, 910 ko (S) me Bcerna GyneT HOTOKOM, €CIH MHOKeCTBO
Ayr S DpoMsBOABHO, TAK KAK NOTOK JAOJNKEH YRXOBJETBOPATH ypaBHe-
HHEI0 HenpepuBHOCTHE (11.1) mpm HexoTopoM smavemmE v. CoBepmeHHO
O9eBHIHO, UTO AJAA TOro, 9T00H A o (S) mpeAcTaBAANO MOTOK, MHO-
#ecTBO AYT S MOMKHO GHTH MIK Iensw O § K ¢ B G, AIA nuEKIOM BG.

Jlaa aByx safaHEHX NOTOKOB § | 4 wepes § + 4 06osHaAYEM mOTOK,
SHAYGHHe KoToporo Ha Hyre (z;, z;) paBEO E;; + ¥ij.

Teopema 2. Ecau § — npoussosvkuiii nomox (om s x ) & epage G
¢ (yesouucsrennun) snaveruem v, mo § MoXHKo npedcmasumd 6 eude

b= 1e(P)t1o(P)+...+10(Pp)+10(®)+
+1e(Dy)+ ... +10(Dy),

2de P,, ..., P, — npocmue yenu (om s x ) 6 2page G, a ®,, ...
.« vy Oy — npocmue yuxsn 6 G
(P; m ®©; ge o6AsaTeqbHO ROKHN OHTH pPasAHIHHIMH).

Hoxasameavcmeo. Iasn rpada G = (X, A) ¢ moToroM § mocTpomm
ynumaprwi rpadp G° = (X¢, A®) caenyrommm ob6pasoM. MmoxkecTBO
sepmuu X° rpada G* coBmamaer ¢ Muo)xecTBoM BepmmH X rpada G.
Ecnu §;; — motox mo ayre (z;, z;) rpada G, T0 MexAy BepmHHAME Z§
n z5 rpada G° npoBeaem &;; mapanneassnx RXyr. I'pad G* Gymer Torna
s-rpadoM, B TAK KaK KaXAaA Ayra B G° COOTBETCTBYeT 6{HHALP NOTOKA
no ayre B G, 10 rpad G° mpeacraBasfer MOTOK § B G.

B rpaje G° cremeHm BepmEE RONKHH YAOBIETBOPATH (B CRIY yCiO-
pEA HenpepHBHOCTHE (11.1)) ycaopmam

do (z5) = dy (2), Vzists' mam t°,
do (") == dy (%) = v

Ecam Teneps noGasmTth K rpady G° v xyr BosBpaTa OT BepmHAH ¥
K BepmEHe 5, T0o B rpade G° GyleT CymecTBOBaTh 3iiepoB mMURI (CM.
ra. 9). Ynarenme 3TEX v Ayr Hs dfinepoBa muKIa AacT v memei or &°
K £, KOTOpHe B COBOKYIHOCTH IDOXORAT mOo Kaxkaod myre rpaga G
roano oxmr pas. Ilycrs aTm nenm Gynyr P, P;, ..., P,. lemm P;
He 06s3aTeaABHO NOMKHH GHTH IPOCTHMH, XOTA (B CHIY Ompe/eleHHSD
sliTepoBa IEKJIa) B HEX He JMOMKHH COREP)KATHCA OHHAKOBH® NYIH.
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Ho rak kKak n06yi0 HempoCTY HEOb MOMKHO DACCMATPHBATh KaK
CYMMY TIpOCTO# nemd (0TS, K Z,) M HEKOTOPOTO YHACJIA IPOCTHX MONAPHO
HemepeceKalIMXCA IO IyraM OUKJIOB, TO

E=10(P)+10(Py)+.out1o(Po)+10(D)+ ... +10(Dp),

rae P; — mpocrad mems (oT S, K ¢,), a P; — upocroit nukia. Teopema
AOKasaHa.

B of6meM caydae we Bce NUKIH M men® GyayT pasamaanMuE. Ecam
TONbKO HepBhie V' memeil 1 k' LMKJOB pasiMYEE, OpHYeM menb P,
BeTpedaerca B coHmcke P, ..., P, h; pas, a nukax D; B comcke

3
o ¢
(a)
X ABaXAbl) X,
5 o— > L ot of
+
Xa
s X, o
X 3
+
Xp Xg 5 X-,
+ +
x X X, (ABAXKAbI) X A (ABAXLbl) X
(6)

Prc. 11.4. [leKoMOoauIusi DOTOKA HA aJeMEHTapHHE (OT s K f) IOTOKE IO HEOAM
7 nukaaMm. (a) ITorok E. (6) Iens m muKaum moToxa E.
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@Dy, ..., Oy |; pas, To § MONHO samEcaTh B BHJe

v’ R’
8= D hio(P)+ 2 o (Dy),
| =1

rie CyMMHDOBaHHe IOHMMAETCA KaK CIOMKeHMe HOTOKOB B YKa3amHOM
BHIIE CMEICIe.

B nponecce nokasaTeabCcTBa TEOPOMH 2 DOXYYeR APYToll BayKHEIN
pesyJbTAT, & HMEHHO YTO eIHHMYHKE IOTOKH, HA KOTOPHE pasa0’Ken
OOTOK §, ABIANTCA KOHPHOPMAALHNMU, T. . eCIE §;; — SHAYCHH®
noToxa Ha Ayre (r;, ;) rpada G, To cymecTyer Bcero £y, eEHUIHKX
lIOTOIi())B, KOTOpHIe BCeé HCNOJIBL3YIT 3Ty AYry B HanmpaBJIeHEA OT Z;
R x;%).

Pnc. 11.4 naer npamep noToxa § H ero ReKoMIOSHUAI HA MPOCTHE
nenH (OT § K {) B IEKIH.

3. IlpocTeie BapHAHTH 3aRAYB 0 MAKCHMAJbHOM IIOTOKE
(or s k ¥)

Mu nagaM Temeps pAR 8a/a9, CBABRHHHX C IOTOKAME, KOTODH®
OpoCTO CBOJATCA K 8afa4e O MAKCHMAIBLHOM IOTOKe (OT S K £), pac-
CMOTPeHHOM BHIIe.

3.4, Tpadnl co MHOrEMA HCTOUHEKAME H CTORAMH

PaccMorpEM rpad ¢ 7, HCTOYRWKAMH H N, CTOKAMH M IPeJLOIOMNKEM,
9TO HOTOR MOKeT HMATH OT JI060r0 HCTOUYHEKa K J0GOMY CTOKY. 3aja-
9y HAXOAGHHA MAKCHMaAbHOIO0 OGIEro HOTOKA OT BCeX HMCTOYHHKOB
KO BCOM CTOKaM MOKHO mpeu6pasoBaTh B NPOCTYIO 3aJavy O MAaKCH-
MaJIbHOM NOTOKe (OT § K f) myTeM X0GaBiIeHEA HOBOrO HCKYCCTBOHHOI'O
ACTOYHEKA § B HOBOIO HCKYCCTBEHHOTO CTOKa I ¢ moGaBiemmeM pyr,
BeAyIEX OT § K Ka)K0OMy MCTHHHOMY HMCTOYHMKY M OT Ka’KIOro HCTHH-
HOT'O CTOKa K [.

Ha pmc. 11.5 moxasamo, KaKk MHOXKeCTBO MCTOYHHKOB M CTOKOB
MOKeT GHTH CBOIOHO K ©THHCTBEHHOMY MCTOYHHKY B €HHCTBOHHOMY
croxy. IIpomyckame cnocoGEOCTE AYr, BeAyMEX OT $§ K MCTOYHHKAM,
MOryT OMTH BHOpaEH paBHHME GeCKOHEYHOCTH HJH B CJydYae, KOIZA
TpOUNSBOAMTOIBHOCTh HCTOUYHHKA §, OTDAHMYeHA, HPONYCKHAA CHO-
co6HOCTh COOTBOTCTBYIOMEHR NYTrH (S, S;) MoxeT GHTH BOpana paBHOK
oroii rpammne. Togno Tak ke mpomycKHHe COCOGHOCTE XYT, BeAYIAX

1) Iloroxk Be GypmeT KOEGOpMAALEHM, 0CIH, EAIPAMED, CYMECTBYET Eyt+p
OJUHAYHLEX HOTOKOB, BCHONb3YIOMEAX AYTY B HANPABJEHHH OT Z; K zj, B pOHHAY-
HHX IOTOKOB, HCHONLSYOIUX AYTy B HNPOTHBONOJOKHOM HANDABNGHHH, H BCO
3TH NOTOKHM, TAKAM 06pasos, Aal0T o6muil HOTOK oT z; K z;, PABERMK|E;;. B 06men
cayiae nea motoka § M P 6YAyT KomdopMANBERIMA, ecan ANA awboit gyrn (z;, z;)

G6ymer E 1951 =08
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OT CTOKOB K {, MOI'yT OHITH OrpaHHYeHH HEKOTOPOH BEJIMIUHOE (32BH-
CAmME#d 0T CTOKOB) MIM IOJOKEeHH pPABHHMHA OECKOHEYHOCTH, €C]IH
TaKoi TrpaHANBl HeT.

Ecam B 3agade HOKOTODHI® CTOKM HOKHH CHAGKATBCA TOJBKO
OLpeleIeHHLIME HCTOYHEKAMH U HaobopoT, TO OHa y:e He Oyner

St

s rpap G t, t

HcKycCcTBEHHbIN ; HexyccTBeHHBIA
UCTOYHUK s 3 CTOK
4

UCcTOYHUKM CToknm

Pre. 11.5.

npocToil PasEOBMIHOCTHIO 3alaY¥ 0 MAaKCAMAJABHOM LOTOKe (OT § K f)
H CTAaHOBUTCH 3aJavedi 0 MHOTOIDOAYKTOBOM NOTOKe. JTa 3ajada
ynommHazach Bo BBefenmm (cM. samawy (III)).

3.2. T'padn ¢ DpPOnYCKHRIMA CHOCOGHOCTAMH AYr W BEpPUIHH

ITycts B rpaje G myrm mMeOT NPONYCKHHE CHOCOGHOCTH g;j,
# 1yCTh, B NIONOJHGHAE K 3TOMY, BeDMAHEH rpada MMEXT IPONYCKHEIO
cnocobrocta w; (j =1, 2, ..., n), cKaxkeM, TaKue, YTO NIOJHHK
fIOTOK, BXOAAMUY B BEPIURY I;, KOJKeE AMETh 3HAYeHWE, MeHbIIee,
q9eM wj, T. e.

§;Sw; nam Beex Zj.
xieI‘—‘(xj)
Ilycts TpeGyeTcss HaliTH MAaKCHMAJNBHHM TOTOK MEXIY BEPIIEHAMA §
¥ ! TaKoro rpadga.

Onpenenram rpad G, Tax, uTo6m Kakgas BepmmHA r; rpada G
COOTBeTCTBOBAJIA IBYM BepmuHaM z; 1 zj B rpade G,, IpAIeM Karmok
ayre (z;, z;) m3 G, MHOMIEHTHOHX BepmAHE Z;, COOTBETCTBYET Ayra
{37, z}) u3 G,, WENUAeHTHAsA Bepmude I}, W Kakmoi ayre (z;, )
u3 G, mcxonAmeil B8 x;, COOTBeTCTBYeT nyra (zj, z3) u3 G,, HCXomAmasn
m3 zj. Kpome Toro, BRemem nyry Me:xny z! W zj ¢ mpomyckmoit cmo-
co6HOCTBIO w;, T. e. paBHOK IPONYCKHOH COOCOGHOCTE BePIEEH Z;.

Ha puc. 11.6 (a) nam upmmep rpada ¢ nponyckaumu cnocobrocTSA-
ME Oyr 7 BepmuH, a Ha pac. 11.6 (6) noxkasan rpad G,, DoCTpoOeHHEIA
B COOTBETCTBHE ¢ NPHBEJEHHHIM ONHCAHHAEM. TaK KaK IIOJNHHIA NOTOK,
BXOJIAMMHA B BepmHERY z], HeoGXOAEMO MOJiieH HPOTEKATh WO AYyTe
(zj, xj) ¢ mpomyckHO# CHOCOGHOCTHI wj, TO MAKCHMAaJBHHA LOTOK
B rpage G ¢ OPOUYCKHHME CHOCOGHOCTAME AYr ¥ BepHIEH paBeH
MaKCHMAaJBHOMY NIOTOKY B rpage G,, EMEIONIEM TOJBKO HPONYCKHEIO
cuoco6roctr Ayr. Cireayer 3aMeTHTh, 9TO €CJIM MHHHMAaJIbHLIA paspes3
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(wy) ()
X 924 X
%2 952 934 Y
(W) (A
x 923 . [ 954 "s‘
N3 Ise
X q X,
) ¥ )
(a)

35 N\
o Gss TS M X
(6)

Pne. 11.6. (a) I'pad, Bepmmmam = aM KOTOpOro IPENHCAEH NPONYCKHHO
coco6HOCTH, (Qrpaxénuemi rp’a%‘,. B no'roll))ou OpPONYCKHNG CHOCOSHOCTH
EMOIT TONBKO XYIHe

B G, He CONep’KHET XYrH BHAA (r], zj), TO NPONYCKHHE CIOCOGHOCTH
BepmIHEHE B G MacCHBHHE M H3JIMmMEHA. ECam ke MEHAMAJLHHI paspes
B,G, CONeP/KAT TAKHe AYIH, TO COOTBETCTBYIINEE® BePMHUHK B G HACH-
IIeHH HDOJYYeHHHM MAKCAMAJIBHNM IIOTOKOM,

33 I'padhul, y KOTOPHX HPOmYCKHHE CIOCOGHOCTE AYr
OrpaHHYEHH CBEPXy H CHHE3Y

PaccmorpEM rpadp G = (X, 4), nyrm (z;, z;) KoTOporo HMENT
UPONYCKHHE CHoCOGHOCTH (BepxXHHe IPAHENH IOTOKA), CKAa’KeM, gy,
a TaKKe MMONT HE)KHMe IDaHMIJN IIOTOKAa, CKakeM, ry. JlomycrmM,
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9TO MK XOTHM Y3HaTh, CYI[eCTBYET JH NONYCTEMEIA HOTOK MEXIY § H £,
T. 6. HOTOK §;;, y/OBJNOTBODAMAZ 1A Bcex AYT (zy, ;) ®3 G ycio-
a0 (14.1) m, xKpome Toro, mepaBencTBaM ry; << &y < ¢y

HaureMm ¢ BBeferusa B rpage G HOBOrO MCKYCCTBEHHOrO HMCTOYHH-
Ka S, B MCKYCCTBEHHOIO CTOKa f, W HOCTPOMM HOBHEA rpad G,. Hua
Kapod ayrm (z;, Zj), y Koropoit r;; = 0, BBemeM RYIH (S,, Z;) B
(z, Z5) ¢ mpomycKERIME cmocoGHOCTAMA ry; ¥ ¢ HkHed rparmnel 0.
YMeHBIIAM G4y O G;; — Ty, @ Iy Ko 0. Kpome Toro, BBeieM ayry (£, $)
C gis = 00 H Iyg = U

Ilpumensas, maupmmep, atm upeobpasosanma K rpady, maoGpa-
»eEEoMYy Ha pHc. 14.7 (a) m uMelomemMy TOJNBKO ABe AYTA C HOHYJEBH-
M HE’KHAMA I'DaHEIAMHE, I0JY9IAM rpad, nokasansmii Ha pac. 11.7 (6).

X

, (0.994) X (e9ss) Xe

52X,

{(r,39, %)

Puc. 11.7. (a) 'pad ¢ BepxHUMH H HE)KHAMHE I'DAHUNAMHA [OTOKOB, IPOXOAAMHX

no pyram. (6) IIpeobpasoBangnit rpad, B KOTOpOM s IOTOKOB HMEITCA JHMb

BepXHWE IpAaHKMNH (RAAHH 3HAYeHAA BEDXHAX IDAHAN, BCe HWHKHAE IDAHHIL
PaBHH HYJIO).
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JTalineM Temepsr MAKCEMANBENIE IOTOK M@KAY HCKYCCTBEHHHME BepPIIH-
HaMH §, H , npec6pasosansoro rpada G,. Ecam sHaverme MaKCEMAIb-
HOTO HOTOKA (OT 8 K f;) €CTh ) ryy (T. e. ecim Bce AYTH, BHXOAAIIHEe
'! ]*0
3 §,, H BCe NYTH, BXxofAmmue B i;, HACHINEHH) H, CKA)KeM, IOTOK
no npyre (f, s) paBen §;,, To B IepBOHAYAJIBHOM Tpade CymecTBYeT
NODYCTEMHI DOTOK co smavenueM E,,. B aToM MoxmO yGemaTncA Tak.
Ecam Mu BHYHTAeM r;; B3 moToka B nyrax (;, f;) ® (S5, ;) @ Ro-
GaBiseM ry; K NOTOKY B Ayre (Z;, Z;), TO 3HaUeHHe IOJHOTO HOTOKA
OT $; K {, YMeHbIAETCA HA BOJWIHHY r;;, DOTOKA 1o fAyraM (z;, f;)
R (Sq, ;) YMeHBMANTCA O HyAA, & DOTOK OO Ayre (z;, Z;) OpEEAMAaeT
auasen®Ee &, i << §;; << ¢iy (komewmoe smavemme §;; pasmo 7y,
eclW IepPBOHAYANLHOe SHAYEHHe §;y;, COOTBETCTBYIOME® MaKCHAMAJb-
HOMY HOTOKY, PaBHO HYJI0 H KOHEYHOe 3HAUeHMe §;; PABRO ¢;;, €CIH
NepBOHAYANbHO® 3HAYEGHHE §;; ABIAETCA MAKCHMAJBHO BO3MOKHBIM,
T. . q;; — ryy). Illar, cocroAmmuil B BHYATAHHE NOTOKA H3 MAKCHMAJb-
HOTO IIOTOKA, NIPOTHBOLOJOK6H INATY YBEJAWYeHHA B aJTOPHTME
MAKCHEMAJbHOr0 DOTOKAa. Tak KAK MH NONYCTHIH, YTO MAKCHMAJBHLN

~
OTOK OT S, K {, PaBeH ), Iy, TO IPONecC BLMETAHHEA NOTOKA NpH-
1'1!*0

BefleT B KOHEYHOM HTOre K HYJEBOMY NIOTOKY OT S, K f, (chmenaB Tem
CaMBIM 3TH fBé HCKYCCTBOHHH® BeDMHHH N HHNHEJCHTHH® HM AYTH
H3JHITHAME) B HOTOK BO BCeX AYrax ¢ ryy 7= 0 Gyner JdexxaTh B mpefie-
aax ryy << &y << ¢5y- Honeunnili pesyanraT ABIAETCA, CIENOBATENBLHO,
«EpPKyAANBel» ToToKa B rpade, IpEIeM 3HAUYCHHe STOTO0 HOTOKA
paBEO §;,. C Apyro¥ CTOpPOHH, CIpaBeAIHBA

Teopema 3. Ecau 3nauerue Maxcumasvrozo nomoxa {om 8, % i,)
6 zpage G, ne pasro Eo ryy, mo é apagde G ne cyuecmeyem Hurakoz20
"‘l*

donycmumozo nomoxa.

JokagaTenbCTBO 9TOM TEOPeMH IIpefaaraeM B KadeCTBe YIpaiiBEe-
HHA YHTATEJNIO (CM. 3ajavy 5).

4. Makcamaabnmii NOTOK MexXY Kax ol napoli Bepmun

B HexoTOpHX cJayvasx, BaOpEMep Korxa rpad IpefcTaBiiser
TesleOHHYIO C€Th, BOPITHRN KOTOPOH COOTBOTCTBYIOT CTAHIBAM, a Iy-
ra — TeleOHHNM JHBHAM, MOKeT oTpeGoBaThcA HaliTH MakcHMaib-
HYI0 CKOPOCTH Hepefavd coo6meHnlt MeXIy ABYMA 400BMU CTAHOEA-
va s u . [Ipm aroM npepmoxmaraercs, uro B AK0G0¥ PEKCEpOBaHHHE
MOMEHT BPeMeHH KajkJasd CTAHNHA MOKeT GHTh CBASAHA ¢ IPOHSBOIb-
HOll gpyroi#t, Bo JEmE ¢ ogHO# cramnmelf, B nammoM mpumepe mpo-
OYCKHAA cuocob6HoCTh KafelA paBHA THCIY HEBABHCHMHX PasroBOPOB,
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KOTOpHE MOryT BecTHACh Io HeMy. llomo0Has CHTyamEA HMeeT MecTo
H B ciydae, Korja rpag mpeacraBiseT ceTh JOPOr ¢ OXHOCTOPCHHHEM
nBHAeEHeM U TpeGyercs OOpENeNHTh, KAK ONHOCTOPOHHE® NBHKEHHO
BIIMsAET HA MAKCHMYM TPAaHCIOPTHOTO IOTOKA MEJKAY ABYMA palioHAMH,
eCIH 3TH pafoOHW paccMaTpmBaloTCA 060cofiieHHO ApPYr OT Apyra.

Kax Gb110 oT™Me4eHO BO BBEeleHMH, 3Ta 3a/jada MO’KeT GHITH pemeHa
OpocTO € HOMOMBI0 3a[aYd O MAaKCHMAaJBHOM IOTOKe (0T § K f) mudA
Bcex map BepmuH (s, ). OfHaKo TaKOM MeTON M3JIWOIHE TPYHIOEMOK,
HO03TOMY MH H3JO0EM 37lech aaroput™ ['omopm m Xy (14], koropmi
B ciydae Heopuenmuposaxhnr rpadoB HaMHOro 6Gonee addexTHBeH.
Tak Kak 3TOT aJNrOPHTM HCUOJAb3YeT ABA BAKHKIX HOHATHA, TO MEl
cHavana obcynuM mx, 9TOOH cHenaTh Goiee ACHHIM OOHCAHAE CAMOFO
anropATMa.

4.1. IloToxKoBaA IKBHBAICHTHOCTH

Teopema 4. IIycmv f;; — snauenue marcumairvhozo nomoka om
éepuunbl x; Kk eepwune z; epaga G. (Tak kak G — neopueHmuposaHmul
epagh, mo f;; = f3;). Imu nomoku yYdosiemeopANIL COCMHOULEHUIO

fi;=min[fix, fa;] 0as scec i, j, k. (11.8)

Hoxkasamesvcmeo. Ecmm  (X,, X,) — MEEMMAJIBEREEN  paspes,
paromui f;;, T. e.

fiy=v (X, Xo), z; X, szfo,

TO UpPA Iy € X, BHOOXHAETCA HEPABEHCTBO ;) == frj, Tak Kak (X,, X,)
ABIACTCA TaKke paspe3oM, OTACNANIIAM I, OT Z;, a OpH z € X,

COpaBe[JIUBO HEPABEHCTBO f[;; > fip, Tak Kar (X,, X,) sABaAerca
TaKM¥e PA3pe3oM, OTHAENAIMEM Z; of Iy, OTCi0Aa HeMe[JIeHHO BHTe-
KarT Teopema.

IToBropno npmmensas HepaBencTBo (11.8) K morokam B cKoOKax
uz (11.8), nomyumm

fop=min (fins fun, Fapgs ooes fryil (11.9)

anA a060f OCIHe0BATONBHOCTE BODPIIMH [Ti, T,y Zhyy Thyy « o« = Zn,
Zjn

Ecan Teneps paccMoTpeTs rEmortermdecKdit moammi rpag G ¢ n
BePIMIMHAME ¥ B3ATE B KadeCTBe «Iamask pebpa (z;, z}) MakcEMansb-
HbIA IOTOK f;j M@IY COOTBETCTBYIONMME BepIIAHAME Z; X z; U3 G,
TO 3TH ¢IJIHEHKD MOKHO HCIOJB30BATH JIA IHOCTPOCHHA «IIMHHEHAMEro
octosay T'* rpada G’, IpEMeHAA OQUH U3 METONOB HOCTPOSHHS KpaT-
gaiimero (MIM AJMHHEANIEro) OCTOBA, NPEBEIEHHHX B Ii. 7. B coor-
sercTud ¢ (11.9) MosxHO ckasarh, 9TO WmOTOK f;; Goublme WIE paBeH,
4YeM «UIMHA» Kpardaimero pebpa, JdeKamero Ha eJHHCTBEHHOHN Iemm
B T* u3 z; B ;. Ecan, oxnako, f;; Goabme, geM «IJUHA» KpaTIafmiero
peGpa, To ynamemme aroro peGpa @ foGasiende (zi, z;) macT HoBoe
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nepeso ®3 G', Gomee famEHOe, YeM T'*, 9TO IPOTHBOPEYMT IPEANOIO-
WeHH 0 MaxcEManbHocTH T*. TakEM ofpasoM, f;; RomkHO OHTH
pasro spJREEY Kpatdaiimero pe6pa Ha eNMHCTBORHOH UM H8 I B I;
B fepese T*. CuaenoBateasno, ApeBoBEAHHE rpad I'*, mpomycKHEHe
CIOCOGHOCTE XYr KOTOpOro paBHH ¢AaAmHAM® pebep B3 G', Gymer
nomoxoso sxsusasenmer nepBopadaibaoMy rpady G. Ilox mororomo
9KBHBAJIEHTHOCTHI0 IIOHAMAETCH CIeAYI0Niee CBORCTBO: ecaIm rpadu G
m T paccMaTPHBAITCA KAK «IePHHE AIUKM» ¢ BEPIIHHAME ¢BHBEJOH-
HHIME HApPYKy», TO 3TH ABa rpada GyRyT HepasaImuIAMH NPH XapaKre-
PH3ANME HX ¢ IOMOIBX MAKCHMAJBHHX IOTOKOB MOKKY NIApDAMH
pepmun. Bumenpusefiennas xonctpykmusa rpada T* sBasercs mpe-
nensHO ofmeit W moKagwBaer, wTo AaA awboro rpada G Bcerma cy-
UeCTBYeT IOTOKOBO SRBRBAJICHTHHIA ApeBOBHEHHI rpad 7T*.

4.2, Kongencanusa mepnmsn

HpennonoxmM, uwro aas rpada G = (X, I') pemema sanmagza o
MAKCHEMAJNBHOM DOTOKe (OT & K {), NpHIEM S H _ — nBe cayvalnnmM
obpasoM suGpanmwe BepmmmH. Ilycrs (X,, X,) — MEEEMansHEE
Paspes, COOTBOTCIBY OIH MAKCHMAJLHOMY HOTOKY, B PacCMOTPHM
ABe BOPIIMEK Z; H Z,, Aexamue ofe B X, (mam obe sexxammue B X,).
Ecam mu temeps XOTHM HAHTH fy4, MAKCHMANEHHE NOTOK U3 Z; B Zj,
TO BCO BopmmEH H3 X, (a1 X,, eCl Z; B Z; € X)) Moryr GuTh eckon-
NCHCHPOBAHEY B ONHY BEPNUHY I, KOAb CKOPO pedYb HIAET TOJBKO
O BHIYHCIGHEE LIOTOKa. OTA KOHICHCALHASA TaKoBa, Iro pebpa (z,, zp),
Zq B 7, € X, samenawnrca pebpamu (z,, Z,) B J00He IapaLreabENe
pebpa mexny oRHOHE m Tolf ke mapoil BepmEE (KOTOpDHWEe MOTYT mOXY-
9HTBCA) 3aMEHANTICA eIMHCTBeHHHM pe6poM, mpomyckmas cmocoG-
HOCTh KOTOPOTO PABHA CyMMe IPONMYCKHHX CHOCOGHOCTeR mapasiieds-
HHX peGep. Ha pme. 11.8 (a), (6), (8) maxmocrpapyerca mporecc Kom-
nencamu®, Tor ¢akr, WTO TaKaA KOHMAGRCAIHA MHOMXKECTBA X, BOB-
moxHA, 61 ycramoBier I'omope m Xy [14, 16), passmBmumMm Brime-
OMHMCAHHHE HaME MeTod. B pokasaTenncTBe mOKaswBaercs, 910 BCO
BepmuHH X, KOKHH JeKaTh C OXHON H TOM K6 CTOPOHKE OT MHHH-
ManbHOTro paspesa (Y, ¥,), otneaswmero z; ot zy (7. . m X, =Y,
amm X,=Y,), Tak 9ro BHyTpémHEe cBofictBa moxrpada (X,, T
rpaga G He BARANT Ha BHYHCIGHHO MHHHMAJIBHOTO Pa3pesa MexKy
xt H zj.

4.3. AaroputM nOCTPOCHAA MAKCHMANLHOTO IOTOEA
MEeRAY BCEMH NADAMHM BEpIIMH

AnropETM, ONMCPHHHH B HACTOAINEM Dasfele, HOPOMAAET :epe-
Bo T*, KOTOpOe HOTOKOBO KBHBRJGHTHO WEOPHCHTHDOBRHHOMY [pa-
¢y G. MakcEMansHRE DOTOK f;; MeXTYy NBYMA BepIIMHAME Z; B T



332 TJI. 11. TIOTOKH B CETAX

< Xgp> < Xp>
N (o/\
J
x 8
><
o5 X,o 7 [~o to | (@)
\
130\1 4 ~o
o X; \

TNiponyckHble cnocob -
<Xg> HOCTH pebep

XZ Xo (d)

16=5+8+3

Yo (8}

Puc. 11.8. (a) MuuumaxbEuit (or s x ¢) paspes. (6) Komuescanms Bepmun npm
BHYHCIGHU DOTOKA OT z; K z;. (B) CKomgencmposannsii rpad,
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rpada G Moxer GHTH caenyomEM o6pasoM HAlifIeR nmo aTOMY JiepeBy:

f!j= min [q;hlv szln,, Qf:,u,, ey q;pi]s (11'10)
rne (i, Zk,, Zr,, ..., Tj) — OMEBCTBeHHAA IENb, IPOXORAMAA IO
pebpam nepeBa I'* m Bemymas oT i K zj. Haknaa BepmmHa z, ms T'*
COOTBETCTBYET BepIIHHE I, B3 G, a gi ABIAGTCA mpomycKHO#E cmocob-
HoCcTBIO pebpa (zx, ;) ma T*.

Hnes amxropETMa mpocTa: TaK Kak CyImecTByeT gepeBo I'*, morto-
KOBO KBHBaJIeHTHOe rpady G, m Tak Kak T* comepxmT ToasKo n — 1
pebep, To Bce, 9T0O HEOGXOMEMO,— 5T0 BHYMCIMTH IPONYCKHHE CHO-
cobmoct® n — 1 peGep mepeBa I'*. OnmmcaEENE B RaHHOM paspele
&JTOPATM BHYMCIAST NPONYCKHHE cmocoGmocT® pebep mepesa T*
sa n — 1 stamoB. Hakamit 9Tan COCTORT B BHYHCIAGHHE IOTOKA B rpa-
de, momyvaeMoM mOCHeOBATENBHO M3 paHee IOCTPOeHHOro rpada
¢ DOMOIBI0 KOHAGHCAIIHH, KaK 06 9TOM roBODHJIOCH BHIIe B pash. 4.2.

4.3.1. Omncanne axroparMa, Tak Kak aJrOpHTM HOpPOKAAET jepe-
Bo T* moCTemeHHO M TAK Kak Ha Jro6oM ms (n — 1) sramoB melicTBEA
QJTOPHTMA ¢BOPIIMHED B3 T* MOryT GHTH Ha CaMOM JleJle MHOKeCTBA-
ME Bepm®H H3 G, T0 MK GyaeM, Bo EsGe)kanme HeJOPasyMeHHN, HasH-
BaTh BepIINEH M3 G G-BepmmMHAM¥W, & BepmmMHN u3 I* — T¥-pepmu-
sami. Hmme maeTcA focTaTOIHO KOMMEHTApHeB, WTOOH caenaTh al-
TOPHATM IOHATHEIM,

Ilfaz 1. Monoxars S; = X, N = 1.

Ha mwo6om srame T* siBaserca rpadoM, onpemenenauM N T*-Bep-
mueaME S;, Sy, ..., Sy, B KaKAaA M3 HAX COOTBETCTBYeT HEKOTO-
pomy MHO¥eCTBY G-BepmEH. Bragane rpad 7'* cocTORT B2 eIHHCTBEH-
Hoii BepMEHH ;.

a2 2. Haitrm mBokectBo S* €{S;, Sy, ..., Sy}, conepamee
Gonee geM onxry G-BepmEHYy. EcIE Takoro He CymecTByeT, TO mepeiTH
R mary 6, B mpoTEBHOM cay4ae — K mary 3.

ITaz 3. Ecan 66 S* 6uao ynaneno s T*, To nepeBo pacnaxoch G
Ha HeKOTOpOe IMCIO0 IONNepeBheB (CBASAHHWX KoMmOHeHT). CKOHIeH-
cEpoBaTh T*-BepmIMAH B K&)KXOM DOANepeBe B ONHY BepIIMHY H oGpa-
80BATh CKOH/ICHCHDOBAHHKE rpad. Baarh nwlHe nBe BepmEEK I;
H z; € S* u HaifiTe MEEEManbEE paspes (X,, X,) B G, oTnensnmui
Z; OT %, C IOMOIBI0 BHIMCICHAA MaKCHMAaJBHOTO NOTOKA (0T Z; K Z;).

lllaz 4. Ynamary @3 T* T*-pepmmnry S* BMecTe ¢ pebGpamm, eit
WHONICHTHHMHA, B 3aMEeHATh ee Ha ABe [*-BepIHHH, COCTABJICHHEE
88 G-pepmmE MHO¥ecTB S* | X, m S* X,, # Ba peGpo Mekny
HEMA ¢ OpomyckHo# cmocobmocThio U (X, fo). Wrax, nns Bcex T*-

BepmEHE S;, KOTOPHe N0 8aMeHH GHIH HANANEATHN S* (craxeM,
¢ mpomyckEo# cmoco6mocTE0 peGpa ¢f), AoGammre K T* pebpo

(S;, S*NX,), ecrm S; < X,, manm ke K T* poGasmrh peGpo
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(S;, S*N fo), ecmm S; — ‘)v(o. Ilponycknrie cmocoGuoct® pebep
B B TOM M B JPYroM CIydae B3ATh DABHEIME CJ.

3amewanue. Hax yme Onio ormedeHo B pas. 4.2, 'omopm m Xy

[14] noxazamm, uto §; JexuT neauKoM wam B X,, Bau B X,, TaK 9TO
BO3MOKHH TOJABKO IB2 YKA3aHHKX BHIIE CJIydas.

Ilaz 5. Ilomosxmte N = N + 1. Bepmmam ma T* sBaswotca
Teleps MHOKecTBaME G-Bepmmu Sy, S,, ..., S* 1 X,, S*
ﬂf(o, <.« Sy, Tie S* 3amenena aByMa T'*-pepmmmamm S* ] X,
u S* N }?o, Kak of0bscEAoch Bume. [lepefiTw kK mary 2.

Illaz 6. OcragoB. T* Gynmer Temepsh Tpe6yeMHM TOTOKOBO 3KBH-
BaleHTHHM rpady G fepeBoM, m ero [*-BepmIMEH ABIAKNTCA Teneph
e[AMHCTBeHHHIME G-Bepmunamu. IIponyckasle cioco6rocTa peep ma 7'*
COOTBETCTBYIOT 3Hau4eHHAM (n — 1) He3aBHCHMHIX pPAa3pe3cB B TIpa-
de G. Papencreo (11.10) moxmO Temeps mcmoAB30BATH NJIA BHYHCIE-
HEA f;; (1A mobex z;, z; € X) senocpencrsenno m3 T*.

To obcrosTenscTBO, YTO BHIENPEBEACHEHIE AJTOPATM JaeT ONTH-
MAJBHEIM Pe3yAbTaT, CXefyeT HeMOCPEACTBEHHO M3 CBOMCTB MHHEMAJIb-
HHX PaspesoB M CBOMCTB IIOTOKOBO SKBHBaJIeHTHOro rpady G nmepesa,
OpHBEfieEHHX BHme B pash. 4.1 m 4.2. ®opmanbEOe J0Ka3aTeabCTBO
MOKHO Haiitw B Kmmre Xy [16].

4.4. TIpnmep

Paccmorpum meopmenTEpoBanHHi# rpad G, H3oOparkeHEMH Ha
puc. 11.9. Ilponycknrie cocoGHOCTE MOKasaHK NAPPAMH, CTOSMEMA

s 8 o

X 2 Xy

Pnre. 11.9. I'pad m3 upmmepa 4.4.
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y pebep. Hyskmo maiiTe MaKCEMANBHHI UOTOR MeKAY Kekgod mapod
pepmer rpadga G. IlpAMenmM BNMeomHCAHEHY aAropETM.

Mlaz 1. 8; ={z;, zy, x5, X,y Ty, 2¢}; N = 1.

IMaz 2. S* = §;.

Ilaz 3. I'pad me MoxeT GHTH CKOHAeHCHpoBaH. Bepem (mpoms-
BOIBHO) Z; = I; W T; = Zy. BHumCHAA MaKCEMAABHEYE HOTOK (OT T,
K z,), Halifiem,} wTo MEMEEMansEEM paspesoM Gymer (X,, X.), rme
X.,;{zl, zs, 2} B X ={z,, z, z,),a smauemme paspesa pas-
HO 24.

Illaz 4. [lepeso T* m nponyckEke cuoco6HOCTH ero peGep maoGpa-
#eEH Ha pmc. 11.10a.

Iaz 5. N=2 (r. e. T* mMeeT Temeps, Kak IOKa3aHO
Ba pmc. 11.10a, nBe Bepmumn: S, u S,).

IMaz 2. Bepem S* = S,

lllaz 3. ButmpaeM (IpoMsBONLHEO) Z; = I3 B Z; = z,. [lomyuennuf
8aTeM CKOHAeHCHpOBamEEHY rpad msobpamer ma pmc. 11.106.
Buumcanaa Ans Hero MAKCHMANBEKE IOTOK, HOPO/KAAEM MEHAMANBLHHE

paspes (Xo, X,), rne X, ={z,} ® X, ={z,, s, 2¢, 4, 7). 3mane-

8,
HHe 3TOro paspesa paBHO 23.

Hlaz 4. T*-pepmmBa S, ={z,, Z;, Z,} saMenseTcs Temeph ABYMA
HOBHME T*-pepmmanaMm {zs} B {z,, z,} B peGpoM Mexxxy HEME CO
snavenmeM 23, Tax xax S, = X,, 10 pebpo (Sy, S,) ynanserca u same-
Brerca peGpom (S;, S,), rae S; ={z,, z,}.

Ilaz 5. N = 3 (1. e. T* umeer Teneps 3 BepIMMEN, KaK IOKa3aHO
Ba pmc. 11.10s).

ITaz 2. BospmeM S* = S,.

Illaz 3. Bepem z; = z4 m z; = z,. CKoEfeHCEpOBAHHHH rpad
msobpasken Ha pmc. 11.10r. MumEManrE#E paspes co sEavemmeM 30
paBer (X,, X,), rae X, ={z} u X, ={z,, 24, 21, 5, 7).

Ilaz 4. T*-epmmma S, ={z,, z,) Temepsr 3aMeHseTCH NBYMA
HOBHME I*-pepmmrHaME {s,} B {z,}, a HOBoe NepeBO IOKa3aHO HA
prc. 11.10z.

IIpomomxan monoGrEM oGpasom m Gepa S* = §,, mocaenoBaTens-
HO IOXy9aeM HOTOKOBO 3KBHBAJEHTHHE JepPeBbs, M306pa’keHHHe HA
pucynkax 11.10e, x, 8, m. Ecam mcmoassoBars pmc. 11.10(m), To
MaTPENY MaKCHEMAJABHHX IOTOKOB [f,;] mepBoravansmoro rpadga MoxkeO
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24

{), X5, %5} {sz"px‘;}

Puc. 11.10a. 7* mocne 1-ro arama.

10

S, 12

3

Pmc. 11.106 m r. Cronpgenceposamauit rpad mocae 2-ro (6) m 3-ro (r) aramos.

Poc. 11.10B. T* pocme 2-ro 3Tana.

24 b b}
: O——@®
(X %s. X6} 23
{xs}

Puc. 11.10a. T* nocme 3-ro artana.
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3

Pmc. 11.10e ® 3. CroBfiencmpoBamHHIii rpad mocne 4-ro (e) m 5 ro (3) sTamoB.

Vn’s}

{xg} 30 {Xl}
s, 24 /ss\ @
23 I 23
{%e} {x5}

Prc. 11.10k. T* mocae 4-ro arama.

@ 19 24 (N 30 Ox‘

(%)
23 23
(x)

Prc. 11.10m. OxomuaTenrHOe NIOTOKOBO JKBHBAJeETHOe KepeBo I*.
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BHYHCIATH HenocpencTBeHHO ¢ momompio (11.10). Oma mmeer Bupg

x, X, Xy X, X X
x, | — 24 23 24 19 23
x, |24 — 23 30 19 23

Matprnga
MakcmvamsEmx B | > B — B 19 B
TOTOKOB X, 24 30 23 — 19 23
xs [ 19 19 19 19 — 19
X | 23 23 23 23 19 —

Bce 5 (B o6mem cayuae n — 1) paspesos rpada G, COOTBETCTBYIO-
mue pebpam fepeBa 7'*, mokasans myEKTEpoM Ha pmc. 11.11.

Caenyer samMeTnTBb, 9TO, BoOGNIE rOBOPA, IOTOKOBO SKBHBAJEHTHO®
RepeBo 7'* He ABIAETCA eNHHCTBEHHHM H 9YTO CYMECTBYIOT ApYyrne

I
—
\
{

X

X
! £

19 23524 N\ 30 ) 23
4

Puc. 11.12. [lpyroe moTOKOBO 3KBMBAJEHTHOE IEDEBO.

JepeBBbsi, TaK:Ke LOTOKOBO 3KBUBaXeHTHHe rpagy G. llas mamero
TnpEMepa ORHO K3 TaKWX J[epeBbeB, KOTOpoe Ha caMoM feae OGynmeT
raMmIbTOHOBOM nensio, mokazamo Ha puc. 11.12.
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5. IloTok MEHHEMAJIBHONM CTOMMOCTH OT S K £

B paspene 2 MH paccMoOTpeaHm 3aia’y MaKCHMHU3ANMA IOTOKA OT §
K ¢ 6e30THOCHTEJIbHO K KaKoit-1a60 cromMocTn. Temeps MH paccMoTpEM
3a/1auy HaXOKIeHHSA TAKOTO IIOTOKA 38 aHHOH BeJHYMHH V OT § K I,
CTOMMOCTH KOTOpOro MEEAManbHA. B aroit samave kamnan nyra (z;, zj)
HMeeT BA CBABAHHHX C Hell YHCIA — IPONYCKHYIO CmOcoGHOCTH ¢y,
H CTOHMOCTH C;; eIHHHIN MOTOKAa IO 3TO# [XyTe.

OueBuano, 4T0 ecam v Goabme, 9eM 3HAYEHHe MAKCHMAIBHOTO
DOTOKa OT § K £, TO He CYmECTByeT HHKAKOro pemeHus. Ecam ;xe v
He IpeBHIIaeT 9TOr0 3HaYeHHA, TO, BOOGmE roBOPA, MOKET CYIIECTBO-
BaTh HECKOJBKO PAasJIMIHHX HOTOKOB B TpeGyerca HAATH HOTOK Bexm-
9EHH U, ofecmeYmBammili MUHEMAJBHYI0 cToEMocTh. HamGonee ms-
BECTHO# DpomeAypod pemieHHs 3aJa9¥ O IOTOKe C MHAHAMAJBHON
CTOEMOCTHIO ABJAGTCA TaK HasHBAEMHI a.1ropat™ «Gecmopsaakar Dop-
na 7 Qankepcona, B MHTEepECYIOIMMIACA TATATENb MOKET HAlTH OMHECA-
gEe 3toro afpexrmeaOro aaropmtma B [12], [4] m [7]. Aaropmrvm,
KOTOpHe MH 3fech onmmeM, npmaagie;xat Kiae#imy [20] m Bacakepy
u Taysny [6]. OTE a’aropuTMH KOHNENTYyalBHO HpoOme, 9eM METOX
GecmopAnka, H HCHONL3YIT yxke BBelleHHY TexmEKy. C BHumcim-
TeAbHOH TOYKH 3peHHA 3TH METOOH CpaBHEMH [2].

9.1. AnropaTM, ocHOBaHHEII HA BHABICHHH OTPHIATEIALHBIX
IOHKIOB

Ilpepmono:xmuM, 9To B rpade CYmECTBYeT NONYCTEMHI IOTOK §
€O BHAYEHHEM U M 4TO 3TOT IOTOK H3BeCTeH. TaKoil mMOTOK MoKeT GHTB
NOJIy9eH C IOMOIBIO AJNTOPATMA MAKCHMAJBLHOIO HOTOKAa (0T s K f)
A3 pasf. 2 m nobGaBnemma noToka obmed Bexmumew & (f) Ha Bcex
ayTrMeHTANBHNX neuAx (mare ¢ 4 mo 6 aaropETMa) o Tex mop, mOKa
OOTOK f,; He AOCTHTHET 3HAYCHHMA U, KOTOpPOEe IO YCIOBHI0 MEHBIIe
SHAYCHHSA MAKCHMAJIBHOTO IOTOKA.

JianAa 3TOr0 MONYCTEMOro IOTOKA OMpefe] HM HOBHI MHKDPEMEHTAb-
it rpad G* (§) = (X*, A¥) B TOYHOCTH TaK, Kaxk 9T0 6HIO 06BAC-
HeHO B pasf. 2.3, CO CAOAYOIMEMHE CTOEMOCTAMH AYT.

Haa wampoi ayrm (¥, z¥) € AY momoxmm cfj=cy;.
Has xampolt pyrm (z¥, zV) € AY monommm cfi= —cy;.

Hosuit rpad G* (}) nmaer Temepr HHKpeMeHTAJBbHHE HPONYCKHHE
COOCOGHOCTE H CTOHMOCTE (OTHOCHTEIBHO HAYAJBHOrO IOTOKA §)
a1060r0 AOMOJHATENIPHOTO MOTOKA, BBeleHHOTO0 B (G. AJITODHTM OCHO-
BaH HA CIeXyIOme#d TeopeMme.

Teopema 5. ITomox § 6ydem nomoxom MuHUMAALHOU cmouMocmu
co 3Haueruem V mozda u moavko mozda, kKoz0a ¢ G* (¥) ne cyuecmeyem
rukaxozo yuxia O, cymma cmoumocmu dyz xomopozo ompuyamesvia.
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Hoxasameavcmeo. Ilycts ¢ [§] — crommocts notoka & B rpade G,
acl[D]|G*(E)] — cymma crommoctm nyr B nukae O mo oTHomeHHO
x rpagy G* (§).

Heobrodumocme. Ilycrs ¢ [ | G+ (8)] << 0 ans mexoToporo mmkiIa
@ m3 G* (E). llEpKyIAnus [ONOJHATENBHOH eIHHHNH NOTOKA IIQ
nukny @ maer HoBHIE motok § + 1 o (D), ocraBasA smadeHde v IOTO-
Ka oT s K { memsmeHHHM. Crommocts motoka & -+ 1o (D) pasma
c [E] 4 ¢ [D] G* (§)] << c [&], a aTo mpormBOpewAT AOmyINEHHIO, ITO
§ — DOTOX MMHAMAJIBHOA CTOMMOCTH CO 3HAUEHHEM V.

Hocmamourocme. JomycraMm, ato B rpage G* (§): [D |G (§)] = 0
gasg kammoro mmkaa @ m uro E* (54E) — mOTOK MEmEEMaIRHOR
cTomMOoCTH co 3HavenmeM v. OGo3magmMm Temeps depes &* — § motok,
3HaveHHe KOTOporo Ha xyre (z;, z;) paBHo &f; — &ij.

Tak Kak §* m § MOKHO Da3IOKHTH B CyMMY IIOTOKOB (OT § K t)
oo menAM B G, TO IOCTpOeHHMEe YHHTApPHOro rpada G° (cM. pasm. 2.4)
naa noTtoka E* — § maerT crelyom@e IONYCTENeHM BEDIIHH:

& (z)=d% (z;), VzcX.

Tax kak B coorBercTsEd ¢ pasf. 2.4 G* cocrour u3 HaGopoB KoHpOp-
MAJIbHHX eIMHWIHHX HOTOKOB mo mmkiam @,, @,, ..., O, (zaupm-
Mep), TO MH MOKeM HAIHACATH

£ —E=10 (D) 1o (D) + ... +10(Dy).

Tax xak morok: 1o (D;), i =1, ..., k, monapro KoEdopMaILEL
W HaM HM3BeCTHO, ITO IOTOK §* = F + 1o (D)) 4 ... + 10 (D),
momryctaM, To Jibax cymma § + 1o (D) + ...+ 1. (D,) bynmer
momycramoi ans mobux I, 1 << I << k. Tarknam o6pasom, paccmaTpupast
motor & -+ 1. (®,), morygaem

c[E§+10 (D) =c[El+c[D,|G* &) >c[E].

PaccmorpmM Temepsr HHEKpeMeHTanBHEE Tpad G* (§ + 1 o (D).
EnuecTBeHEHIME AyraMm 3TOro rpada, CTOAMOCTE KOTODHX yMeHbIIH-
JMCh 1O CPaBHEHMI0 C COOTBETCTBYIOINWMH CTOMMOCTAMH B rpade
G* (%), sBuawoTca Te, KoTopwe Oynyr «o6pamemmsaMm» ayr B O,.
Ho, Tar kax mortokm 1o (@,), 10 (D,), ... Korpopmansmn, Tarme
AYTH He MOTYT GHTH HCIOJB30BAHH HA OJHHEM M3 OCTABINEXCA IEKIOB
@,, ..., O, u, ciefoBaTesbHO, He BIAAKNT HA HOCJAEAYIOMME pac-
CYIKIeHHA,
Temeps ME mMeeM

c[D| G" E+1e (D)) =c|D, | G* 3)

nna awboro I = 2, . . ., k.
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CrommocTp moToka § + 10 (D) + 10 (P,) paBna Torma
c[8+10 (@) 410 (D)l=c[E+10(D)]+c[D:]|G" &+ 1(Dy))]=>
=c 8410 (D)) + ¢ [Dp|G* (§)1Zc B+ 10 (D)1 >c[E).

IIponomsxan paccy kneHHA aHAJOTHIHKM 06pa3oM, MH HOJIYYAM OKOH-
qateasHo ¢ [§*] > c [§], a 3T0 mpoTHBOpeUMT IPEAMONOKEHHIO O TOM,
9r0 §* — DOTOK MHEMMaJBbHON CTOMMOCTE CO 3HadeHEeM v. Teopema
JOKAas8aHA.

Taxmm 06pasoM, B COOTBETCTBHE ¢ TeopeMoit 5, Bce, ITo Tpebyerca
AN HAaXOKACHHA NOTOKA MUHEMAJALHON CTOEMOCTHE CO SHAYCHHOM U,—
9TO HAYATh C JONYCTHMOTO HOTOKA § CO 3HAYEHMEM U, LOCTDOMTH
rpad G* (§) m mpoBepHThH, HET JIH B HeM NUKJIOB C OTPHIATeIbHOMK
CTOHMOCTBIO, MCIOAL3YA MoGo#t B3 aJrOPATMOB HAXOKIEEHA KpaT-
vafimeit memm, maEHHX B pasy. 3 m 4 ra. 9. Ecam me cymectByer
HEKAKOTO IHKJIA ¢ OTPHOATeNBHOE CTOMMOCTLIO, TO HOTOK Oyxaer
DOTOKOM MHEMMaJbHOH cromMocTd. Ecim mukn @ ¢ orpmmarensmoi
CTOMMOCTBIO CYIIECTBYET, TO HAJO ¢OYCTHTHS IO HEMY IOTOK ¢ MaKCH-
MAaJbHO BO3MOKHHM 3navenmeM §. CyMMapHHIiA TOTOK OT s K £ He H3-
MEHHT CBOEr0 3HaYeHHA V, & ero CTOMMOCTH yMeHLIMHETCA Ha § -c (D),
rae ¢ (P) — BeamYEHA CTOEMOCTH OTPHOATEABHOro nuKiIa. OueBHAHO,
8 momxHOo OHTH BHOpaHO Tak, YTOGH IPOOYCKHNE CHOCOGHOCTH AT
B G* (}) me mpeBHmAJHCH, T. €.

§= min (g1 (11.11)

(=¥, x}") 3®

Ecanm stor moTok § HanoKHTHL Ha moTOK § yike B rpade G, To, B CHIY
nepBoBavYaJbHOr0 BHGOpa mpomyckEHX cmocobHocTedt ayr B G* (%),
pesyasTEpyOmai DoTOK Bee eme 6ymer xonycruMuM. Ilponece mMoxHO
nOBTOPATH, HAYWHAA €ro ¢ IOJYYeHHOTO HOBOTO NOTOKA §, CTpOA
HOBHI rpad G* (}) OTHOCHTeABLHO HOBOTO IOTOKA M BHABIAA B 3TOM
rpade NMKIH C oTpEOaTeanbHofl cromMocThi0. OnmcaEMe aJropETMa
KaHO HHEME.

5.4.1. OnBcanme aaropnrma

Illaz 1. Ucnonb3oBaTh aNropAT™ MAKCEMANBHOTO HOTOKA (OT § K f)
ms pasi. 2 JiIA HAXOXKIeHEA B rpade G NOIYCTEMOro HOTOKa § cO
3HAYCHHEM U,

IMaz 2. IloctpomTs paA aToro motoka rpad G* (&), moamsysacs
ARHEHME DaHee IPABHJIAMH.

Iaz 3. OtopaBasAsAch OT MAaTPANH CTORMOCTel rpada G* (%) m mc-
HOoAB3YA aJArOPHTM Kpardaiimei nenm (cM. pasa. 3.1 m 4 ra. 8), onpe-
ReJdTh, cymecTByer JM B rpade G* () mEKa ¢ oTpmmaTennHO#H
crommocThio. Ecam Takoi muka cymecTsyer, To HaliTH ero (mmka @)
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X, (17,25} X5

Puc. 11.13. I'pad ms npumepa 5.1.2. IlepBan moveTka ABIAETCH NPOIYCKHOR
CIOCOOHOCTBIO J{yTH, BTOPAH — CTOMMOCTBIO JYTH.

¥ HepedTH K mary 5. Ecam takoro umkia BeTr, TO OCTAHOBHTECH.
Ilotok & 6ymeT MOTOKOM MARMMAJIBHOH CTOMMOCTH.

Ililaz 4. Ilo (11.11) BuudcamTE O.

(I) Hnsa seex (z¥, #)s®ec ¢, << 0 mamenmTs notox §j;; B cooT-
BeTcTBYIOme# ayre (z;, z;) 3 G ¢ E;; ma E;; — 6.

(IT) Ona Bcex (z¥, z#) B @ ¢ ¢4 > 0 m3menuts moToK §;; B COOT-
BeTCTBYIomed nyre (z;, z;) @3 G ¢ E;; Ha §;; + 6.

Illaz 5. IloBTOopHTE mar 2, HAYMHAS C HOBOTO HOTOKA E.

5.1.2. Ilpumep. Paccmorpum rpad G, m3obpamenHpll Ha
pac. 11.13, rae mepBoe uMCIO IOMETKH y KasK{OH JyrE paBHO ee
OpPONYCKHO# CIOCOGHOCTH, a BTOpoe — CTOMMOCTH. MEI XoTHM HaiTh
NOTORK OT § K { MEHMMAJBHOA cTOEMOCTH co 3rayenmeM 20.

J715 BHABJEGHASA IMKJIOB C OTPHNATEIBHON CTOMMOCTBIO Ha mare 3
BHINEONHECAHHOTO MeTOfla MCIOJb3YeM AaJTOPHTM KpaTdailmei memm
®noitna (pasa. 3.1 ra. 8).

lllaz 1. AnropATM MaKCEMAaJBHOTO MOTOKA [AaeT IePBHHE JOOyCTH-
MEI IIOTOK, H306parkeHHHA Ha puc. 11.14a. CTomMOCTE 3TOTO mOTOKA

Puc. 11.14a. Havaapauit notox E.
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paBHa

16 (7 + 25 + 5) + 4 (28 + 7) = 732.

Ilfaz 2. Ucxona ms aToro moroka, mocTpoEM rpad G* (%), Kak
nokasano Ba prc. 11.146, rne nEKA oTpEnaTensHOM cTOMMOCTH H306pa-
7eH HYHKTHAPOM.

Ilfaz 3. Haunpasa ¢ MaTpEOH CTOMMOCTe

Xy X X3 X, X5 Xg X,

x, 0 13 28

x, | =7 0] 25| 4|10

X3 =25 0 5
X, 61 0 5

Xg 0 12
xs | —28 3(o0)7
x, -5 -71 0

(rne Ba DYCTHX MeCTax NOMKHH CTOATH 3JIEMEHTH o0) M OpPBMEHAA
anropurM Quoiina, moaydaeM clefylmEe MATPHOH HAHMEHbIIHX
CTOHMMOCTell BMecTe ¢ COOTBETCTBYKOINMME HM MATPHIAME nemeii:

Mampuyw 8 xomie nephed umepouue (A=1)

x, x, x_‘ x‘ x’ x‘ Xq xl Xq x, Xe Xg x‘ x-'
x| o B[ |2  [afafafa o)1)
x| -1| o] 25| 4f10 21 5 |2|2f2]2]2[1]2

s -25| o 5 s [3]3]3]3s]3]s]s

X, 6 0 5 x, |414/414)14)14]4
Xy 0 12 x |s|s]s|s|s|s|s
x, | -28 -15| 3] of 7 x |6[6[6|1]6]|6]6
x, -5 -1] 0 S NEREIEIE
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B mocnenneit mrepanmm seMeHT 02,4 IoJIydaeTcs OTPHUI[aTEIbHEIM,
co 3HaYeHneM —15, KOoTOpoe MOKa3HBaeT CYymMeCTBOBAHUE (UKIA OTPH-
1aTeJbHOM CTOMMOCTH, COflep;Kamlero BePIIUHY Z,. JTOT HAKJ, HAHOeH-
HHE 10 MaTpHme uemeil, mMeer BER (Z;, I3, T, Zy)-

Illaz 4. N3 (11.11) saxognym 3nadernme O:

Mampuys 8 xowye smapod umepadue (k=2)

X, X, Xy X4 X5 Xg X, Xy X; X3 X, X5 Xg X,
0 13 28 x, (1|11} 1])1]1]1
-1 0| 25| 4 |10 |21 X, [2(2]2]2])2]1}2
—32 [-25] O|-21|—-15(—-4 S xy [273}13)2}2(1]3
6| 0 5 x, |44 |4|4|4]| 4|4

0 12 xs | S| 5|S5|S5S|5[5]5

-28 —15 3| 0of7 xs | 6| 6]6]1]|6]6]|6
-5 . -7]10 x; VT T T T T

Mampuya rauMensuux cmoumocmed Mampuga yened

Mampuyy 8 xowye mpemeed umepayul (k=3)

X, X, Xy X Xy Xg X, X, X, X3 X Xg Xg X
0 13 28 x, 1{1 ) 1101 {11
-7 0] 25 4 10 2130 x, 2222|213
-32 (=25 0j-21|-15}-4] 5 x, |2 [3[3]2(2|1]3
—-26 |-19 6|15 | -9 2011 x, | 23412213
0 12 x; | S |S5|5|5([5¢(5]5
-28 -15 3 o1 7 x; |6 |6]616 161616
-37 [-30|—-5{—-26 [-20[ -9 O x, 121317122 |1}7
Mampuia HaumeHswux CmoumMocmed Mampuya uened

HoBull DOTOK, HOJYYEHHHIH [Ocje BBEJEHHA B IIMKJI LAPKYJIAUHUOH-
goro notoxa 6, usoGpaskern Ha puc. 11.148. CTromMOCTE HOBOTO HOTOKA
papHa 552. Bosspamadce k mary 2, HaxoquMm HOBHE rpadp G* (&),
ooxkazanau# Ha puc. 11.14r. Iocrymas Kak ®m paEbme, HOJydaeMm
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(16-25)

- ———

\xs

5 4 X5
12
16 12 18
x X, Xy Xy
4 4
Xs

Pmc. 11.148. Yayumenswii morox §.

(4,-29)

e ——— e e

Pumc. 11.14r. G* () ans notoxa ma puc. (m).
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Pre. 11.14n. Yayamesnnit notox &.

(4,-25)
——

Pmc. 11.14e. G* (§) gns unoToxa ma pume. (m).

Xy xs

Poc. 11.14m. Yayawemmudi motox E.
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X x
15 12 2 12
5 3
4 X L Xy
S
S
)

Pac. 11.14g. Vayumenuwit motoxk §.

Pac. 11.44x. G* (§) mna moroxa Ha pmc. (m).
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Ilfaz 3. OGnapyskeH OTpHNIATEJNbHWHE UHKA (T4, Ty, Ty, Tg) CO
crommocteio —10.

IlTaz 4. § = min [4, 11, 19] = 4.
Hosmit morox co crommoctsio 512 usobpasken ma pmec. 11.14x.

lllaz 2. Tpad G* (§), cooTBeTCTBYIOmMMUI HOBOMY IOTOKY, m306pa-
#eH Ha puc. 11.14e.

lllaz 3. Obmapy:xen OTpUIATENbHBIE WHKI (Z;, Z3, T, Zs, Z;)
CO CTOEMOCTBIO —8,

Ilfgz 4. 8 = min [16, 4, 16, 16] = 4,
Hoswmii morok co crommocteio 480 m3oGpaskem ma pme. 11.14:x.

IlTaz 2. TonyuuBmuiics rpad G* (§) mokasam ma pme. 11.14a.

lllaz 3. O6Hapyswen OTPULATENbHNIE UK (T, Zy, Tq, L7, L5, Tg, 1)
CO CTOMMOCTBI0 —4.

Illfae 4. § = min (7, 15, 1, 4, 4, 16) = 1.

Hosmuit motok co cromMmocteio 476 msobpasxen ma pme. 11.14 m.

lllaz 2. Tpadp G" (¥) uaobpaswen ma pumec. 11.14k.

Illaz 3. O6mapy;keH OTpPHNATEdbHHE LHKI (Z,, Zy, Z,, ;) CO
CTOAMOCTBEI0 —2.

Illgz 4. 6 = min [1, 6, 5] = 1.

X1, Xy

Puc. 11.14x. IloTok MUHEEMAJBHOH CTOMMOCTH.

Hosmit motox co crommocTbi0 474 msobpamen ma pmc. 11.14ux.

B mocnenmeM wmukpeMmentanbHOM rpadle HeT HAKAKAX IEKJIOB
¢ OTPHMOATENIBHOHA CTOMMOCTBIO, H HOJITOMY IIOTOK, H306parkeHHHIH
ma puc. 11.14 1, ABnseTcA NOTOKOM HamMeHBbIEH CTOMMOCTH CO 3Ha-
gennmem 20 # ero crommocTh paBHA 474.
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5.1.3. Illar 3 u3 aaropaTma 5.1.1. B BumenprsenenHOM mpuMEpe
6n1 mcmoan3oBaE MeTox (ioiia 414 HaXOKAGHHEA MEKIOB OTpHNA-
TeJIbHO CTOHMOCTH B MHKpeMeHTaJbHOM rpade G* (§) ma mare 3
anropaTMa OHmpeNeJeHdA HOTOKA MHHEMAJIBHOA CTOMMOCTH, AAHHOTO
B pasn. 5.1.1. Ho, xax y:xe orMegazoch B pasa. 4 ra. 8, ato He Ayammix
MeTON BHUIBJIGHHA NHKJIOB OTPHNATOALHOM CTOMMOCTE Jas rpada G,
B KOTOpOM CYIMeCTBYeT BepPIIMHA Z,, NOCTHAEMASA H3 BCOX APYTHX
BepmEH G. Jlyemm# cmoco6 COCTOHT B HCOONB3OBAHHHM AITOPHTMA,
KOTOpPHi# HaxofMT Kpardaiinrylo memb OT X, KO BCeM APYrEM BepmH-
HaM, a He B npAMeHeHHH aaropaTMa Diroiina, HEaxoAAmero KpaTIaimue
mem® MexAy Kampod mapoit BepmmH (2]. B arom ormomemmm Gomee
ycmemso, Kak 3To o6BbACHASTCSA B pasf. 4 HACTOAMEH IIABH. MOKeT
OHTH HCIOJNB30BAH AJATOPATM Kpardaifmeit memm m3 pasx. 2.2.1 raa-
B 8.

Jlna mEkpemenTaabEOro rpadga G* (%) ogens npocTo MOKA3aTh, 9TO
B HeM CyIecTBYeT IO KpaiHed Mepe ofHA BepmMHA, M3 KOTOpOX
Mo:kHO JocTEYb JI00yl0 ApPyryno Bepmmuy rpada G* (), m g9ro Ha
caMoM [exe KoHeYHAaA BepmEHA [ o6xamaer aTEM cBoHCTBOM. ITO
MO:KHO IOKasaTh ciaefylommM obpaaom.

Taxk xak axa mo6oit xyra (z;, z;) #3 G, AAA KOTOPOH CymecTByeT
HEKOTOPHE HeHyJeBOE NOTOK, B HMHKpeMeHTaabHOM rpade G* (%)
CymecTByeT Kyra (zg", z!), To Bce BepmmMHH z! m3 G* (}), coormer-
CTBYIIHe BepMHEAM I; B3 G, Ne;KaIlEM Ha IeUAX IOTOKA OT § K f,
MOryT GHTHb MOCTHIHYTH M3 { C HCIOJB3OBAHEEM «0GpATHHX» nemeit,
06pasoBaAHHENX KyraMm (##, zi). TaxaM sKe cmocoGoM MoxeT GHTH

DocTATHYT MmCToYHMK s. MTak, Kaskmasa BepmmHa z; B3 G MokeT GHTH
HOCTHTHYTa H3 s (B IPOTHBHOM CIydae Z; MOKeT GHTh yXaaeHa 3 G,
@ 9T0 He UOBNHAET HA mOTOK). CrremoBaTeNbHO, TAK KAK AYTH (Z;, Z;),
He Hecym@e HHKAKOro mOTOKa B G, moABAAKNTCA B G* (§) B KauecTBe
ayr (=¥, x;.*), BepmHEH z¥ 3 G* (§), COOTBETCTBYIIAe BepMHHAM I;
H3 G, He Jle/KaIEM HA NEOAX HOTOKA, MOryT GHTH MOCTETHYTH H3 &
9Jepe3 s. IENME caoBaMm, CHadYajJa IpOCTO KOCTHraeM s, KaK OHIO
CKa3aHO BHIE, & 3aTeM CJeXyeM IO IYTH M3 s B Th,

IlosToMy B mEKpeMenTambEOM rpade G* (%) Bce BepmHMHH MOryT
OLITH MOCTHTHYTH U3 ¢, H €CJK 3TAa BepUIMHA HCIOJIB3YeTCA B KAYOCTBE
MCTOYHEKA IPH HAXOKNeHHH KpaTdadmed mem® OT { Ko BceM APYTHM
BepmmHAM B3 G* (§) (HampmMep, ¢ HCHOAB30BAHHEM AJITOPHTMA H3
2.2.1 ra. 8), To Bce QUKIN OTPHNATEABHON CTOEMOCTH B G* (&) MoryT
6uTh 06HADYKEHH.

Hcponrsya Takoit moxXoA HpE OPraHEH3andd Imara 3 OCHOBHOTO
QIropATMa IOTOKA MHHHMAJbHOX CTOEMOCTH H3 pasa. 5.1, Bem-
BEATTOH [2] onyGamkoBan BHUHCIHTENBHHe pe3yNBTATH, HOKAasH-
BAIOMHAe, YTO 3TOT AJITOPHTM HE XY:Ke aJIropHTMa «Gecmopsankas [12,
4, 7). IlpEMerneR®e MeTOfa HaMMEHBIIHX KBAApAaToB K OMEHKe Tpe-
GyeMoro BpeMeHH { BHIMCICHHA OO TECTAM, HCIOIBSYIOMAM CIyYaliHO
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IOopO;KACeHHEIe TPagHl C 7 BeDIUHAMHA A m JYTaMd, JajJ0 TaKoU pe3yiib-
TaT:

t = —2.3 + 0,0113r + 0,00166m (Bpema B cexymmax
na mammee VBM 360/75).

T'pad ¢ 200 pepmmramn r 5000 gyramm tpeGyer npubiusuteanHo 8 ¢
MAIIBHHOTO BpEeMeHH.

5.1.4. Ilorokn MmHHMaxbHOI cToMMOCTH B rpadax ¢ BHIDYKABIMH
(GYBRUMAME CTOMMOCTH

Jlo cEx mop mpeaAnoaaralioch, YTO CTOEMOCTH €IUHMIE IOTOKA &;;
oo ayre (z;, xj) ecThb ¢;; — BOCTOAHHasA Bejmuuaa. OQHAKO 3TO He
ABJIsAeTCA HEOOXOAMMBIM HPEANOJIOMEeHEeM H, KaK mokasaau Xy [17]

/

i

Wi (8ij) /‘
/T l
|

|

f

|

l

l

|

|

| S |

2 3 4 5
Ejj

Pnc, 11.15. Bunykaas gyHROHA CTONMOCTH AyT.

u Kaeitn [20], anropmry, onmcanmmit B 5.1.1, MokHO JNerko mpme-
HATH M JJI1 HAXOJK/IEHNsI NOTOKOB MEEMMAaNbHOR CTOMMOCTE B rpajax,
CTOMMOCTH JyI' KOTODHX fABIAKTCH BHOYKIHMH KYCOYHO-JIHHEHAHEIMA
GYHRUAAME HOTOKA.

Ecau ponycrmts, aTo crommocts moroka E;; mo gyre (z;, ;) 3a-
faercA BHUYKIOW ¢ymxnme#t w;j(&;;), msobpaskenHo# Ha pHCyH-
ke 11.15, To ana m06oro moroka § MH MOMKEM ONpelelATsh BEKpe-
MeHTalnbHHHE rpadp G* (§) = (X*, AP |) AY) TouHo Tak ke, KaK aTo
leJaanock B pasf. 2.3, 3a HMCKIIOYEHHEM TOrO, 4TO Teleph HAKOITA
He HY/KHO BHYHCIATH HPONYCKHHE CHOCOGHOCTE Ayr g¢h m g%,
a4 CTOEMOCTH AYI' TAKOBHI:

mia pyra (zh, z4) € A% nonosxmm
el =w;; (i 1) —wy; (&),
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naa ayra (2, 7)) € AY noxoxnM

et = —[w;; (&) —wiy Ei;— D)
cumuras, 9ro w;; (0) = 0.

Tenepsr MH MO;keéM HEHOCPENCTBEHHO HCHIO0Jb30BATh 2JITOPHTM W3
pasn. 5.1.1, sa HCKiIlO9eHHEM TOro, 4ro § — MOTOK, MOCHJIAaeMHIH
no aobomy mukay P oTpHNATeNBHOL CTOMMOCTH, KOTODHH MOKHO
Haiith B G* (&), — Bcerga Geperca paBHuM 1. 3amMeTHM, 9TO BCe HHKpe-
MEHTaJbHHE CTONMOCTY OHUIM oIpefelieHH TaK, 9T00K OHH UPHBOAUIH
K YBeJHYCHHI0 WX YMEHBIICHUIO 3HAYCHHA IIOTOKA HA OfHY e[MHHILY.
3aMeTHM TaK:ke, UTO IPH HCIOJB30BAHHM TOJBKO ¢IMHAYHBIX» IIpe-
o6pasoBandit NOTOKOB (T. €. OPA YMeHbIIeHAH WM yBeIUIeHNHN 3HATE-
HHA IOTOKA TOJBKO HA eIMHENY) HeT HeoOXOMHMOCTH BHYACHATH HHKpe-
MeHTaJbHHE NpONYCKHHE crnocoGHoctm ayr B G* (§), Tak Kak 3Ttm
BEJUYHHH HY/KHH JHMb A BHYHCIeHAA §.

Ecam npu 3agammu QyHKumm cromMmocTH He Tpebyerca Gonbmoi
TOYHOCTH, TO W;; (§;;) MOKHO AamIpPOKCHMAPOBATH KYCOUHO-TMHEHHOR
¢ynrnmeii. Torna orpanmuenme, aro 0 BHOHpaeTcA PaBHRIM eIMHHNE
IOTOKAa, MOKHO OCHaGHTH M JROCTArHYTH Goliee GHICTPOH CXOMMOCTH
K TIOTOKY MHMEAMAJIBHOM cTomMocTH. VIHKpeMeHTaJAbHHE CTOMMOCTH
KasKI0M AYIW MOTYT GHTH Temeps oIpefeseHH KaK YIIoBHe Koagdn-
OHEHTH COOTBETCTBYIOMMX JMHEAHHX YIaCTKOB QYHKNHUHA CTOMMOCTH,
a HMeHHO AJA JaHHO# Ayr# BuOMpaeTcA y4acTOK, OTBeUalom(uil TeKY-
IeMy 3HAYEHUIO NOTOKA HA 9TOH Ayre. 3aTeM MOKHO BHIYHCJIHTH
NpONYyCKHHE CHOco0HOCTH, 4ToGH y6eAmTHCA, YTO HHKaKoe yBexHTe-
HMe MW yMeHbIIeHHe NMOTOKa 6 He AacT HOBHE HOTOK, BHIXOXAMHA
3a mpefeJH IPAMEHEAMOCTH TeKYiero JHHEHHOIo yYacTKa, allMpOKCH-
MEpylomero GYHKOUIO CTOMMOCTH.

5.2, AaropuTM, OCHOBAHHHIf HA Ienn HauMeHbMEH CTOAMOCTH

Aaroput™m u3 pasf. 5.1 HaumHaer paboTy ¢ NPOM3BOJBHOTO MOTO-
Ka § co aHaveHHEM U, IIOCJIe Yero IPOBCXOAUT NOCTeleHHoe YIydmeHue
HOTOKA J0 TeX IOp, IOKa ne GyAer moJydYeH MOTOK §* MHHMMAJbHOM
crouMocTd. B TepMEMHOJIOTMH MaTeMaTHYeCKOTO IPOTPpAMMHpPOBAHHSA
TAKOM AJITOPHTM CJeoBajo GH HA3BATh OCHOGHHM AJTOPHTMOM, TaK
KaK ero mepBas IeJbh COCTOHNT B MOJYYEHHH NONYCTUMOrO0 IOTOKA,
a sareM DOTOK yJydmaeTcAd ¢ COXpaHeHMeM JONYCTAMOCTH. AJbTep-
HATHBHHM NOAXONOM ABIsAETCA JgolicmeenHblli METON, B KOTOPOM JLiIA
PeleHnsA 3ToH 8aaYy HAYMHAIOT C IOCTPOEHHA MOTOKA §¥ ¢ MUHAMAJIb-
HOMl CTOMMOCTBIO, HMEIOIEero HeKOTOpoe 3HA4YeHHWe Uy < U, a 3aTeM
n06aBaA0T B Tpad HEKOTOPHIA HONOJHHETEIBHHH IOTOK, YTOGH MOTY-
9YUTHh HOBHH IOTOK ¢ MUHAMAJIBHOH CTOMMOCTHIO, AMEIONUHA 3HAYECHHE
Uy >V, X T. A. HOKa He OymeT MOCTPOEH NOTOK C MHHEMAJbHOMK
CTOMMOCTBIO CO 3HA4YeHHeM v. B OTHOmEHBH 3TOro MeTtoja CJeayer
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3aMETHTh, 9YTO HAYAJbHHA IOOTOK MHEHAMAJIBHON CTOHMMOCTH BCErja
BMeeTcs, TAK KaK HYJeBOH HOTOK ABJAETCA IHOTOKOM MHUHHMAJbHOMR
cromMmocTd co 3HageHmem O.

AIropaT™, KOTOopuil MH co0UpaeMcA oUOHCATh, OCHOBAH HA BHI-
quCJeHHN KpaTdaiimeid nend W ciaegyoonieil Teopeme,

Teopema 6. Ecau § — nomok munumarvroil cmoumocmu 6 epage G
co 3Havenuem v u P* — kpamuatiwas yenv (Haumenvuieic cmoumocmu)
om s k £ 8 unkpemenmarvion zpage G* (§), mo § -+ 1 o (P*) seasemcs
NOMOKOM MUHUMAALHOU CMOUMOCIU CO 3HaueHuem v -- 1.

JloKa3aTeJBCTBO TEOpEeMH OYeHb IIPOCTO — HAKO HOKAa3aThb, 4TO
ecan G* (&) He comep;KUT HUKAKOTO I[MKJA OTPHUATEAbHOH CTOXMOCTH,
To G* (§ + 1o (P*)) Takke He COAEDP:KUT TAKAX nEUKIOB. Ilocae sToro
BCe CIeJyeT HEemOCDPEeJACTBeHHO K3 TEOPeMH J.

5.2.1. Onucanne anropaTMa

Illaz 1. Hagats ¢ HYJEeBHX IOTOKOB HA YraX U ¢ IOTOKA, AMe0Ime-
TO HYJeBoe 3HAYeHHE.

ITaz 2. TloctpouTh HEKpeMeRTAXBHHE rpad GH(§)=(X¥, A% |) 4Y),
KaKk 3T0 ommcaHo B pasf. 2.3, W B3ATH CIeXYIOIWe CTOEMOCTH IYT:

mus moboit xyrm (zi T) € AY; monommte cfj=cyy,
nas moboi xyrm (zb, zV) € AY moaommte cfi = —cy;.

Hlaz 3. Haiita B rpade G* (§) Kpartaitmyro nenb P* oT BepmuHH §
K BepmuHe f.

IlTaz 4. Haitre manGoxbOiyio BeJHYMHY & TOr0 IOTOKA, KOTOPHIE
MOKHO HOCIATh BRoAb P* He maMeHsAs crTpykrypy rpada G* (E).
Beamamna § paBHA

8= min (g1
(<) n Px

Mlaz 5. (I) Ecam 3nagenme mororka & -+ 6o (P*) mempme, deM
TpeGyeMas BelWYWHA U, OpoE3BecTH 3aMeHY &< § 4 0o (P*) m
BEPHYTHCA K mary 2.

(I1) Ecnm snagenue notoka § - 6 o (P*) paBHO v, OCTAaHOBHTBCH.
& 4 8 o (P*) aBusercsa TpeGyeMBIM IOTOKOM MEHEMAJIBHOR CTOXMOCTH.

(I11) Ecnz ssagemme wnotoxka §& + O (P*) = A > v, ocrasHO-
puthcsi. TpeGyeMmM OOTOKOM MUHUMAJBHOH cromMocTE Oymer § -
+ (8 — h + v)o (P¥).

3eeb BaXKHO OTMETHTH, 910 rpad G* (§) Ba mare 2 COmepsKAT Kak
OYTH DOJOKHTEIBHON CTOMMOCTH, TAK W OTPHBIATEIBHOH, W IOITOMY
allTOPATM KpaTiaimeil 1{eNH, ACHOJB3YeMbHA Ha mare 3, HE MOMeT
OuTH anropuTmoM J[eMKCTpH, a HoiKeH OhTh (MeHee dPPeKTHBHEIM)
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aJTOPHUTMOM, ONHCAHHHM B pasf. 2.2.1 ra. 8. Onmako Xaysep, In-
monfc ¥ Hapnm mpemmokmim HemasHO MeTOX, HO3BOJAMMEi oGolTH
BHIOIEYKAa3aHHYI0O TPYAHOCTh M HCOONB30BaTh Gojdee 3ddeKTHBHEIE
aJITOPATMH KpaTdaiimed memu.

5.2.2. IIpamep. CHOBA BHYACIEM LOOTOK MHHUMAJIBHOA CTOMMOCTH
co sravenmeM 20 ana rpada, m3obpaskennoro Ha prc. 11.13. Buavamxe
Gepem § = 0. MmkpemenranbEuid rpad msobpaskem ma pmc. 11.13.
Hparvaitmeit nensio B rpage 6ymer P? = (x,, z,4, %,, Zs, Z;) CO 3HA-
yeaHeM 22, a § oxasuBaerca paBHHM 12,

Iorox § mepexommt B 12 o (P}). KpaTgaiimeit nensio B COOTBET-
CTBYIOmEeM HHKpDeMeHTalbHOM rpade Oymer P;=_ (i, Z;, Z,, Zs, Z7)
co cromMocThI0 23 B § paBEMM 4.

ITotok cramosmTcA paBHEM 12 (P}) + 4o (P}). Kpartwaiimeit
nenbio B G* (8) Gymer P; = (ry, &,, Zg, Z;) CO CTOEMOCTHIO 25 m

ITotox cramoBmrTcAa paBERM 120 (P}) + 4o (P}). Kparwaiimei
meosio B G4 (§) Oymer Py = (z,, &4, Z4 ;) CO cromMocThIO 31,
4 BROJB 3TOH IeNH MOKHO IOCJIATH 3 OCTABIMHECH eNEHHUNH IIOTOKA
RIA NONYIeHMA NOTOKA MAHHMANBHOH CTOMMOCTH, H3006pasKeHHOTO
Ha pmc. 11.14 a.

6. Hororkn B rpajgax ¢ BeErpHLIMAMH

Jlo cEx mop B 3T0if riaBe [eqaxoch IpPeANON0KeHHe, ITO MOTOK,
BHXOAAMAA B3 AYIrH, ABIAETCA TAKHM K€, KaK W IOTOK, BXOXAMMI
B nyry. OnsEako B pARe NpaKTHYECKHX CHTYAlBA 8TO HOIYIIEHHE HE
unonrderca. Hampamep, B TpyGonpoBoae, 10 KOTOpOMY mepekavsm-
BaeTcA KEAKOCTh, KM B 3JEKTpHWYeCKOd ceTH Moryr OHTH moTepHd,
YMeEbImAanmue NOTOK mo Ayre. B cAcTeMax TPAHCOOPTHPOBKHA MOKET
OPOMCXOAUTH IOPYA Ipysa, KOTOpPAS TaKKe NPUBONAT K YMEHbUICHHIO
TmOTOKa HO Ayre, HpeAcTaBiIAlomed MmapmpyT. B Texmojormueck:x
mponeccax, KOTOpPHe MOryT OwTh ma3olparkeHH rpadaMd ¢ Ayramd,
COOTBeTCTBYIOIAMHA ONEepamMsaM, NEHHOCTh MaTepHala, MOKHRAIOLIeTo
ayry, boabme, 4eM NeHHOCTHh MaTepHala, BXOAAHIEro B Iyry, Tak Kak
B Jyre HMMeeTCH BRATDHINI, NOJYydaeMHH 83a cYeT <«IpE6GaBOYHOHR
cTomMocTH» oHepanmu. B sagagax ofmeHa (RampHEMep, IpH Ipojaske
M NOKYIKe BaJIOTH) BHHUTDHINA Iyr OpPefcTABAAIT oOMEHHHE Kypc
BXOXHOr0 HOTOKa (W3MepAeMHA B ofHOH BaNiOTe) Q0 OTHOMICHHIO
K BHIXOJHOMY HOTOKY (M3MepseMOMy B Apyroif BaxioTe).

B aToM paspese Mil paccMOTDEM 3agaTy HAXOKAGHHAA MaKCHMAlb-
HOTO IOTOKa (0T s K £) B rpadie ¢ NpOH3BOABHKHMA HEOTPHNATE ] bHEMHA
BRIUTDHIMAME ¢;; ¥ TPONYCKEHME CIOCOOHOCTAME ¢;;, IPANHCAHEHME
nyram (z;, z;) rpada G. ITa 3afava aHAJOTMYHA 3ajjade 0 MAKCEMAJIb-
HOM moToKe (0T § K £), o6cyknaBmeica B pasf. 2, XOTA Teneph BXOAHOK
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H BHIXOJHO! INOTOKHA CBA3aHK MeKAY co0O0H TONBHKO 4epea «IOCPeCTBO»
rpada G, cnocoOHOTO KaK «HODOJUTHY, TAK H (IOLJIOTHTHY IOTOK.

Ecam wepes Ej; 0603sHauMTH mOTOK, BXOAAMEE B AYyry (z;, Z;),
a wepes §;; — DMOTOK, BHXOJAMMUA H3 3TOH JYTH, TO

&= 4,85 (11.12)

Hpennonomnm AaJjiee, 94TO OPONYCKHHE cnocobrOCTH Ayr corjacoBsa-
HH TOJBKO C BXOAHRIMHA NOTOKaMH, T. €. NI mo6oi ayra

Ei<aqy (11.13)

He3aBHCAMO OT BeamdmeH &j;. O6o3maumm WmCTHE BXOAHOE mMOTOK 1)

B S 9epe3 Vs, & YACTHI BHXOAHOH# moToX %) B £ wepes v;. IloTok E =
= (§°, &°) ABuAeTcA JOOYCTHEMHM, €CJIH OH YAOBJIETBOPAET YCJIOBHIO
HeNPepHBHOCTE IOTOKAa BO BCeX BepIIEHAX, T. €.
vy AAA Z;=S§,
20— D Bi—q—wn ma oz =t (11.14)
1(x.
x5 €0y X €T Hay) 0 ana z;ss, t,

a Taxxe ycaosaam (14.12) m (11.43) nna wasxmoir nyruz (z;, z;) us G.
Brengem Temepp nBa onpepexeHus.
Onpedesenue. [lonyctummii motoxk & = (E°, &°) masmBaercs
MAKCUMAALHbBLM, €CIH OH HMeeT HamboIbIIee 3HATCHHE V; (CKaMeM, v,)
CpefH BceX NONYCTEMHLIX IOTOKOB.

Onpedeaerue. [lonyctamuii motok & = (&°, E°) masmBaercs onmu-
MAALLHBM, €CAR JIA 11060T0 APYyroro ROMYyCTAMOIO IOTOKA =
B8 v < Uy KOTHA Vs = Uy,
BIH Vs = Vs, KOTAA V; = Uy,

Ijie Vs 1 vy ABIAIOTCHA COOTBETCTBEHHO YHCTHIME NOTOKAMH B UCTOYHHAKE

B CTOKe IOTOKa =.

ITH NOCHAeHEe YCIOBASA COTIACYIOTCA C MHTYATABHRIM IOHEAMAHACM
ONTHMAJILHOCTH, & HMEHHO 38aHHEHE Vs, U; ABJIAITCA UIA HauOOJbIIA-
MHA, AIM HAMMEHBIIHMHA BO3MOKHRIMH.

0119

Onpedeserue. JlonycTAMHE DOTOK Ha3HBAETCH ONMUMAALLHO-
MAKCUMALLHBLM, €CIH OH ABIAAETCH KAK ONTHMAJIBLHHM, TaK X MAaKCH-
MaJIBHRIM IOTOKOM.

IlpomnarocTpupyeM BBeJleHHHE NOHATES Ha DpuMepe. PaccMoTpeM
rpad sa pme. 11.16 a, rme mepBoe wmcao y AYrE 3agaeT ee HpoO-
IyCKHYI0 cOOCOOHOCTH, a BTOpOe — BHArDHm. Torga

1) To ecTh HOTOK, «mOpPOKAAEMHA» B camMOd Bepmuue s.— [lpux. ped.
%) To ecTh IOTOK, «HOrJOMaeMHi» B camoil Bepmume t.— [Ipux. ped.
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X3

s=X, > Xs=t
(15,1) X2 (2,1,5) Xa (6,3)
(a)
18
s g 2 >o t
6)
s 2.t
s g L

(2)

Pmc. 11.16. (a) Tpad G: mepsas momeTKa — IPONYCKHAA cHocolGHOCTL AyTH,
BTOpasg — BHUrpum Ayra. (6) MakcmManbAH# MOTOK. (B) OUTHEMaNBHHA TOTOK.
(r) OnTAMaabEO-MAKCHMAIBLHLI IOTOK.

(I) morok, m3ob6paskenEmii ®Ha pmc. 11.16 6, sABaAeTcA Makcm-

MaJBLHHM DOTOKOM CO 3HAYGHAAME Uy = 18 u v, = 6;

(IT) moTok, masobpakennnit Ha puc. 11.16 B, ABasgercs ontu-
MaJbHHM IOTOKOM CO 3HAYeHHAMH w=3u"0 =0 (sameruM, duTO
NOTOK HNOPOKAEH NHPKYJIAnWeid o IHKIY, Y KOTOPOTO HOJHHIM
BuATpHm Gonsme dem 1; Kpome Toro, v << U H, cle0BaTeJbHO,
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HOTOK He ABIAETCA MAKCAMAJIBHEIM, HO Uy IPEACTaBIAeT CO60H MAKCH-
MyM, KOTOPH MOXeT GHTHL moxyder upm v, = 0);

(ITI) moTor, msobpareHENI Ha _puc. 11.16 (r), saBaserca onrm-
MAaIBHO-MAKCEMAJBHEIM, EMEIOMAM U = U, HO Uy = 5 <C Uy = 6 =,
Kak OyjJer mokasaHO HWKe, HAWMEHbINEe BO3MOKHO® 3HAYGHHE U,,
Nlaomee BHIXOXHOM IOTOK co 8Hauen®eM 18, pasHo 5.

6.1. AyrMenTanpHBIE MApmIPYTH

PaccmoTpuM rpad ¢ BREMIDHmIAMH, B KOTOPOM CYIMECTBYeT HOIY-
cramuii moroxk E = (§°, §’). OGoamaumm storT rpad uepea G (E).
Mapmpyr (me 06s3aTenbHO NEOb OT BePHEHEH T;, K BepIIMEHe Iy

HABKBACTCA QYZMEHMAALHYM MAPUPYMOM OT Z; K Zy, ecliu B rpade
G (E) mo aTOMy MapmpyTy MO)KHO «IOCIATH) NOTOK OT Z; K Z;. (JTo

AHAJOTHYHO ONpEeHeleHHI0 AYIMEHTAIbHOX Ienm moToKa (oT s K )
B 3a7laye 0 MAaKCHMalbHOM moToke (oT s K f).) Ecam mMapmpyr samam
IOCIeNOBATENLHOCTI0 BEPMHH Zi , Tiy , . . -, &ij, TO Oycth F —

MHOKECTBO BCeX (IPAMEIX» AYT B HeM (T. e. Ayr (:cip, :cipﬂ) cz €
€T (zip)) 7 B — MHOMKecTBO Bcex «oGparamx» ayr (T. e. Ayr, AaA
KOTOPHX Z; €T (x,-pﬂ)). MapmpyT ABJIAETCA ayrMEeHTAJbHEHM, OCIH
§§i < g;; ANA KaKHoA upaAMoit nyra (z;, z;) € F r 5 = 0 pua xaxpmok
obparnoit myru (r;, z;) € B.

A. Bomarpeim mapmpyra. Buuepsnw mapmpyra S = (zi,, - . .:t:‘l)
onpeeyAeTcA TaK:
ge®)= [l g [ Yeu. (11.15)
(xi' xj)EF (xjo xi)EB

B. Ilponycknas cmocoGHOCTH Mapmipyra.

Ilnnpe.uenma.amaa nponyckHas cnocobHocmb aYrMeHTaJBbHOI'0 Map-
mpyTa S PaBHaA 3HAYEHHI0 TAKOI'0 MAaKCHMAJbHOIO0 BXOJHOI0 INOTOKa
B BepImHAHE .‘lil, Kom‘opmﬁ MOXeT OLITh MOCIaH IO NasEHOMY MapmpyTy

K BepIIEHE Z;, W JuGO HACHIIaeT DOTOK B HEKOTOPOA mpsaMoi ayre

ms S, nmfo obpamaeT B HyJAb HOTOK B HEKOTOpo#t oGpaTHO# nyre
mapmpyTa S.
Ecma S — mens 1 B ;  BXOIMT HOTOK BeJHIHHAI 8, To BxomHOH

IOTOK (B BepIIHHE xip) Ha JyTe (zip, z;_ ) m3 S pasen

)

p+1

ipips =0 H 8ij* H 1/g1i56'g(sp)’ (11.16)

(x50 xEF (x4, %;)€B,

rne Fp, m B, — MHOKeCTBa COOTBOTCTBEHHO IPAMKX M OGPATHHX QYT
H8 nofuen® S, = (xil, Tigy « o o xip) % g (Sp) — BHATpHm Ienn S,
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X (82) \[/%;(153) \[/X;(3,0,2) \|/xs (12,05) xs

3 /N ¢ /N 2z /N s

(a)
Xy X2 X3 Xa 5
° O -0
3 6 2 )
—_—— — —*2 ——"w 5 >
8 28 E) 30 3
()

(10,2) x, (15,3)

()

Q6uiuit BXOAHOA NOTOK :
2+28-38=2-¢

X,
Ao

5
3}\st

Prc. 11.17. (a) Hens S ¢ mavampEnMu BXOJHHIMA MOTOKAMM, MOKA3aHERMH NOX-
HePKAYTHMA THCHAMA: NEPBAS MOMETKA B CKOGKAX — NPONYCKHAA CHOCOGHOCTH
AyrH#, BTOpag — BHErpm gyrm. (6) Ilems S ¢ BBejleHHNM AOTIONBHTONHLHEM

B) Mapmpyr S ¢ HavaabEHM BXONHHM NOTOKOM, HOKA3AHEHM MORX-
HEPKAYTHMH SHCIAME: NOpPBas NOMETKA B CKOGKAX — mpONYCKHAA CLHOCOGHOCTH
Ayrd, BTOpas — BHEIPHI Ayr#., (r) Mapmpyr S ¢ BBeeHRNM [ONONHETONS-

BHM TOTOKOM.
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p+1) — npsAMasd ayra u3 S, Hecymas mOTOK & ,
P P+1
TO dTa Ayra Oymer Bacwmmera, ecam Ef +6, , =ugq;
p p+1 b p+1 p P‘H
Ecim ke morox & iy gecer ofpaTHaf Ayra, TO ee IIOTOK CTAHET
p+
PaBHHM HYJIO, xorna §, = g , T. e. Korma §, , =
p1p+1 p+1 p P p+1
=g § . . UaKpeMenTanpEad TpPONYCKHAA  CIOCOOHOCTH
iparlp Sipaip
nen# S faeTcs BHpasKeHHEM

. : qipipn_gspip:rl
¢ (S)=min [ min - {——g—(s—p)—} ’

- (x. X:
tp' Tipat

Ecnm (xip

B
min {Zeulsiputs 2tz bl (11.17)
(x; ) X4 )EB L g (Sp)
P+ p

Ecnm mapmpyr S He ABNAETCA IEUBI0 H, CJAe/{0BATENHHO, HOKOTO-
PHe AyTH BCTpedanTca Goljiee YeM OAUH pa3, TO B B 3TOM clydae JIerKo
OOJYYHTh BHpakeHHe, anaidormunoe (11.17).

Haa nemm S Ha pme. 11.17 (a) m sajamEOro EHAYAABLHOTO IOTOKA
mobasienue noToka 6 B BepmMHe z, IPUBOJMT K IOTOKY, H306pasken-
BOMy Ha pmc. 11.17 (6). MakcEmanbHOe 3HadYenMe O, OCTABIAIOIES
NOTOK NOMyCTAMEIM, paBHO Torga ¢ (S) = 0.6, {ns aroro smavemmsa
OOoTOK mo nyre (z,, ;) CBONHTCA K HYJIO, T. e. S mepecraer GHTh
ayrMeHTaJbHOX Ienbi0 B HOBoM rpade G (2). Ecam 6x mavaabHEM
HOOTOK, BXOAANMHA B AYTY (z4, 3), ORI paBeH, cKaskeM, 8 BMecTo 2,
TO MaKCHMajbHOE JOmycTuMoe 3Hadenme O Gwuio 6w Torga 2,1 —
8HAaYeHHe, OPH KOTOPOM Ayra (z,, z;) m3 S Owia 6H HacHIIEHA.

Haa mapmpyra S, uzoGpamennoro ua pac. 11.17 (8) u sagamroro
HAYaJbHOTO NOTOKA AobaBieHMe HOTOKa 0 B BepmmEHE I; JAacT DOTOK,
uoxasagHud Ha puc. 11.17 (r). WEKpeMenTaIbEa# OPONYCKEASA CHO-
COOHOCTB 3TOr0 MapmipyTa paBma 0,5 — snauenme, IpE KOTOPOM AYra
(z3, z,) CTAHOBUTCA HACLIIEHHOMH.

6.2, AKTHBHBIE IHKIbI

Tax kak umka!) MOKHO paccMaTpPHEBAaTh KaK MapmpyT ¢ COBIIA-
JlaIMAME HAYaJIhHOX M KOHEYHOHX BEeDMZHAMH, TO BHHUTDHII NEKJIA
d ero OPOOYyCKHAs CHOCOOHOCTH MOTYT GHTh onmpefielleHH Tak Ke,
Kak # juia mapmpyTa. [uka @ massBaetca axmusnuix B rpade G (E)
IO OTHOIIEHWIO K BepIIMHE £, eCIH

(I) ero BEErpHmT GoJbIIE EXUHHAINH,
(II) ero mHKpeMeHTANBHAA NPONYCKEAA COOCOGHOCTH OTIMYHA OT
HYJIA,
(ITI) Ba @ mMeeTcA HeKoTOpasA BepmAHA I;, JJIA KOTOPOHX Cy-
MEeCTBYeT ayTMEHTAJbHHA MapmpyT OT Z; K £.

1) Toumee — 3aMKHYTHH MapmpyT.— IpuMe ped.
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AKTHBHH IT0 OTHOMEHHI0 K HAaYaJBHOH BepIMHS S IMKJ MOKET
6HTH ompejeded aHaJOr#yuo. lla BrmenpuBeXeHHOro ONpefeJeHHA
SICHO, YTO C LOMOINBI0 NEPKYJIANAM IOTOKA [0 AKTHBHOMY NHKIY
MOKHO CO3HATH NONOJNHATEJBHHE MoTOXK (o cBoiicTBy (I)) m mepenats
ero B Bepmuny ¢ (mo cBoiictsy (II1)). B Bumenpmsenennom mpmmepe
ma puc. 11.16(B) DOTOK mopoXkmAaNcAd MUPKYJAANWEHd IO AKTHBHOMY
UKy (‘zh Loy I3, 2'54)-

AKTHBHHE 0 OTHOIIEHNIO K { IMKJI HASHBAETCA Je3aKmMuUsUpPO6ar-
KoM, ecad noGaBieHHe HONOIHATEABHOTO HOTOKA B G OCYMECTBICHO
TaK, 9T0 MIM HHKDPEMEHTAJbHAA UPONYCKHAA CIHOCOGHOCTH IMKIA
YMEHBUIMJIACH /10 HYJA, WA DPONYCKHHE CHOCOGHOCTH BCEX ayIMeH-
TaJbHHX neumeil oT Kako#f-1HGO BepPIIMHHW HA I{HKJe N0 BEpPINMHH I
YMEHBMHUJIUCH 10 Hyds (T. e. B HOBOM rpagde G () He Momer OHTH
cmeqtano GoJsibmie REKAKOro A00aBleHAs HeHYJI6BOTO NONOJHHETEIBHO-
ro notoka). B [13] n [22] noxasauu caemyomue yTBep;KIeHHA.

~
Teopema 7. [Tomox Z seanemca OnMUMALLRUM MO020a U MOALKO

mozda, kozda 2pag G (Z) He codepacum HUKAKUTZ AKMUGHWI YLKI08
no omHowenuw K s uau t.

Teopema 8. Tycmov Z sessemces onmumasvHum nomokoxm. Tozda
ecAu NOMOK Yeeiunums no kakoii-aubo (om s k t) ayeMenmassHoU yenu
¢ HAQUBLLCULUM BHLUZDBLUEM, MO BHOBb NOAYLEHHbLL Nomok maksice 6ydem
ONMUMAILHELM.

Teopema 9. Ilomox Z 6ydem oOnMUMANLHO-MAKCUMAALHEM, €CAL
nekomoptiti paspes (Xo—> X — X,), omdeasowuii s om t, seasemcs
HACHYEHHUIM U €CAU HE cyujecmeyem HUKAK0Z0 AKMUEH020 YUKAQ NO
omHOWeHUI0 K T, 8ce sepuiunu komopozo aexcam ¢ X — X,.

6.3. AaropuTM ONTAMAILHOrO HOTOKAa AaA rpados
¢ BbIATPHIHIAME

| (! TpexX BHINIENPHBEIEHHHIX TeOpeM Cpa3dy :Ke BHTeKaeT aJropuTM
ONTAMAJIBHOCTH, ONUCAHHKN HWIKE.

llaz 1. Hagate ¢ npouWsBOJBHOTO HOIYCTHMOTO HOTOKA = B G
(momycTiiM, HAOpPHEMep, HYXeBO# mo KaKmoil Ayre HOTOK).

lllaz 2. Hadite B G (2) aktuBEnid nuka O no oTHOmMeERHH K i.

laz 3. Ilycrs z; — TaKada Bepmmua B D, 4To ayrMmeHTaJbHEIA
MapIIpyT HadAHAETCA B Z; B KOHYaeTcd B f. (3aMeTHM, UTO Z; MOKET
coBuagath ¢ t.) Haunnas ¢ BepmuAN Z;, yCTPORTH UEPKYJIAIHAIO IOTO-
Ka § 0 aKTHBHOMY IUKIY M nepefaTh M3OHITOK NOTOKAa M3 Z; B { IO
ayrMeHTaJdbHOMy MapmpyTy. Bubparts 6 Tar, uroGm (sMecTe ¢ Cy-
MeCTBYIOMHM NOTOKOM E) HHKPEMeHTaIbHA IPOLYCKHAA COOCOGHOCTD
IEKJIA WJIH ayrMeHTaJdbHOI0 MAapHIPyTa YMEHbIIEJACh JO HYJA.
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Illaz 4. OGrOBATE MOTOK E ® BO3BPAINATECA K ATy 2 0 Tex
Hoop, MOKa BCE AKTHBEHE MUK He OyAYT Ae3aKTHBUPOBAHH A GoJbme
He Oy/eT CymecTBOBaTh HHEKAKEX AKTUBHHX IMKJIOB; IOCIAe 9ero
nepeiitn k mary 5. (Ha stom sTame motox E 6ymeT onTEMaJBHEIM

~

morokoM E ¢ v, = 0.)

ITaz 5. Haiith ayrMeHTaJbHHN MapmpyT OT $ K { ¢ HamGOJIbIEM
BuErpumeM. IlocHTaTh MOTOK mO aTOMY MapmpyTy X0 Tex UOp, IOKa
HHKDPEMEeHTaAbHASA NPONYCKHAA CIOCOGHOCTS He YMEHBIIATCA 0 HYJIA,

ITaz 6. OGEOBATH MOTOK E W HOBTOPATH WAT 5 [0 Tex mop, mOKa
HIA YHCTHE BLIXONHOX IOTOK »: He upmaMmeT TpebyeMoe 3madeHme
(omrTEManBHOrO MOTOKA), MM Gonbme He 6y/eT CyImecTBOBAaTh HEKaKAX
AYIMEHTAJBHEIX MAapHIPYTOB; TOIAA HOJNYYEHHHA IOTOK OyAeT OnTH-

~

MaJbHO-MAaKCHMAJbHHM NIOTOKOM X.

[llarg BHMmeNpHBEeHHOTO AJCOPUTMA OYeHDb IIPOCTH, & CAM METOX
afpextnsen. Illarm 2 ¥ 5 MOKHO BHIIOJHATH M C NOMOIMBIO AJTOPATMA
Kpatdadime#l menm. A MMEHHO OIpefeIMM HHKPEMERTAaJLEHI rpad

G" (2), coorserctBylommit rpady G (E), c MBOkecTBOM BepmmE X" =
= X ® muomxectBoM ayr A", Takmm, 9to

b, zh € A, ecam O<CE;<gyp,
OpHYeM HEKDPEMEHETAJLHASA (CTOEMOCTD»
et = —log (gi)
H IPONYCKHAaA CHOCO0HOCTH

gh=q;;— L,

(2%, zi) € 4%, ecnm O<E;<Cqij,
EHKDEMEeHTAJILEAA «CTOHMOCTE)
et = —log (1/g:;)
H OponyckHas cmnoco6HOCTH
ghi=Lijgis

HOuxa @ B rpade G (B), aMeromui BHECpHm, 6oapmu# TeM efH-
HENA, COOTBETCTBYET TOTAA LOUKIY C OTPHELIATENBHOH «CTOHMOCTHIO»

B rpage G (E). B atom Mosxmo y6emmTECH, HpoXOrapRdMEpoRaB obe
qacTr cooTHomenda (11.15), B koropoM B Kavectse MapmpyTa S
Hago B3aTh NEKA @©. Torga monygmm

log[g (@)1= 2> log(g:)+ log (1/g;)

(xi' xj)EF (xl- xi)EB

= —[eli+ X kil
F B
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rme F m B, Kak W mpekie,— MHOKeCTBa IPAMHX U oOpaTHHX Ayr
npkaa O.

Ecnm g(®)>1, 1o loglig (®)] >0, orkyma caegyer, d10
crommocts mukaa @ B G* (E), T. e. . ¢l + 3 cfj, momxaa 6HTH OTPE-

F B

gateabHOd. OGpaTtmo, ecam g (P)<<1, To0 crommocTs mmkiaa O
B C (2) meoTpmmaTeabHa.

TaxuM 006pasoM, aKTEBHHE NUKJIH B G () — Ha mare 2 BHIIEONH-
CaHHOTO  AJropATMa — MOTYT GHTb ONPEReJeHH HOCPEACTBOM
HAXOKAEHUS BCeX KparTdafimmx (HamMeHbINeH «CTOEMOCTE») NemeH,

maymax ®3 BepmEE rpada G" (8) k Komeumoft Bepmumme ¢ (NIA gero
MOKHO BOCLIOJB30BAThCA MeTofoM H3 pasi. 2.2.1 ri. 8, Kak aro 6uuo
obbAcreHo B pasa. 4 HacToAmed rJaBH), B OPOBePKH NHUKJOB Ha
OTPHLATEeNBHYI0O CTOEMOCTE. Eciam, ogaako, DOTOK 6, MUPKYIHDYOMBEH
no akTEBHOMY nmkay ® ma mare 3 m mepefaBaeMHil IO ayTMEHTANB-
HOMY MapmpyTy K {, He yMEHbIAET fi0 HYJA NPONYCKHEYIO cHoco0HOCTD
camoro mekiaa O, a BMeCTO 3TOTO YMGHBINAET A0 EYJA IPONYCKHYIO
cnoco0HOCTh ayIrMEHTANbHOTO MapmpyTa, TO OPH CAeAyIOMmeM BHOOM-
HEHHK Iara 2 Hy;KHO TOJBKO HAATA Apyroi ayrMenTadbHHA MapoIpyT,
BeAymEH B3 BepmuHEN nukia @ B Bepmusy ¢{. Takoit MapmpyT cHOBa
ceNaeT OUKJI AaKTEBHHM W Mo:xHO Oyfer mepeiitm k mary 3 u T. A.
BOJOTH O TOr0o MOMeHTa, Korga nuka @ nmesaktmBmpyercA. Torna
Ha mare 2 HIETCA HEKOTOPHIA Apyrod aKTHBHHHA UK.

Hlar 5 BHINEONHCAaHHOrQ AJATOPHTMA TAKKe MOIKHO BHIDOJHATH
¢ moMompio Merofa pasf. 2.2.1 ria. 8, TaK KaK OH COCTOHT HpPOCTO

B BHYECJICHHM Kpardaiimeil nemm or s K £ B rpage G" (8). Iror rpad
«ocBO0OKAaeTCA» OT NUKIOB OTPHIATENbHOR CTOEMOCTH, KAK TOABKO
BHIOJHEEH 9eTHpe DpeEAYIde mara aAropATMA.

6.4, Npumep

Mu xoTHM HaHTH ONTHMAJNbLHO-MAKCEMANBHHE DOTOK OT Bepmu-
HH z, K BepmuHe I, B rpade Ha puc. 11.18, rae mepBoe amcIo y AyrE

s=x, (15,1 Xy (8,2) Xs (3,1 Xg=1

56 30/ | 26 268
o/
g IR SEEAN 2
g tn./se S <

Xy (8,05 xa (15075) Xs  (9,2) X

Puc. 11.18, T'pad n3 npumepa 6.4. Ilepsas nomeTRa — DpomycCKHAs CHOCOGHOCTD
AYTH, BTOpAaA — BHHIPHII JYIH.
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§=X, X, 2,25 45 xs  Xg=
2,254 & 2@ 3 3 qua
15
? 36
2,25 2,25.
X3 Xa 9§ Xg X7JSd‘
1,68
Puc. 11.19a. Ilorox mocae 1-ro arana.
— HACHIEHHAA Ayra.
§=X X, 4 8 x5 3 3 xg=t
5 /08 o
4 74 7875
3,3756‘T
417
1,5¢ 1,125¢ 2,2584 5,25
X3 Xa §,§ 2,625 X 2,625 5_,2_5)(7
Prc. 11.196. IoTtok mocae 2-ro arana.
— HACHIEHHHE yTH.
S=Xy X5 2 2 Xg=t
BB -5
11,25
1,125&T
03756 0758475
X3 Xq 3 375 x5 375 PARY

Puc.

11.198. IToTok mocme 3-ro atama.
— HACHIHMEeHHHEe XYTrd.
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$=x, X, 3% ZVsxs 1Ys 13 xg=t
12
18
[
X3 X4 5Y3 4 x5 4 8 Xy

Puc. 11.149. r. OnTuManbhmil TOTOK.
= HACHIIEHHHEe AYTH.

ABJAeTCA ee MPONYCKHOHE CIIOCOGHOCTHIO, 8 BTOpOe — €€ BRIUTPHIIIeM.

Hauwmnaa ¢ 2 = (0, 0) maxomuM mepBmit akrtusHHE nura @ =
= (5, T4, Ty, T5) C AYTMEHTAJBHHM MapuIpyTOM (5, Zg). Llmprynsa-
nua noroka O (rme 8 — BxopgHOE mOTOR Ayru (z;, z,)) mo 3TOMy
MapmpyTy, Kak mokKasaHo Ha puc. 11.18, nmaer MakcEMaabHHI
ROmyCTAMEIA NOTOK Co 3HaYeHneM §=1,5, ¥ 1A 9TOrO 3HAYEHHA MOXY-
9al0MuiicA MOTOK MOKa3aH (HogYePKHYTHIMHE 1dciaMu) Ha puc. 11.19a,
npmieM Ayra (zs, zg) Hacmmena. IIponycksasa cmocoGHOCTH caMoro
LEKJIa He YMEHBIIAeTCA [0 HYJA, M MO3TOMY HIPH CIeAYIOmWed HTepa-
IMH, Korfja ajJropuTM KpaTdaiiuie#r unemm (feicTBYmm@i 0T BCex
npyrux Bepmme rpada G" (E) x BepmmHe f) mOMedaeT BepIEHY Z,
n3 @, nuka @ cEOBa CTAaHOBHTCA AKTHBHKIM C HOBOH ayrMeHTaJabHOR
nensio (x,, g, 7, Tg). llocHnad moTok § mo NEKAY B mepefaBas ero
0 ayrMeHTaJbHOR nend K !, Kak HoKasaHo Ha puc. 11.19a, noaysa-
eM NOoToK, m3obpaskeHHH# Ha puc. 11.496 mogYepKHYTHME IACIAMHE.

\
$=x, 12 V2 x, 4%z 9% 3 \ 3 xet
\
1/6 ﬂ-‘ 6 \ Q
\
\
\
\
\
Y3\ 4 8\
- XU Paspea
X3 xs 5Y3 4 x; 4 8 x;

Puc. 11.19x. OnramManbHO-MBKCHMAJBHHE IMOTOK.
— HAaCHINEHHHE AYIHM.
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HoBuit akTEBENA NUKI (g, Ty, T, Zg, Ty, Lg) ONPEHENAETCA Ha
mare 2, B DEPKYJIAOAA NOTOKA § mO 3TOMY IMKIY, KaK NOKa3aHO
Ha puc. 11.19(6), maeT moToK, m300pakeHRHEKA TOAYEPKEYTHIMA JHCIA-
vu Ha pmec. 11.19(8). Haxomen, ompeneasiercd aKTEBEWHA QEKI
(zg, T5, Ty, T4y Zg, Ty, Tg) H €0 NEBAKTHBANAA C IOMOIMIBIO MAPKYIA-
UM OTOKA NPEBOJHET K HOTOKY, maoGpasxemsomy Ha pmc. 11.19r.
Ilocnennmit 6ymeT onTAMAIBHKEM IOTOKOM, TAK Kak 60Jpe HE YRAaeTCA
00HAPY’KHTh HAKAKAX AKTHBHHRIX IEKIOB.

AyrmesTanbEREA MapmpyT (OT § K £) ¢ MAKCAMAJBHKM BHHALDHIIOM
ecTh (Z,, Z,, Z,, Ty, Zg) C HPONYCKHOHK cmocobHOCTHIO /5. Hak Toxnko
3TOT MapmpyT OyAeT BacKmeH (Xyra {z,, T,) yKe HaChIMEHa), ayIMeH-
TAJBHEIM MApIIPYTOM CO CIeAyIOMUM Hau(GOoMbMHUM BRIHATrPHIEM Gyaer
(%1, Z4, %, %), B OH WOCJE HACHIMEHUA AACT HOTOK B4 pmc. 11.19x.
10T mOTOK OyneT TpeGyeMHM ONTEMAJbHO-MAKCEMAJIBLHEIM IIOTOKOM,
TaKk Kak 0oJbmme Helb3sA HAfiTH HMKaKAX ayTMEHTAJBHHX Ienei (oT §
K f).

6.5. 'padm ¢ PHErpamaMa B BepmAHAX

3amaza 0 MaKCEMAaJBHOM HOTOKe (OT § K {) AJIA ciaydad, Korja
OpPONYCKHHME CHOCOOHOCTAME o6i1amaoT BepmEEN, OHna pemeHa
B pasa. 3.2 ¢ IOMOIIBI0 HPOCTOH 3aMeHH KajK[OH BePHIMHH I; Hapoil
BepmdH! z; ® zj. AHajorguEnM o6Gpas3oM, ecam BepmuHaMm rpada G
IPUUHMCAHEK BHIETDHIIE ¥, ciIefoBaTexbno, yciaosua (11.14) mempe-
PHBHOCTH IIOTOKAa He BHIOJHAKTCHA, TO MK MOKkeM 00pasoBaTh Apyroi
rpad Gy, 3aMeHAA KXY BepMARY Z; NApO# BePIIAN Z] U Ij ¢ Ayroi
(z7, z7:) Mexny EEMA. BRErpHm 5TOR AyTH CYNTAETCA PABHKEIM BHATPH-
Iy BepmEEH z;. Jlaa pyra (z;, ;) ¥3 G ML Torga mMeeM Ayry (zi, z7)
B Gy, a mua ayra (z;, z) 88 G — nyry (zj, zi) B G,. 3agaga mocae
8TOTO CBORHTCA K HaXOXACHMI0 ONTHMAJBHHX HOTOKOB B rpade G,
B KOTODPOM BHIBI'DHIIY NPHAOUCAHH TOJBKO AYTaM.

7. 3agaun

1. Haitte maxcmMandbEnd nortok §* or z;, k z, B rpade, maobpa-
sxegHEOM Ha puc. 11.20, rme mponyckmme cmocoGHOCTH AYr yKasaHH
CTOAIMEME OKOJI0 HAX YHCIAMH.

2. Haueprats wmmkpemenTansEmi rpad G" () mna mpmmepa ma
aagaun 1.

3. Pasnoxmre noTok, maiifeHHN# B 3ajave 1, Ha 3JIeMEHTApHHE
TOTOKH (OT S K {) IO menaM M OEKIAM.

4. Ilycre B rpade, maobpasxemsom na pmc. 11.20, moToxm mo
nyram (z,, i), (Zs, z,) B (T4, T;) OrPAHMYCHH CHH3Y 3HAUYCHHAMH
rgs = 4, 1y = 7 B rys = 3 cooTBeTcTBeHHO. HaMTH MaKCEMaJbHHIGR
OOTOK OT Z; K Z; MM IOKAa3aTh, 9TO0 TaKO# HOTOK HE CYIIECTBYeT.
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5. JlokasaTh Teopemy 3 m3 paspm. 3.3.

6. Halitm MakcEMaJIbHHe HOTOKH MeKAYy BCeMH IapaMd BepIIEH
nia rpadga G, msoGpaskennoro Ha puc. 11.21, m mavepTHTH MOTOKOBO-
KBHBaJIeHTHO® AepeBo. OmpefedATh paadpeas B (G, COOTBOTCTBYIOIIHE
3TOMY IOTOKOBO-9KBHBaJeHTHOMY fepeBy. Haittm nsa mpyrmx moto-
KOBO-9KBHBAJIEHTHHX J[lepeBa.

. HaitiT@ MaxcEvaJdpHHEE DOTOK ¢ MHHAMANBHOH CTOHMOCTBIO
OT &, K Zg B rpade ma puc. 11.22, ecim mepBoe IUCIAO ¥ KYTA PAaBHO €@
nponycKHoi#t cmoco0HOCTH, a BTOpOe — CTOMMOCTH.

Xq 6 X3
9 4 7 3
X, 5 R 5 X,
8 8 4 14
X 2 Xg
Pnc. 11.20.

8. Hakme ympomenma MoryT GHTH CHeJaHH B aArOpATMe MOOTOKA
MEHHEMAJIbHOM# CTOMMOCTH B CiIyiae, Korfa rpefyemMoe sHauenne mMOTOKA
AIBJAGTCA MAKCHEMAJIBHO BO3MOKHEIM?

9. B amropmrve MakcHMaJBHOTO HOTOKa (OT § K f) m3 pasm. 2.1
cpef@ MHOTHAX BO3MOKHOCTed, BOSHHKAIOmMUX NUpH Brbope ayrMes-
TAJABHHX Iemel, ABe TAKOBHI:

(I) Bubupaerca ayrmMeHTaIbHAA NEldb ¢ HAMMEHBIIAM YHCIOM AYT,

(I1) Bubmpaerca Ta memb, KOTOpas IO3BOMAET IOCIATH OT § K i
ayrMeHTaJbHHA HOOTOK ¢ MAKCHAMAaJBHO BO3MOKHHIM 3HaleHHeM §.

HKaxas m3 aTEX XBYX BO3MOKHOCTeH# MPENIOYTATEIbHE® B BRIACIA-
TeJbHOM OTHONIEHHH W KaK 3aBHCAT OHH OT BeJUIMHH IPONYCKHOR
coocoGaocrm ayr? (cm. [9]).

10. [loxasate Teopemy 6 ma pasm. 5.2.
11. Jloxasare Teopemy 7 m3 pasn. 6.2.

12. B rpade, m3o6pa:xennom ma puc. 11.23, maiiTn onTHMaNBHHI,
MAKCHMAaJAbHHA H ONTHMANBHO-MAKCHMAJIBHHN HOTOKH, €CIH IepBOe
9ACN0, CTOANee Y RYTH, PaBHO ee OPONYCKHOH cmncoGHOCTH, a BTO-
poe — ee BRATDHINY.
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Puc. 11.21.

X (2,25) X, (4,6) X3

(186, 5)
(7,10)

X4 (4,3) Xg (6,

Puc. 11.22.

X3 (1)  xa 3,05 x

Prc. 11.23.
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Fnasa 12

NAPOCOYETAHUSA, TPAHCNOPTHASA
3A0AYA U 3A0AYA O HA3HAYEHUAX

1. Beenenne

PaccMoTpEM cireqyiomyio 3afaty OOCTPOGHHS OCTOBHOTO IIOATIpAa-
¢a G, obmero HeopHeETAPOBAHHOIO rpada G, CTeNEeHH BepMHEH KOTO-
pOTO 10 OTHOIMNEHHWIO K mOArpady G, 3afaHH.

3agaua 00 ocrosHOoM wmoarpade ¢ NpENIMCAHHBIMA CTEIEeHAMM.
Iycrs G = (X, A) — BeopmenTHpoBaHHNE rpad, pebpam a; € A
KOTOPOTO IPHOMCAHH Beca c;. IlycTs, maiee, saflaEH HEOTPHIATeNb-
HHe nenne 4mexa §;, i = 1, ..., n. Tpebyerca maiitm B G Takoi
OCTOBHHI moxrpag Gp, 4TO CTeNeHW BePIIHEH Z; IO OTHOMEHHIO K G

ABIAOTCA 3aJaHEHMHA THcIaMz §; (T. e. d?; = §;) ¥ cymma Becom
pebep rpaga Gp MaKcHMaibHA (AIM MEUHAMAJIbHA).

CopmyrmpoBanEyI0 BHme 3ajauy MH GyIeM Ha3HBaTh B HACTOA-
mei raase o6weil sadayeii. O9eBURHEO, ITO ecad AaH rpad G u dmcaa §;,
TO BIOOJHE BO3MOKHO, 9TO B (G He CYIECTBYeT HHKAKOTO OCTOBHOTO
noarpada Gp, AMEOMEro 3TH OPeNNHACAHHLE CTenerd. J[Ba Heo6XxomH-
MHX (HO HE JOCTRTOYHHIX, CM. pasf. 5) YCIOBHA, KOTOPHIM HOJKHH
YAOBJIETBOPATH YHCIA §;, 9TOGH CYmMeCcTBOBAI HOKOTODPHI HOMYCTEMEIR
OCTOBEHE moxrpad, TaKoBHI:

8,<<d?, Vi=1, ..., n (12.1)
H

n
D} 8; —uerna,
=t

npaYeM HOCHe[Hee YCIOBHe ABIACTCA HNPAMKM CISJICTBEEM Toro gakKTa,
aro A 11060T0 HEOPHeHTHDPOBAHHOTO rpada cyMMa CTelleHeH ero
BepIIZH B [Ba pa3a Goxsime dmcia ero pedep.

Ilapocouemanuem obmero meopdenTEpoBarHOro rpada G = (X, A)
Ha3HIBaeTCA MOAMHO:;KkecTBO M MuokectBa A pebep rpada G, Bubpan-
HOe TaK, 9TO HUKakMe ABa pebpa m3a M He ABIAIOTCA CMe:KHHMHA
(T. e. me mMeroT ofmeil Bepmuman). Ciegylomas samada GymeT HAa3H-
BaThCA 3adaueldl 0 makcumarvrom napocovemaruu (3MII).

3MII: maiite mapocoveranme M* MakcmmamnHOTO Beca. Bec mapo-
COYeTAHAA ONIpElelsieTCH KaK

CM = Z Cj-
aeM
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M* Gypger HasHBATBCA MAKCUMAALHLM napocouemanuem rpada G.
3MII mo:xHO BHPpa3NTh B TepMHHAX JHHEHHOrO0 HPOIpPAaMMEDOBAHHA:

m

MaKCHMH3HPOBATh 2 =jZ ey (12.2)
=1

OpH YCIOBHA MbiE<1 Vi=1, ...,n, (12.3)
=1
§;=0 wmmm 1, (12.4)

rne [b;;] — marpuna menmpennmi rpada G u §; = 1 mau O B zasm-
CHMOCTE OT TOTO, BXONHUT JH# peGpo a; B napocoueTanue.

CoBepmenno ogesunno, 3o 3MII nus rpada G aBagerca vacTHEM
caydaeM obmeit 3afawd. Ecim gucino Bepmun G weTHo, To Tpebyercs

TOJIBKO N06aBiaATh K G peGpa Beca —oo 70 Tex HOp, I0KAa He HOJYIHT-
ca (HoBHil) monnmi# rpad G. 3MII cranoBdTcA TOornma obmeit samazeit
midA rpada G, rae Bce 8; monoxeHH paBHuME 1. Pemennem 3MII 6yzer
pemenue ofmei 3agaum nuaa (ocToBHOro) moarpada Gj, ecam mpe-
HeOpedb Temu peGpamu B G, KoTophe mMeloT Bec —oo. Ecam wmcio

BepmuH rpaga G HedeTHO, TO K G ROGABIANT ONHY H30JUPOBAHHYIO
BepPIIWHY, IOCIe 9eT0 CTPouTCA rpad G, Kak 3T0 GHIO ONMCAHO BHIIE.

B TepmmHONOrME ria. 3 mapocodeTanme MoxeT OWTh HA3BaHO
«He3aBHCHMHM MHOKECTBOM pebep», TaK KaK HUKakue ABa pebpa
ODapocoYeTaHHS He ABIAOTCA CcMeKHHMHA. «[oMuHHpYomee MHO-
#ecTBO peGep» B cMuche ra. 3 (T. e. MHOKecTBo pebep, «XoMEHH-
pylomee» Haj BCeMH BepIIUHAMHE H3 () clleToBax0 GH TOrAa OmpeReIuTh
Kax noaMuo:KecTBo E pebep u3 G, BROpanHOe TaK, YTO Ka)kAas BepHIHA-
HA HENMEHTHA 0O KpaiiHeit Mepe onHoMy peGpy m3 E. Takoe mmo-
KECTBO B JIMTepaType oOHYHO HA3KHBAETCH NOKpumMuUeM, d B HaCTOAMeR
riaBe M OymeM HCIOXB30BATH dTOT TepMuH. Becon uokpurma E

rpada G HasmBaeTcs D c;. Temepp 3MII coorBercTByeT 3adaxa
a;eE

0 murumasvrom nokpumuu (3I10). 3I10: paiite noxprtee E* Mmmm-
MaJXBHOTO Beca AIA rpada G.

E* GyneT Ha3HBATBCA MURUMAALHIM NoKpumuer Ppada G. Dopmy-
aupoBka 3II0 B TepMEHAX JIMHEAHOro NpPOrpaMMEDOBAHHA TaKOBA:

MHHEMHBHDOBATE Z= D, ;§; (12.5)
i=1

OpA yCAOBAM b g =1, Vi=1, ...,n, (12.6)
: &

£;=0 mam 1, (12.7)

rie §; = 1 mam 0 B 3aBmCEAMOCTH OT TOro, BXOSHT JH pebpo a; B
OOKpHTHE.
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Ha pmc. 12.1 (a) mapocoweranme B rpade mOKA3aHO KUPHEIME
anausaMd, a Ha pHc. 12.1 (6) B ToM ke caMoM rpade ;KEDHHME JIH-
HHAMHA IOKa3aHO IOKDLITHE.

B wacrHOM ciydae, Koria Beca Bcex pebep paBHH egmmmne, IMII
m 3110 cBomATcs K 3adaue 0 Haubosvlem NAPOCOREMAHUL (3HIIC) =

X3 Xs
X; > X
] *z &
Xg Xz
(a)
X3 f"s
X =3 X,
] X2 6
— O
X4 X,
(6)

Puc. 12.1. (a) ITapocoseramue. (6) IoxpmTHe.

3adawe o nokpumuu naumenvwedl moynocmu (3IIHM). Ecam
rpa¢ G umeer n BepmuH, To YECIO0 pebep B napocodeTannm rpada G me
MO3KeT, 0O9eBH[HO, MpeBRIATh Beaddans [n/2], Oanako sro umerao me
BCerfa focTaAraeTcd; HAmpHEMep, NJIA «3BeafHoro» rpada ma pmc. 12.2
ranbosnpmee 9ucao pebep B HApOCOYETAHHH paBHO 1.

B rtom cnémmanbmoM caydae, Korja Beca ¢; OPOM3BOJNLHEL, a caM
rpag ABnsercA NBYROJBHHM, 33a4a 0 MAKCHMAJLHOM AapOCOUeTaHHUMA
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cBONUTCA K 3adaue o Hasnawenusxr (3H) — sapmave, ovens xopomo
H3BECTHOHX B HMcclefoBanWW onepaunmii. B rpade takoit cuenmaapHOR
CTPYKTYpH 06I0as 3afiaua mpeBpamaerca B IPYryio XOPOMIO H3BECTHYIO
safaay — mpancnopmuyio 3zadavy (T3).

B nactosame# raase Mu gagnM agdeKTHBHEE MeToAn pemenus 3MII
3110, 3H u T3. 3MII BosHmKaeT B KavecTBe IOA3aJadd B 3ajade o

Puc. 12.2. 3espmnii rpad.

obxonie rpaga ® B 3afade KHTaiiCKOro nouraiasoHa. Ilociename BeTpe-
9alTCA B B3a/adax pacmpefeNieHHA, TaKHX, KaK ROCTaBKAa MOJOKa
¥ IOYTH, MOCHIKA 3WMOH AOPOT CMECHI COJM W mecKa, c6op Mycopa
(cM. ra. 9). 3H m T3 aBusiorcsas ABYMA OCHOBHHIME 33fa9aMM C MHO-
FOYHC/ICHHEIMH NPAMEIMH M KOCBEHHHIMH NDPHTQKEHHAMH B CaMBIX
pasnMYHEX o6macTAX, 9acTo BechMa JajJeKHX OT Tex obaacreil, Ha
KOTOpHIE YKA3HBAIOT .HA3BAaHWA JTHX 3agad.

2. HamGonpmme napocoueTanus

Ecanm mano mapocodetasde M, To BepmMHA I;, He ABIAIMAACT
KOHEYHOM BepmEHOH HEKakoro pebpd us M, OyneT HasHBATBCA
skcnonuposartoti Bepmunoir. Ha puc. 12.3, rne mapocoueranme moka-
3aHO JKMPHEIMA JUHHAMYE, BePIIMHH Iy A Iy ABIANTCA JKCIO3HPOBaH-
HEIMH,

2.1. AnpTepaupyompue nemH H REPeBbA

Aavmeprupyowas omnocumeavho M yenv — 3TO mpocTas ueOs,
pebpa KoTopoil monepeMeHHO JeKAT HIIH He JIe;KaT B napocodeTannd M.
IIpamepom Takoi nend ABIAETCA NeNb (Ig, Ty, Tpy L3, Lygs L1g, &)
B rpade Ha puc. 12.3. Ayemenmasvnan omuocumeavho M yenv —
9TO TaKaf aJbTePHHDYIOHAA Nellb, HaYAJAbHAA M KOHEYHASA BePINHHE
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KOTOpO# 9KCUOHEDOBAEH. Llendb (z4, Zyq, Z4, Z;, Ty, Zg, Z5, Z4) RaACT
OpEMep ayrMeHTaJbHOM Hemm B rpade, m3obpaskemHoMm Ha pmc. 12.3.

X2 X3

Xg Xg

Pme. 12.3. ITapocoueramme M.

OcHoBHaA OTHOCAMAACA K HAPOCOYETAHHAM TEOopeMa MOMKeT OHTH
cfopMyIEpOBaHA TaK.

Teopema 1 [5, 27]. ITapoconemanue M 6ydem naubosvwum napo-
couemanuem mozda u moavko mozoa, Koz0a 8 G He cyujecmeyem HUKAKOU
ayemenmanvroli omuocumeavio M yenu.

Hoxasameavemeo. Heobzodumocmsv. JomycTmM, dUTo CYIECTBYeT
ayrMenTajbHasg nenb P, m mycrs P o060sHaZaeT TaKiKe MHOKECTBO
pebep sroii memm. Hmkakoe peGpo B Mmmoskecte M — P [\ M wme
MOKeT OHITH CMeKHHIM HE C KAKEM pe6poM B P, TaK KaK JBe KOHIEBHE
BepmAEN B P sgBiAorcad (00 ONpeleleHHI0) JKCIOHEPOBAHHEIMA,
a KajKnas gpyrad BepmuHA B P yiKe ABifAercA KOHOEBOH BepmIHHOR
HeKoToporo peGpa B P [} M. CiegoBarensro, MEO#ECTBO pebep M’ =
=M-PNMUP—-—PONM)=M\ P— P M, noryqen-
HOe B pe3yibTaTe 3aMeHH TexX pebep ma P, KoTopHe He BXogaT B M
(t. e. peGep m3 MEOxecTBa P — P (| M), Ha peGpa u3 P, KoTopHe
BXoAT B M (t. e. Ha peGpa u3 P () M), ABiserca mapocodeTaHHEM.
Ho Tak kak o6a KonueBux peGpa m3 P me nexars M, ToP — P\ M
cofepHAT Ha ofHO peGpo Goxwme, weM P (| M, u nosromy | M’ | =
= | M | + 1, Tak 9T0o M He ABAAeTCA HAHGONBITAM IAPOCOIOTAHAEM.

Hocmamounocmy. Ilyctse M — mapocodeTraEme, OTHOCATEIBHO KO-
TOPOTO HeT HHM OJHOM ayrMeHTAJNBHOH nenu B rpade G,  uyctp M* —
HaunGonsmee nmapocoueranme. IlocTponm octoBHMIE moarpad G, obpa-
30BaHHHNN peOpamm m3 M | M* — M ) M* BMecTe ¢ COOTBETCTBYIO-
mumaA aM Bepmuaamd. Humkakas sepmmua m3 G, He MOKeT HMeTh
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CTelleHb, GOMBMYIO 9eM 2, TAK KaK B IPOTABHOM CIydae ABa HIH Goixee
pebep u3 M (mnm M*) ABINAOTCA CMEKHHMH, 49TO NPOTHBOPETHT
OIpefe/IeHNI0 NAPOCOTCTAHHA. Taxum oGpasom, nonrpa(i) Gp COCTOHT
H3 OJIHOH HMIX GoJee KOMIOHEHT, M Ka)KMas M3 HHEX €CTh Jm60 H30JH-
poBaHHAA BepmMHA, JEOO mpocTad menb, Au6o MPOCTOR HMEKA, Kak
aTo m3o6paxeHo Ha puc. 12.4.

Iens TEDa (6) CymecTBOBaTH He MOKET, TAK KaK OHA ABJIAETCH
ayIMeHTAa/IbHOH NeNmbi0 OTHOCHTeNBHO M, 9TO UPOTHBOPEYHT HEpBO-

(a)
RE TR S S B (N2
Xy XZ X3 Xq xl' Xs
(8) o-———o———-&——— _— O —— =—Om—C
Xy X2 X3 Xq Xr Xs
(2) ———0— = — — — — — —O————0— == —0
Xy X2
\ /
\ /
\—————c/
Xp

Pe6pa =— ——— Pefpa
B M B M*

Puc. 12.4.

Ha49aJbHOMY npeRunoiosennio. llens Tana (B) He MoKeT CymeCTBOBATH,
TAK KaK OHA ABJIAETCS ayTrMeHTAJNbHOMX OTHOCHTeAbHO M*, wro mpo-
THBOPEYHT IOPefION0KEeHHI0 0 MakcaMaiabHocTE M*. Iluka tmma (&)
¢ HEYeTHHM 9ACAOM pefep He MOKET CYMECTBOBATh, TAK KaK TOIAa
anbo nBa pebpa ms M, amGo ABa peGpa m3s M* Gunm G CMeKHEIMHA
apyr ¢ apyroM. OcTaloTcA BO3MOKHKME rpadhl CIelyIOMmMHEX BHOB:
(a), (r) ¥4 nukan THOa (B) ¢ YeTHHM 4HciaoM pebep. Ilasa kaskgoro u3
TakEx rvpagoB udcio pebep n (M) B M pamHo amcay peGep n (M*)
B M*. Tak kak 310 cnpaBefIuBO AJA 000 CBA3HOE KOMIOHEHTH k
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rpada Gp, TO
e (M) = 3y (A1%),

rie ny (M) m n, (M*) — 9gmcao peGep B KoMmonenTe k, IpHHAMIEKA-
muEx coorBercTBerEO M m M*. Iloatomy

| M =] MO M* |+ Do (M) = | MO M* 4+ 3 (%) = | M# |
|, clefosaTelbHo, M — mamboabmee mapocodYeTaHEe.
Paccmorpmm B KauectBe npummepa rpad, unsobpakeHHRA Ha

puc. 12.3. Pebpa, oGpasyiomme mapocoueranme M B stoM Tpade,
BHEJEeHH KAPHRMA JAHAAMEA. MEOecTBO pefep B ayTMeHTAIBHOR

X2 X3

Xs

X9 Xg

Puc. 12.5. HanGoxbuee mapocoseranume M’.

nena P = (zy, x4, Tyq, 2y, Xy, Ts, Ty, Tg), He Iesxammx B M, naer
HOBoe mapocoderanme M', maoGpaennoe Ha puc. 12.5. 3xech yixe
HET 3KCOOHMDOBAHHHX BePUIMH M II03TOMY HE CYIIECTBYeT HEKAKEX
AYIMEHTAJBHHX OTHOCHTENEHO M’ nemeir. CienoBaTensro, mo Teope-
me 1 M’ — mambGonsmee nmapocoueTaHHe.

Aasvmeprupyrowum OepesoM OTHOCATENHHO AAHHOTO MapPOCOUETA-
HEA M HasmBaercA fepeBo I, Has KOTOPOTO

(a) onma BepmmHa, HasnBaeMad KopHem nepesa I, ABIAeTCH
SKCOOHHPOBAHHOM;

(6) BCe HauMHaOmEECA B KOPHE IeNW SBIAKNTCH albTeéPHMDPYIONH-
Mu;

(8) Bce MaxCHMaJbHHE IeNH, HAYXHAIOMUECH B KopHe jaepeBa T,
COflepKaT YeTHOe IHUCIO pelep.

Pazo6neM Bce BepmuaH fepeBa Ha fpa kKiacca: @ — kmace emews-
nHuz Bepmud, I — Knacc énympennux Bepmun. Kopers gepeBa oTHe-
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ceH K Knaccy @. Bepmuau Brons ai060ii nenn, HayAHAIOMERCA B Kop-
He, OyayT moouepenno orHeceHn K KiaaccaM @ m J. Taxmm obpason,
€CJIA BePmEHA PACIOJOKEeHA B «KOHIE» IemH ¢ HeYeTHHIM JHCJIOM pe-
Gep, HauMHAOMmEe#cA B KOPHE, TO 3Ta BepmuHA Gymer oTHeceHa X I,
a eCH OHA JIG;KAT B «KOHIE» LEeN’ ¢ YeTHHM dmcioMm pebep, Haum-
Hameica B Kopae, To 6yner orrecena kK @. Ha puc. 12.6 mao6paseno
aJpTepHApYIOmEe [AepeBo. 3/ech BCe BePIMHH, JeKamue B KOHIE
MAaKCHMAJIBHHX IeNell, HAYAHAIOIMUXCA € KOPHA, B COOTBETCTBHE

I ¢

©
~
-X:

I
¢ 1 4/ 1@
Kopetb
I b

Puc. 12.6. AasTepHupytomee gepeo. ] — BEYTPeHHH® BepIIHEH,
@ — BHemHNe BepIIMHH.

¢ ycaosmem (8) Gyayr «sHemmmMm». CremeHp Jdio6odi BHYTpeHHei
BepIOHHK aJIbTePHHPYIOIETo AepeBa PaBHA 2, B TO BpeMA KaK CTeNeHb
BHeITHEe# BepMIAHH MOREeT OHTH TIOOHIM IEJAHM NOJOKHETeIbHHM
JHCIOM.

Ayzmenmanvioe Oepeeo — 3TO aJbTePHHDYIOIEe /lepeBO OTHOCH-
TeJbHO JIAHHOT'O IAPOCOYETAHMSA, YHAOBIETBOpAIONEe YCJIOBHIO: CyIIe-
cTByeT peGpo OT Kakod-HMOyAb BHemHeHd BepmMHH JepeBa Z,, RO
HEeKOTOPO! 3KCIOHHPOBAHHOM BePHMIMHH I, He NPHHAJJIeKale# fepe-
By. EnmscTBenHaA nenb, MAymMas OT KOPHA JepeBa [0 BePIIAHH I,
B paiee — o pebpy (z,, e.), GyAer Torga ayrMeHTAJBHOH LeENbIO.

2.2. IIseTkn

I]eemkom mO OTHOMIEHHIO K mapocodeTanwio ] HasHBaeTcA ayr-
MeHTAJIbHAA Ilelb, HA4aJbHAA M KOHEYHAA IKCIOHHPOBAHHEIE BEpIIH-
HBl KOTOPOH COBIAfaT, T. €. 3Ta HeOb ABIAETCH IUKJIOM, TaK Kak
gnciao peGep oTo#f menm HeweTHo. Ha pme. 12.7 nsoGpaern nBeTok,
oGpazoBaHHHH nensio ¢ 5 peGpamu.

B anropmrmax ans 3MII m 3HIIC, onmcaHHHX HHM:Ke, IBeTKH
cpesalom RBIAA TOT0, 4ToGH NOJYdYHTh Oojlee mpocToil HOBHE Trpad.
Cpesanue nBetka B cocToHT B 3aMeHe BCeX BepmMH IBeTKa B (cka-
sxeM, X ) onHO#l HOBO# nceedosepwunoi x,. Pe6po (z,, ) mo6apasa-
eTCA BCerja, KOraa cymecTByer peGpo M3 HeKOTopoili BepmIMHH
z; € Xp ® Apyroit Bepmmue r, ¢ Xp. B ynpomennom rpade, moay-
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YeHHOM IIOCJI€ Cpe3aHdd, BepmAHA I, M Jpyrde ICEBIOBEPIIMHHI,
COOTBETCTBYIOIIMEG DaHee CPe3aHHHIM LBOTKAM, MOTYT B CBOIO OUepedb
00pa3oBHBATE HOBHI LBETOK, KOTOPHM ONATH cpesaeTcsd, ¥ T. X.
Hocaenumit nBeTok By, He cofepskamuicA EX B KAaKHX ADYTHX IBET-
Xax, HaswBaercA kpalnum yeemrom. OGocHOBaHMe mpormecca cpesa-
HAA OBOTKOB OCHOBAaHO HA TeopeMe 2, IPHBOTAMON HWKe.
I{eemywee Oepeso — BTO aNBTEPHEAPYIOIEe AePEBO OTHOCHTEILHO
AAHHOI'O WAapOCOYETAHHS, MIA KOTOPOre cymecTByer pebpo (z,, o),
COeIMHAIEe [Be BHEITHHe BEPIIMHK jepeBa: Z, ¥ 2,. Ecam P’ —
MHOKECTBO pebep nemu, HAYAHAIOMEHCA B KOpDHe aJBTEPHEPYIOMEro

/LlBeTox
VX 2 Xg=Xg
| .
¢ I ¢ I Pe6po |
Xy o x ¢ r_ n3 pG
Kopeus *z X3 ) I
X7 " .
Xg=X :
I ® I 7o I

Puc. 12.7. JlepeBo c IBETKOM.

fepeBa m KoHYalme#csa B z,, a P” — cOOTBETCTBYOINEe MHOKECTBO
nas z,, To MHEO:ecTBO pebep [P’ |y P” — P’ 1 P”] Bmecte ¢ peGpom
(x5, z3) obGpasyer mBerok. Ha pmec. 12.7 wusobpameno uBeTyimee
‘AepeBo.

Korma mserok B cpesaH, NOXyJalOmasicA ICeBIOBEDMMHA CUH-
TAaeTCA BHEIHeHX BepmEHOH. BcesAxas BepmeEa 3 B Momer GHIS
[0 }KeJAHHI OTHECeHA K BHYTPEHHAM WM K BHEIIHAM BeDIIEHAM,
TAK KaK ecid BepIHEA IpAHANIEKHAT B, T0 oHA ABIAETCA KOHIEBOX
H B IenfAX C 9eTHHM, A B UEUAX ¢ HeYeTHHIM YACIOM pebep, HauMHAIO-
IEXCA B KOpHEe fepeBa (B 3aBUCHMOCTA OT MADMpYTa, IO KOTOPOMY
OPOXOJAT 3TH IenH [0 UPHXOAAa B NepPBYI0 BepIIEHY nBeTka). Tak,
ga pmc. 12.7 BepmmHa z; MokeT OHTH HOMeUeHa KaK BHYTDEHHAA,
€CIH paccMaTpEBATh NeNb (I;, Ty, Zs, T4, Ty, L), A KAK BHEIIHAA,
ecnm GpaTh mens (z;, s, Ts, Ty, Tg, Tg, Tgy Ly, Tg). IO KOIJA ICEBNO-
BEPIINHA, IOJYYAIOMAACH IIOCHe CPE3aHMsA IBETKA, IOMedaeTcAd Kak
(BHEIIHAAY, CTPYKTYpa OCTAIOUIErocs aJbTepPHHPYIOMEro JepeBa BCO
eme GyNeT KOPPEKTHOR — KAaK 9TO BHITEKAET M3 ONpeNeJNeHus albTep-
papylomero fgepeBa. TakaM oGpasoM, mocie CpeaaHEA IBETKA aJbTep-
HEDYIOMEe AepeB0 B IOJyYdBmIeMCH rpade coxpapsercd.

ITpumep caokEOI ¢opMANMU I(BETKOB W MX CPE3aHHE IIOKA3aHH
Ba puc. 12.8a — 12.8r. B rpage ma puc. 12.8a mapocogeranme
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X10

\
|

—ligeToK B,
$x;

Kopenb

o —————

N = = —

X3

Puc. 12.8a. CpesaBme usetka B;.
— PeGpa B anmpTepuupylomem jepene,
BXOJAMXe B IApPOCOYeTaHHE.
— Pe6pa B anxbTepHHpYIOMEM Jepese,
He BXOfifm@me B IAapocoYeTaHue
— — — Jpyrze peGpa rpada.

H300pamkeH0 KUPHLIMA JTHHWAMH. AubTepHHpYlomee aepeso I’ ¢ Kop-
HeM B BKCIOHHMPOBAHHON BepmIMHE Z; OOK23aHO COJOMHHME JUHHAMH,
a Bce Jipyrme peGpa rpada, He Bxondamue B AepeBo I',— DYHKTHPOM.
HomycrmM, 4ro mocieguee pobaBienHoe K fepeBy pebpo ecTb (zyy,
Z;;). Tak Kak MexOy AByMsA BHEMIHMMH BePHINHAMH Z,, U Z;3 Cyme-
cTByeT pebpo, To no6aBieHHMe K AepeBY BHIMEYNOMAHYTOIO IOCJHeNHEro
peGpa maer nserok. lpeTok B;, oGBemennnit mHa puc. 12.8a mTpmx-

¢Y¥x, l

1 .
{xnx xlz.xn.xu.xli}/'

ox, Kopewb

Puc. 12.86. Cpesanne B,.
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NYHKTUPHOH 3aMKHYTOH JMHHAEH, mOcle CPe3aHUsA JaeT ICeBAOBepInd-
HY Ip,, Kak dT0 nokasago Ha pHhc. 12.86. llepeso Ha pmc. 12.86
Bce elle ABJIAETCA NBETYMHM C IOBETKOM B,, TaK KaK CymecTByeT
pebpo (zy, Zby). Ilocme cpesammsa nBerka B, «ocraercA» BepmuHa
Zp, @ TONydaeTcA HOBHE rpad, mM3obpakemHmin Ha pmc. 12.8s.
JepeBo ma pmc. 12.8B onATh GymeT LBeTYIIMM BBHAY CYIECTBOBA-
Hua pebpa (23, zp,); nBeTkeM B HeM Gyner B,. Ilocne cpesarms npeTka

X
Kopenb

Pnc. 12.88. Cpesanne B,. Pnc. 12.8r. AxprepHHEpyIomee ne-
PeBo mocjie Cpe3aHHA I[BETKOB.

B, «ocraercsa» Bepmmma z,; m rpad, maobpamennuit ma pmc. 12.8r.
Boxsme nperkoB mer, m, 3mawur, B, Gyaer KpalHUM IBETKOM.

Teopema 2. Ecau B — ysemok ¢ Heuemmnvim MHONCECMEOM 6ePULUH
Xp u ecau z — nekomopas eepuuna us Xy, mo 6 nodzpage (X )
cywecmeyem Haubosbluee napocoiemanue, Oas Komopozo 6epuLUMa
z 6ydem 3KCROHUPOBAHHOU.

Hokazamesvcmeo. Ilycts (z,, 5, . .., To) — OEKI ¢ HEYCTHHM
gmcaom peGep, o6pasyomuit nserok B. Torma uaum z = r; AI8 HeKo-
Toporo i = 1,2, ..., @, mim ke z € z; AJaA HEKOTOPOil HCeBIOBep-

INAHLL Z;, COOTBETCTBYIOIMEH DaHee CPE3aHHOMY I[BeTKY B;.

B nepmom ciaywae BepmmHA z MokeT GHTEH OCTaBIEHA DKCIOHHPO-
BaHHOHA, a octanpHele . — 1 Bepmur w3 B pasGmBaloTcA Ha HapH,
o0pasya mapocoueTaEme. Takoe pasbmenme BO3MOKHO, TaK Kak
a — 1 — "erHoe 9mCI0 BepImHH, OCTAOMUXCA B NEKJIe (nocae BubGopa
BepmubH z). Ecim ogsa m3 a1HX BepmEE, CKasKeM I,, COOTBETCTBYeT
paHee CDe3aHHOMY LBETRY B, TO BXOK[eHHe Z, B IIapOCOYETAHHE
6ymer o3HaYaTL BO3MOKHOCTh pa3bHeHHs HA NapH BCeX BepITHH
u3 B,, KpoMe OFHOH, a OfHA YK€ (HCIOJB3OBaHA» HA HpEALAYMEM
mare. JTOT IPOLECC MO:KHO LIPONOJKATH A0 TeX Iop, IOKa BCe Bep-
museH (oTaAYEEE OoT z) He GyAyT pasbursl Ha mapw, ofpasys mapo-
-COUeTaHUE.
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B mocnemHeM 43 ABYX YOOMAHYTHIX CIydYaeB BepIIMHA I; MOKET
OHTH OCTaBleHA PKCIHOHHPOBAaHHOH#, a ocTaabHhe o — 1 BepmmH
u3 B pa3o6b0TCA HA mapH, OOPOKAAA MapocOodIeTaHWE, KAK M BEHIIe.
I{BeTox B; — 3TO WUKJI C HeYeTHHIM IHUCIOM pebep, H, clegoBaTeNbHO,
DONydaercs Takas >Ke caMasd CHTyaInHA OTHOCHTe:XbHO B;, Kakas yixke
o6cy:rmanach B caydae mBeTKa B, Tak 4To 3KCHOHMPOBAaHHOH B KOHI[E
KOHIOB OCTaHeTCA TOJNBLKO BepmMEHA I.

BaixHOCTH IBETKOB M NUKIOB (memeil) ¢ HedeTHHM umcioM pebep
B 3aJavax O HApOCOYeTAaHHAX MOKHO OLEHHTH, AHAIUBEPYA CIEIYIO-
muit $axkT: OpE OTCYTCTBHM TAKHX LMKIOB ¢opmyrampoka 3MII
Ha fA3KKe JHHEAHOrO0 NPOrpaMMEpOBAaHHUA, faBaeMasA COOTHOMEHHAAME
(12.2) m (12.3), npuBoAUT K COGCTBEHHO LeJOYMCIEHHOMY DeIleHHIO,
Tak 4ro orpammdenus (12.4) cramosarca maammemvz (8, 16, 17].
I'padsl, He cofiep/KalIie OUKIOB ¢ HEUSTHHIM IMcIoM pebep, ABAAOTCA
ABYIONBHEIME rpadaMd; OHH pAacCMaTPHUBAIOTCA B HOCIELYIOMHX
pnaparpadax. OGmue CBOMCTBA IOXHIAPOB, OmpeNeAsAeMHX COOTHOIIe-
anamm (12.3), comep:atca B ciaexylomeit TeopeMe Bammmckm [1].

Teopema 3. Bce sepuunsl evinyka020 noausdpa, sadaeaemozo Hepa-
gencmseamu

[WAE]

bii§j<11 Vi:1, e ey n,

w
[}

1

20e [by;] — mampuya unyudenyuil epaga, umeom Koopduramu
co snavenusmu 0, 1/2 uau 1.

Caywait HemenoYHCIEHHHX 3HaYeHHMi (a mMeHHo 3Havenmst 1/2)
0TBeYaeT IHKJIAM C HedeTHHM umciaoM pebGep. Ecam, mampumep, rpad

X4 as X3

Prc. 12.9.

COCTOMT M3 eNMHCTBEeHHOTO TAKOTO HUKJIA, KAK HoKasaHo Ha pmc. 12.9,
To pemeHdme 3aja4d JHHeiHOro nporpammuposanma (12.2) m (12.3)
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nas 3HII rakoBo: §; = 1/2 mgua j =1, ..., 5. 3naguenme sroro
pemenza Gyner 21, B TO BpeMsa KaK OYeBHAHO, 4TO0 HamGoIbmee
napocoyetanme ais rpadga ma pme. 12.9 copmepsxmr aBa pebpa.

2.3. Benrepckue nepenns

Benzepckoe depeso — 310 Takoe anbTepHUEpYIOIee fAepeBo B rpade,
qT0 Kaskmoe pebpo rpada, mMeoiee BHEMHIOK BEPIIEHY JepeBa
B KadecTBe KOHIEBOM, MMeeT APYroi KOHNEBOH BepIIEHOZX BHYTpEH-
HIOI0 Bepmury 3toro Repesa. Ha pmc. 12.10 cnrommmvE nBEWAMEA

OcTtarok rpaga

—— Pebpa, nexauiue B filepese W napocoyeTaHuM
Pebpa, nexawue B pepese, HO He
TIDUHafNeXalue napocoveTaHuro

-~—— Pebpa, ne nexawue B jepese

Pnc. 12.10. Benrepckoe pepeso.

IOKa3aHO BEHIepCKOe [epeBo, IPHYIEM >KEPHHMHE JHHEAMA H300paske-
HH pefpa, BXofsm@e B NAapOCOYSTAHME, & CBETIHMH — OCTAJBHHE.
PeGpa rpada, me upmHA[IeKamue JepeBy, HOKAasaHH LYHKTADPOM.

Baxkgocts Bemrepckmx nepeBbeB miaa 3MII o6wacasercs caenyro-
IEM HX CBOMCTBOM.

Teopema 4 [10]. ITycmv H — eenzepckoe Oepeso 6 zpage G =
= (X, A4) u G, = (X — Xy) — nopowdennuti nodzpag zpaga G,
«uckaonarowuly us G mroxcecmeo eepwurn Xy depesa H. Ecau My —
napocovemanue ¢ Oepese H u ME, — nauboavliee napocouemarue
6 Go,, mo muoxcecmeo pebep My |) ME, asasemces nauboavsum napo-
couemaruem 8 G.
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Hoxasamesvemso. Ilycte muoxectBo A pelep rpada G pasbmro
HA TPH NOOMHOKECTBA:

AH:{(xi’ x]) l (xl" xj) E A u Zi, szXH}y
Ane, ={(zi, ) | (zi, z)) €4, 2, € Xy v 7€ X —Xy},
Ao, ={(zi, 7)) | (zi, 2) €A ¥ 7, 7€ X — Xy}

Ecam S — npomsBossHOe mapocodetandme B G, To S MoxkeT GHTH
pasbuTo aHAJMOrMYHEHM 06pasoM, TaK HTO

S§=381USu6, U Scos
rae Syp=S N4 SHG,__:SnAHGO " SG°=S ﬂAGD.
Ilo onpenmenenmio mapocogeranua MG, MH uMeeM
[ ME,| 2| Se ] (12.8)

Paccmorpum Temepsr rpad G', cocroammii ma pebep Ayl Awmg,
H BX KoHOeBHX BepmuH. Ilo oTHOmenH0 K M, Bce BepmuAHN I € X —
— X, ABAAOMHAECA KOHOEBHMHE Aas peGep us Ang,, 6YAYT oKCOOHH-
POBAHHHMEA. ANBTEPHAPYOMAA Uenb, HAYHHAOMAACA B SKCIOHHPO-
BaHHOH Bepmmme z, € X — X;; (mnd maympamasAcd B KOpHe HepeBa
H, KoTopHE TaK)Ke ABIAAETCA SKCIOHHDOBAHHOH BePITHHON), MOMKeT
TONBKO TOrga GHTH ayrMeHTAIbLHOH, KOTa OHa OKaHYHMBAGTCHA B ADY-
roit Bepmune z € X — X ;. Ho ayrMenranssas mems N0JKHA copep-
»KaTh HeUeTHOe IHCIO peGep, a 3TO 03HAYAET, 9TO €CJHH mepBoe pe6Gpo
9TOH IeNH HJAeT H3 SKCIOHMPOBAHHOH BEepPMKHH BO BHYTDPEHHION,
T0 mocixefEee peGpo KONKHO MATH W3 BHEMIHeH BEPMAHH B OKCIOHU-
poBanEyl. Tak Kak mo ompepmenenmio jepeBa H Bce pebpa B Apxg,
JIeAT Me;KAy BHYTPeHHEMH Bepmuuamu H u Bepmmsavu u3 X —
— Xy, To B rpage G’ HeT HAKAKOHK ayrMeHTAJIbHONR IeNR H, ClefoBa-
TenbHO, My sABIAercAd HamfoAbmEM NapocoYeTAHHEM B G, 1. e

| My|=|Su|+|Sue. |- (12.9)
Ns (12.8) 7 (12.9) monyuaem
| My UME,|>|SyUSne,USe, |=>]S|. (12.10)

Taxam o6pasoM, My | M¢, asaserca HamGoAbmHAM napocodeTa-
HAeM B G.

2.4. Aaropatd paa 3HIIC

IIycts 3amamo HavansHoe mapocoderanme. ([{omycTEMO HCHOIBs0-
BaHHe IYCTOT0 HApOCOYeTAHHA.) ANTOpHTM OCYIIECTBASST CHCTEMA-
THYeCKHA MOHCK ayrMeHTANbHHIX Lemed ¢ Helbl0 YJAYINIeHHA 3aJaH-
HOro IapOCOYeTaHAA B COOTBeTCTBHR ¢ TeopeMoit 1. Axropmtm G
npenmoxer Iamorgcom (10, 11].

AnbTepEEUpYIOmEe NePeBO MMeeT CBOMM KOPHeM HEKOTOPYIO 9KCHO-
HUPOBAHHYIO BePMEHY H CTPOMTCA OVTeM mOmepeMeHHOTo RobaBieHHAA
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pebep, ne;kamMX W He JieKAlUX B IAPOCOYETAHHH, A0 TeX HOP, NOKa
Han

(I) mepeBo cTaEeT AYTMEHTAJBHHM, HIA

(II) ma nepeBe HOABATCA UBETOK, WMIM

(ITII) nepeBo cTaHeT BeHIepCKHM.

B cayuae (I) umcao pebep B mapocoueranmu MoxeT GHTEH yBelamge-
HO Ha e[IMHHIY C IOMOIIBIO [BMKERHA IO ayTMEHTATLHONX Neud K Kop-
HIO flepeBa W 3aMeHH pefep nenm, mMpEHAJIEKAIMUX NAPOCOYETAHAIO,
Ba pebpa, Ee npumEamie;kamume eMy, ® Haobopor !). Ilocme artoro
RepeBo oTGpacHBaeTCA %) M CTPOMTCA HOBOE AEPEeBO, eCiW TaKoe CyIie-
CTBYeT, C KODHEM B HEKOTOpO#l OCTaBIeHCs SKCIOSHPOBAHHOH Bep-
ImuEe.

B cayuae (II) ofmapykmBaeTcss mOAYYHBINmIACA IBETOK (Kak
OOHCAaHO B pasf. 2.2), cpe3aeTcA W HPOXOIKAETCA POCT lepeBa B Ipo-
mecce MOMCKA ayrMeHTANBHOA nenu. UTo KacaeTcs BEIYACIATEBHOMN
CTOPOHH, TO Cpe3aHHe He IDOHMBBONHTCH «ABHHM obpaszom». J[ocTa-
TOYHO IDOMETHTH BCe BEPIIMHE OBeTKA KAK BHENIHEEe M OTMETHTb, 49TO
BCe OHH DDHHAAJIEKAT aTOoMy uBeTKy. Ilopsamok, B KoTopom nBeTxkm
4cpesaloTCH», BajKeH, TAK KAaK B KOHIOE BCeHl NPONEAYPH IBETKH
HOJKHEI «pacusecTH» B 00paTHOM HOpAJKe.

B cayuae (III) BepmEEM Bemrepckoro fAepeBa M HMENHAEHTHHE
uM pebpa coBceM yhanAnTcA m3 rpada (B COOTBETCTBHH C TeOpeMoi
4) m anTOPATM HpPAMEHAETCH K OCTABIIEMYCA mOATPady.

2.4.1. Ononcanne anroparMa

Havarvnan ycmanoska.
lllaz 1. Bubpare B G HadaabHO® mapocoueranme M.

Bubop xopns.

llaz 2. Ecnim B G cymecTBYIOT o Kpajimeit Mepe JIBe DKCIOHHEpPO-
BaHHbIe BEPUIMHH, TO B3ATh OfHYy M3 HMX B KayecTsBe KOPHA; B Npo-
THBHOM ClIy4Yae mepedTd X mary 8.

lllaz 3. B3are BHEmMEIO BepmMEHY I, Aepesa. JaA Kaxaoro
pebpa (z,, Z;): ecim Z; — BKCHOHMPOBAHHAA BEDIIHHA, TO NepeATH
K mary 4; eciu r; — BEYTDPeHHAs BepIIHHA, TO NepedTH X mary 7;
€ClIHd z; He IPHHANJEKUT [lepeBy M He ABJACTCA OKCIORMPOBAHHOM,
TO OmepedATE K mary 5.

1) Ilpum omicaEHOM HOCTpOEHMM NOAYYAETCH HOBOE IAPOCOTIETARRE, COCTOAMER
u3 Tex pebep BuGpamnofl AYrMEHTANLAON NENH, KOTOPHE He NPHHAIEKANN Dep-
BOHAYAJLHOMY HapocodeTanmio.— I[lpuxm. ped.

%) Kepeso cTpomTCs €OTAEABEO OT Tpada» M us zpada e subpacueaemcs,
€CJIM IpH IOCTPOEBHH JePeBA OHO HPOCTO KAK-TO BHGIAJIOCH (IOMEIanOCH)
B rpaje, To ¢«sn6pacKHBanyue» COCTORT B yCTPAEEHEN BCAKHX HOMETOK, IPMIECAH-
HHX 3JleMeHTaM Jiepesa B aToM mponecce.— Tpum. ped.
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lllaz 4. Haiinena ayrvMeHTaJIbHAA LeNb B3 KOPHA K ;. IlocTponTs
HOBOe yJydYmeHHOe HapocodeTaHHe, YAAJAA TeKyInee AepeBO H IoMeT-
KH BepIEH, W mepeiiTm K mary 2.

lllaz 5. Jlo6aBuTh K axbTepHHEpylomeMy aepeBy pebpo (z,, z;)
M OTMeTATH BepmHEY Z; Kak BHyTpemHIiol0. Halitm peGpo (z;, z),
IpUHAIeKAee TeKyeMy IIapocoYeTaHuIo, M JoGaBHTH ero K AepeBy,
OOMETAB BEPIMBY Zp Kak BHemuiow0. Ecam cymecTByer peGpo Mexay
Zy ¥ Apyroil BHemHe# BepmMHUHOI, To mepeiiTh k mary 6. B nportusnoM
ciayvae mepeiTH K mary 3.

lllaz 6. Onosuate M cpesarh noayvuBmmiica BeTOK. OTMeTHTH
BOBHHKIYI0 NCEeBROBEPIIMHY KaK BHEMEIO. BHecTm pDompaBky
B YaCTHYHOE YNOpANOYeHHMe IBETKOB M BO3BPATHTHCA K mary 3.

lllaz 7. BosBpamaTscss K mary 3 @0 Tex HOp, IOKA eAHCTBEH-
ERIM BO3HHKalomuM caydaeM He Oymer cayvait (III). Torma ymamnte
BCe BePIINHH JepeBa U Bce pe6pa u3 G, MHIUAEHTHLEIE THM BepIIEHAM.
CumraTte ocraBmmitca moarpag rpadom G H BepHYThCA K mary 2.

lliaz 8. Bupenuts otAenbHO B mochaefleM rpade G m B KasKHOM
yOaJeHHOM BeHrepCKoM rpade OnTHMaibHOE NAapocoYeTaHHe, HOCTY-
naf Tak. PacnycTmTh cHauaja KpafiHmii I[BeTOK ¥ BHJEJHTH IAPOCO-
9JeTaHHe, KOTOpOe OCTABJIAET OKCHOHHPOBAHHON OTHOCHTENBHO HEro
TY BepIIBEHY Z, KOTOpasA BXOAWUT B IapOCOYeTaHHe B HepacoyCTHBINEM-
ca nserke. (Cm. Teopemy 2.) Ipomomxars mponecc pacnyCKaHHA
B NOpALKe, 06paTHOM K yCTaHOBJIeHHOMY Ha mare 6, 10 Tex mop, moKa
Bech rpad me GyneT pacnycTHBmEMCH M He GyJeT moayseno BamboJab-
Iiee mapocoveTaHUe,

2,5. TIpnmep

Mu xotaM maiiTu HamGoasmee napocogeTanke B rpade, B3o6paren~
HOM Ha pmC. 12.11a, mavaneHOe mapocoweTanme B KOTOPOM IIOKA3aHO
KEPHHIMA JHHMAMA. MH npEMeHEM airopETM ODpemHAYImero pasfena
C TeM mPaBMJIOM, 9TO HA IMare 3 BHEMHEE BePIMMHH OPOCMATPHBAIOTCT
B NOPAKKe YBeJAYEeHNS WX HHACKCOB M eCIW NaHA BHEITHSA BepIIEHA,
T0 pebpa, Benymue B3 Hee, IPOCMATPUBAIOTCA B MOPANKE YBeJIWGCHAS
HHIEKCOB MX BTODHX KOHIEBHX BepHIMH.

Ha mare 2 anropmrMa B KavecTBe KopHA BHOHpaeTCH BepIEHA
Z;, ¥ NOCHe HECKOJBKAX NPHMEeHeHNI maroB 3 M 5 mOAYIaeTCH aabTep-
HEpYyWIee fepeBo, m3obpakennoe ma puc. 12.116. Ha sroii cragmm
cpaay e mocie fnoGasnenma pebep (zs, z5) ¥ (4, T,) K aXbTepHRAPYIO-
memy nepesy mar 6 omosmaer nBeToK (25, I, Zp, T Z,), AAOMER
nocjie Cpe3aHHA NCEBROBEPmMHURY b,, W mpHBOAMT K AepeBy, maobpa-
JReHHOMY Ha pHC. 12.11s.

Crnenyromee npnvenenme mara 3 no6asaser pebpa (b, zi) (ma
caMoM niente (z,,° Zj9)) W (zy9, #;,), KaK nokasamo ma pmc. 12.11 r.
Bropoit usetok (b,. z,y, 7y, x;, z,) onosmaerca ma mare 6. ITocne
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X0
Xy X
X199 x]z X3
Xs
X X X X
X, s 3 3%
Xis 14
X9 TXg X1g
Xy
X23
X4 X209
Xa7 Xzzf L2
o
X6 X5 X8
Pme. 12.11a. Tpad us mpumepa 2.5. — Pebpa B mapocoueTamzn.
X4
I
; Xyz %13
$
xs{ b
$ | 1 ¢ I $
X5 ! Xg X3 X, X
| KopeHb
¢ I
Xg Xg

! Xip X3
P
é I ¢ I $
X X b X X
7 € ! KopeHb

Pnrc. 12.118. [lepeBo mociie cpe3amuA LBerKa b;.
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XIO
I
Xn¢
[ lez X3
| ¢
|
..& 7 L 1 ¢
X X X X
7 6 by Kope'nb

Puc. 12.11r. O6Gpa3soBanca nBeToK b,.

X9 X3
I ¢
¢ I ¢
X X1
b, : KopeHb

A

o0
~

X
1 12 by
¢ I P
o
b2 X2 Xl
KopeHb

Puc. 12.11x. [lepeBo nocume cpesamma b,.
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AyrmenTtanskas \
uend

\ %X

Puc. 12.113, Haiinema ayrmeHTaJbBEag Oedb.

€ro cpesaHds BO3HHKaeT ICeBLoBepmEEA b, m obpazyerca jepeso,
nokasagHoe Ha pmc. 12.11a. Pocr nepesa mpopomskaercs m3 Bepmm-
HHl Zy3, HO mocie foGaBieHmA pebep (Zy3, Zy4). (214, Trg)s (Ty3, Zy3),
(%15, r17) ODO3HaeTCA TpeTHH UBETOK (I3, Z14, Z1gy L17, L15), IOKABAH-
BuE Ha puc. 12.11e. Ilocae ero cpesanus Bo3HAMKaeT NCEBI0BePIIHHA
by m obpasyerca nepeBo, maobpa:xenHoe Ha pmc. 12.11:x.

Ilpm caenyomeM npmMeneEmm mara 3 poGaBiaserca peGpo (bs,
T5) ® Ha mare 4 o0HApY:KMBAaeTCA ayTMeHTANbHAA O€Ub (I, I,
bs, 1) (cM. pmc. 12.113). Korpa pacmyckaercs by (cm. pme. 12.11m),
TO BO3MOMKHH [[Beé LENH OT I, K Zys. AYIMeHTANBHOH Ilenbl0 6yaer
Ta Ienb, KOTOpPasg COCTOMT W3 HEYeTHOro Jmcaa pebep, T. e. P, =
= (%1, T3, Z13y L5y L1720 T1gs L1, T1g)- HOTA peGpa 3TOM menm, Jexkamme
B IapOCOYETRHMH, (MEHAIOTCA» C TeMH, KOTODHE B HEM He JeEKarT,
TO TOJAY4aeTCA HOBOe YJY4YINIeHHOe NapocoveTaHme, H300pasKeHHOe
ga pme. 12.12a.

Puc. 12.11m. IiseTox by pacmyckaerca. P, — ayrMeHTalAbHAA LeNb.
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X10
Xn Xa
X9 X12 X3
0
Xs
X Xg X3 Xy X,
7
/ X X4
X Xg Xy
i X7
X24 X23 Xp0
X27 X22 X2|
T Xzs X8

Pnc. 12.12a. YayumeBHoe napocoveTasne.

«OTt6pocuB» fepeBo ') m HauMBEAA C HOBOTO IAPOCOYETAHHS, BhGe-
peM Ha mare 2 B KauecTBe KODHA BePNIUMHY Z;,. 110Cde HeCKOJIBKEHX
npuMeHeHE maroB 3, 5 m 6 moaydaerca JgepeBo, IOKasaHHOe Ha
puc. 12.126, rme b, mMeeT TOT ke CaMHIil CMEICI, 9TO W paHee.
Ha mare 7 o6mapy:;xuBaeTcs, 4T0 3TO AePeBO ABIAAETCSH BEHTEPCKHM.
Ilocae ero ynanemma ocraercs moarpad, maobpasxennri na puc.12.13a.

Ha mare 2 B kagyecrBe HOBOro KOpHA BHOGHpaeTcas z,. Ilocae
HeCKOJBKUX NPUMeHEHNi: maros 3 B 5 — cpasy ke nocie AoGaBlaeHns
pebep (Zy5, Zg;) H (Zo5, Zo) Ha mare 5 — obHApYKHEBaeTCA ayrmen-
TanbEad nens. OKoHYATeIbHHI BHI AepeBa moKasaH Ha puc. 12.13 6;
ayTMeHTAJbHON NEeNnbI0 ABIAETCA HENb (Tq9, T1q) L1g) Loss Logy Loz). «Il0-
MeHAB» pe6pa 3To# menw, Je)Kamue B HapoCOYeTAHMM . HA Te, KOTOpPHe

b ox,9 Kopens

¢
J Xy
2
Pnc. 12.126. Bemrepckoe pepeBo B rpafe n3 (a).

1) Cm. mpamedarre 2 Ba cTp. 382.— Hpux. ped.
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AyrMmeHnTanbHas |
uenb 1
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o 1
B S X326 X25 X8
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Puc. 12.13. (a) I'pad mocne ynanenus penrepckoro fepesa. (6) AJbTepEMpyoIee jICPERO H ayTMENTAJbLHAA Lelb
B rpage u3 (a).
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X0

Xn Xa

Xs

X
X7" s
X1a
Xg Xg
X27

3
X6 X2s X8

Pme. 12.14. HauGoarmee mapocoveTaEue B mpuMepe 2.5.

B HeM He J€KAaT, DOJYYAM HApOCOYeTaHME, HE OCTABJIAKINEe HUKa-
KAX SKCIO3EPOBAaHHNX BepmuH. (3aMeTHM, YTO BepIIAHA I, YAAJeHA
panee BMecTe ¢ BerrepckmM fepeBoM.) Ilomygaromeecs mapocodera-
Hue, naobpakennoe Ha pHc. 12.14, Gymer, Takum oOpasoM, HamGoxb-
MHAM TAPOCOYETAHHEM.

3. MakcumaabHbBle MapoCovYeTAHMA

PaccMoTpEM Temephs 3afgavy o mapocodeTaHHm Anas obmero rpada
G = (X, A), pebGpam KoToporo a; € A mpumucaHH Beca ¢;. B arom
pasfieie MH HCCIeAyeM 3a/lady HAXOKECHHA CO6ePUUEHH0Z0 TAPOCOo-
qeTagdd (T. €. NApPOCOYETAHHA, B KOTOPOM KakAaA BepIIEHA «Code-
TaeTcA» ¢ HEKOTOPOi# Apyroi BepmuHO#), MMEOIMErc MaKCHMAJIbHbIH
pec. JTa Bsajadya omnpefensieTca cootHomemmaME (12.2) — (12.4)
¢ To#t JMIIE pasHHIe#, 9To HepaBeucTBo B (12.3) AomxkHO OHTE 3aMe-
HEHO paBeHCTBOM. Bo BBenenmm Guto o0bscueHo, KaK 3afladl ¢ orpa-
HHUYeHUSMY B BHAC PaBEHCTB MJH HeDABEHCTB MOKHO CHEJNATE DKBH-
BAJIGHTHRIME UyTeM HoGaBieHHA pefep ¢ BeCOM —o00 H HCKYCCTBEH-
HOM BepmIUHH — B Clydae HeYeTHOTO WHcja Bepmmu. TakmM obGpa-
aoM, paccmatpmBaemas 3MII ¢opmynmpyercs rtak:
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MaKCAMHA3APOBATH
m
z:j;c,.g,. (12.11)
OpHE VCJIOBAR
D g =1, Vi=1, ..., n, (12.12)

raue

Ti = {(2i, 2s) | 2x €T (z1)},
T. €. IPOCTO MHO:ecTBO pebep, MHNUISHTHRIX BepIIAHE Z;, I

g€{0. 1). (12.13)

Haxk yme rosopmaocy Brime, yciaosua nexoudacaensoctE (12.13)
He ABIAKTCA H3JHNIHEME B CJIydae CYIECTBOBAHUA B rpafe NAKIOB
¢ HeueTHHM gmciaoMm peGep. Onmmaxo Iumomnc (10, 11, 12] noxasau,
49T0 TH YCJIOBHA MOTYT OHTH 3aMeHEHH CHCTEMOH JIMHEHAHHX OrpaHH-
uenHmit. 1 JMOKasan caeRylmyo TeopeMmy.

Teopema 5 [11). [Jan awboz0 zpaga swnykias oboroura pewenui
(12.12) u (12.13) seasemcs noausdpom, onpedeseHHELM COOMHOULEHUIMU
(12.12), u, xpome mozo:

(i) Oaa xaxcdozo nodmmoxmcecmsa S, X, codepacauezo Heuemmoe

yucao eepwun (ckaxcem, | S, | = 29, + 1 ¢ nekomopum nosoxcumens-
HBLM Yyeavm ), caedyem 0Oo6asumd 02PAHUNEHUS
2 E<9n (12.14)
u]-GA,

20e A, — mHoscecmso pebep nopoxedennozo nodzpaga {S,) , u
(ii) caedyem dobasumb ozpanuvenus &y = 0 daz (12.15) ecex
i=1.... m.

flcHo, aro mGoe napocoueTanwe U3 G ynosiIeTBOpsAeT Orpap@de-
maaM (12.14). He oueBmjiHO TONBKO, YTO 3TH OrpaHAYSHHS] JOCTATOIHEL.
M=u obocHyeM HX JOCTATOYHOCTH KOHCTPYKTHBHO, IpeIbLSBHB COBED-
IIeHHOe IapocoYeTanme W3 (G, ABAAIOMESCH peNIeHHeM 3amayd JHHe:-
Horo mporpammmpoBanma (12.11), (12.12), (12.14) » (12.15) ¢ aw6EM
3aiaHEKIM BeKTopoM [c;] peGepHEIX Becos.

O6o3aaunM cHOPMYNHPOBAHAYK BHIIE 3ajady JWHEAHOTO IIpPO-
rpaMvmapoBanEs depes P. JlpoficTemmoit 3amaweit k¥ P 6Gyner [8]
CIeAyomasn:

MEHHMA3HPOBATH

U= E ni‘*‘EQr"r (12-16)
: §

i=1
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OpH YCIOBHH

4+ > A >=c, Vi=1, .... m (12.17)
5,€F,
u
A,=0 nasa scex S,. (12.18)

TakuM o6pasoM, ¢ Kaxgoil BepmuHO z; M3 G cBA3aHA HEKOTOpaA
nepeMeHHAA T;, a ¢ Ka)KAHM MHOKeCTBOM S,, COCTOAIHAM H3 HEYeT-
HOTO 9YHCIA BepmIAH, CBA33aHA IepeMeHHAA A,.

B orpanmuenmax (12.17) ¢; — Bec peGpa a; Buna (z;, ), a F; =
= {S, | a; € 4,;}, 1. e. F; — cemeiicTBO HOAMHOKeCTB S,, colep:ka-
N¥AX KaK Z;, TaK B Z;. B COOTBEeTCTBHH ¢ TeOpeMo#l NBOMCTBEHHOCTH
JAMHEeAHOr0 mporpaMMEpoBaHMA BekTop [E}] Makcumumsmpyer z mpum
yenosmax (12.12), (12.14) u (12.15), a Berrop [n}, A¥] Munmmuaupyer
v npa yexosuax (12.17) n (12.18) rorma m Toabko TOrna, Korga

(i) nna kapmoro Ay mum A} = 0, MM Ke B COOTBETCTBYIOIIEM
orpaundennn (12.14) mMeeT MecTo paBeHCTBO;

(ii) nasa xaxporo Ef mam E% = 0, mam ke B COOTBETCTBYIOMEM
orpagmiennu (12.17) mMeer MecTO PpABEHCTBO.

M=r naguM MOKa3aTeIBCTBO TEOPEMH O, ONWCAB NPONEAYDY, I03BO-
JAI0MYI HaXOOUTH COBepUIeHHOe mapocoderanue M (u, ciegoBaTelab-
HO, BekTop [E;], a Takse Bekrop [n¥, A}], ymoBierBopalomuit ycio-
paEaMm (12.17) u (12.18) u ycaosuam geoicTBennoct (i) u (ii)). Takmm
obpazom Oymer Ookasamo, 4To M — omTHMMalibHOE TiapocoYeTaHHe,

3.1. Aaropurm aaa 3MII

IIpennmonoxmM, 9To MH HayMHaeM ¢ rpada G. IlpmceomMm ero
BepIIEHAM Beca 7;, BHOHpas BeJHMYHHH J7i; JOCTATOYHO OOJBIIMME,
9106GH orpaBmyenud (12.17) BHHmoJHAXHCH, Korga Bce A, B3ATH paB-
mEuME Hydo. Ilyers Teneps G — ocToBmmii moxarpad B G, copepika-
mui ToxsKo Te peGpa, Oas KoTopux B (12.17) mMeer MecTo paBeHCTEO.
HaszoBeM G’ cneyuasvhum ocmosnum nrodzpagdom rpada G. Ecam
B G' MOKHO HAWTH COBepIIEHHOE IIapoCoYeTaHHe (C MOMONmBIO AJro-
purMa ana 3HIIC, onucannoro 8 mpemsaymeM pasfese), TO 3T0 Hapo-
codeTanMe — onTmManbHoe. JledicTBUTeNBHO, BekTop [m;, A,] ymos-
geTBopseT orpanmyenmaMm (12.17) m (12.18), yenosme (i) sumonneno
aBTOMaTAYeCKH, Tak Kak A, == 0 gus Bcex r, a ycaosme (ii) BHIOI-
HeHO BBHAY TOTro0, YTO B IIapocodeTaHMe BXONAT ToABKO peGpa m3 G,
Tak 410 §; He MoskeT GHTH 3= 0, ecaM a; He yHOBIeTBOPAET OrpaHHYIe-
gm0 (12.17).

Boo6me roBopsi, MoikeT 0KasaTbCs, YTO B G' coBepmeHHOE IApo-
coueTaHme HaiTH Hexs3d, a aaroput™ aisa 3HIIC o6mapy:kur Benrep-
cKoe mepero. Kak yske orMedanocs B pasn. 2.3, HanGobmee napocode-
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TaEXe B G’ 9aCTAYHO CTPOMTCA U3 uapocodeTanms B H, ocTaBnfiomero
9KCIIOHMDOBAHHHIM KODeHBb JiepeBa /, W HOITOMY CYIEeCTBOBaHHE
BeHTEPCKOro jlepeBa 03HAYAeT, 9T0 B G' HET HUKAKOTO COBEPIIEHHOTO
napocoyerarus. Takum o6pazoM, npm o6HApY:HeHHH TAKOTO HepeBa
cjlefyeT HM3MEHHTh BEKTOp BecoB [m;, A,], 4TOGH HONYyUmTH HOBHIX
CUeNMaJbHELI OCTOBHHE moarpad G’ B rpade G ¥ HOIBEPrEYTH ero
nposepke. Hmxe Gymer ommcaHo, KaK BEYHCAAETCA TaKOM BecoBOi
BEKTOP.

Honyctmm Ha BpeMms, 4To AJsA JIOGOr0 NONYCTEMOTO BEKTOpA Be-
cos [m;, A,] (7. e. BekTOpa, ynoBuaerBopsmmero (12.17) m (12.18))
nagHOe A, ABIAETCA HEHYJEBHM JWINb TOTAA, Korja S, 6yneT MHO:ke-
CTBOM BEpINHH, COMlep/KAWXCA B MNCEBNOBEDIIMRE TEKYImero rpada
G' mnm B ICeBNOBEpINMHE, COMep:KameNcs B ICeBAOBePIIEHE rpaga
G' mBa moGoM ypoBHe Nponmecca cpesaHdf. J[ODyCTEM, KpoMe TOTO,
4TO AIA BceXx pebep, o6pa3yomeEx Ha HEKOTOPOM 3Tame IBETKH, HO3H-
Hee Cpe3aHHBE M NaBIIAE ICeBHOBepmUHH rpaa G', B BHpakeHHH
(12.17) mMmeer Mecto paBencTBO. [lBa CHeJaHHHX BHIIE AONYIIEHES
HaBEDHAKA BHINOJHAKTCA BHadalle, TaK KAK NEPBHHA COenWalbHHEHE
OCTOBHHIA moArpad G’, IOCTPOEHHHH, KAK OOHCAHO BHIIE, BOOOIIE
He MMeeT NCEBJOBEDHIME K JJIA HETO BCE A, IOJOKEHH PABHHIMH
HYIIO0.

Has Gosee AicHOTO MORMMAaHHEA AJITOPETMA MH BBEJEM CJEIYIOMYIO
magexcanmo. Ilepomauansunit rpag G Gymer obosmazaThcs uepes
Go. Comenmanemmit ocToBEHE moxrpagd rpaga G, ects G;; B 3Tom
rpade CTPOHTCA albTepPHEpYIOmEe NAEepPeBo, KaK 3TO [eJaJoch B alro-
put™e nas 3HIIC. Korpa, maxomen, ofpasyercs @ cpesaercs nepBii
IBETOK, caM rpad 6ymer oGosmadaTsca depes G,, a ero CUHeAAJIBHHIA
OCTOBHEIA mojirpadp — uepes G,. Ilocne cpesamma f nBeTKoB rpad
Oymer o6osmaden cmmBoioM G;, a €ro CHENHAJLHEE OCTOBHEIA mOJ-
rpad — Gii1.

O6muit mar aaropmrMa TakoB. Ilycts ouepemmoit rpad (mocie
Cpe3aHdA HEKOTOPOTO 9YHCIA NBeTKOB) Oymer G;_y, a ero cCoenEaJbHEN
ocToBENI moxrpag — G;. B G} cTpomTes amnTepmEpyHOmEee epeBo —
¢ momompio aaroputma 3HIIC — no tex mop, moxa me mpomaoitmer
OHO U3 Tpex:

A) Ha nepeBe TOABHUTCA I[BETOK;

B) nepeBo cramer ayrmemTaibBHHM;

B) nepeBo cTameT BeRTepCKEM.

Cayuaii A. B sToM carydae mBeTOX cpesaeTcs, moJydaeTcA HOBHIH
rpad G; ® ero crenmaJBHKIL OCTOBHHEA moxrpad Gi.,. Kak orMewanochs
BHIIE, CPe3aHMe NBeTKAa IPUBOANT K fepeBY I C KOPPEKTHOH CTPYKTY-
poi albTePHEPYIOMEro JepeBa, TaK 9T0 7' MOKHO COXPAaHHTH M IPO-
TOJKATh IPONECC POCTA Jepesa.

Cayuati B. B artom caydae, kak yske oOmscHsnocs aas 3HIIC,
TOJIy9aeTcst yJAVYNEeHHoe napocogeTanne — ¢ 60apmmnm auciaom pebep .
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Hepeso T caepyer orb6pocuts ') m, B3sB B rpage G; ocrasmyiocs
SKCIOHMPOBAEHYIO (B G}) BepIIMHY, IPHCTYIATh K NOCTDPOEEAI0O HOBOTO
llepeBa ¢ KOPHEM B 3TOil BepmimHe. 3[€Ch CleAlyeT 3aMeTHThb, UTO KAk
toabK0 T oTGpomeno u B G; «<HaUMHAET PAacTH HOBOE IePEeBO», HEKOTO-
pue ms ncesfoBepmuH B G; (oGpasoBammbie mocie cpesanus Gonee
pPaHHEX LBETKOB, HaBmux rpadu Gy, Gy, . . ., Gj_4) MOTYT OKa3aTbCsH
HOMEUEHHHIMH KaK sHYympeHHUe B HOBOM [epese.

Cayuaii B. B »stom caysae Bextop BecoB [m;, A;] maa tekymero
rpada G;., maMeHseTcs TAK, YTO BO3HMKAeT HOBHI CHelHaJbHBI
OCTOBHHIH mosirpad, oranguui or Gy, Vsmeneunsa B [m;, A;) penarorca
TaK, 4TOOH

(a) HoBmi rpad G; mponoMKAN YHAOBIETBOPATH CHAENaHHHIM PaHEe
TPEANOJIOKeHUAM, T. €. YTO A, OTIMYHO OT HYJA JNIMb JJA MHOMKECTB
BepIIHH, COOTBETCTBYIOIIMX NCEBAOBEPMAEAM U3 Gy_;, B UTO PaBEHCTBO
BHIIOJHAETCA JAJA Bcex pefep HIHM IBETKOB, KOTOPHE MOCIE CPe3aHMA
[aJia TICEeBIOBEePMANH B G;_;

(6) Texymee anbTepHHpYIOImee AepeBo B cTapoM rpade G; MOKHO
6EI0 CTPOMTH AaJjblle, WAM Ha HeM BOSHHKHET IIBETOK, HJIHM OHO CTa-
HeT ayTMeHTalbHHM — ¢ HCIOJB30BaHWEM HOBHX pebep, BXomAmumx
B HoBmiii rpad Gy

an60 HeKOTOpasA NCeBIOBEpPIINHA B TeKYIIeM AaJbTePHUPYIOMIEM

Hepese, IoMeYeHHass KAaK BHYTDeHHAA, népecraHeT OHTH TaKOBOI;
an6o 6yneT mokasaHo, 4TO B G, HeT COBePMEHHOTO NIaPOCOYETAHHA.

Wamenenma B Bertope Becos [m;, A,] mpomsBomarca rtak. [lua
pebep a; = (z;, x)) m3 Gy_,, He NpERajaeRamux Gy, ofHa KOHIEBas
BepIIMHA KOTOPHIX NPHHAMJIEKHT TeKyleMmy albTepHUPYIOIEMY aepe-
By T ¥ nomeueHa KaK BHENIHAsA, a APyrasA KOHIEBas BEePMHHA He Jie-
et B T, HaxommMm

A‘L“'n}lin [ﬂi-l'-ﬂk—cj']. (12.19)
j
Ilnsa pebep a; = (z;, zx) u3 Gy_,, He mpuHanIe;Kamux G;, obe KoHIe-
BHE BepIMMHH KOoTopHX aemar B I m obe moMedeHH KaK BHeEMHINE,
HaXoguM

—

Ay = —-min [x; + 1, —¢y]. (12.20)
%

HOaa muaokecTB S, BepmuH u3 (G, o6pa3ylomux KpaiiHHe TCEBROBEp-
muus B T M ToMeueHHHX KaK BHYTDPEeHHHE, HaXONHUM

A3=%rléin [Ar]. (12.21)

r

Pl

Bepem
A=min IA‘, Az, A3]. (12.22)

1) Cm. npumevanne 2 Ha cTp. 382.— ITpum. ped.
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3atem ciegylommMm o6pa3oM usMeHser BEKTOD BecoB [m;, A,l.

Hna kamnoil BepmuHL z; ¥3 G, ABAAOMEACA BHEIIHEH BEPIIUHON
nepesa I' mum copep:kameiics B ncesposepmmue m3 7', moMedeHHOI
KaK BHEMHAsS, YMEHBIIAEM It; H0 1; — A.

Hna kampoil BepmumEsl z; u3 G, ABIAIIEHCA BHyTPeHHeH BepmIn-
Holl nepesa I uam copepxameiica B ncesgoBepmune n3 I, moMeueH-
HOH KaK BHYTDeHHAA, yBeJHIMBaeM I; A0 T; < A.

g raxporo muomectsa S, BepmuH 13 G, 06pa3yomux KpaikHIow
ncesgopepmnEy B 1, HOMEYEHHYX KAK BHENIHIOK, yBeJHYTBAEM
Ar o A, + 2A.

Has kasmpmoro MBoxecTBa BepmuH S, u3 G, 06pasyomux Kpaii-
HIOI0 ICEeBAOBepmMUHY u3 7, NOMEYEHHYI0 KaK BHYTPEHHIOK, YMEHb-
maeM A, A0 A, — 2 A.

Besotnocurenrso K 3navenmio A Bce peGpa m3 craporo rpada
G, oGpasywmue texymee nepeso 7, ocraioTca B HoBoM Trpade Gi,
TaK KaK Beca 7; BCeX BHYTPEHHMX M BHEINHMX BepmmH fAepesa T
YBeIMYABAOTCA M YMEHBINAWTCHA HA OfHY H TY Ke BeJIHYHHY, a 3HA-
9ET paBeHCTBO B BHpakeHmE (12.17) no-mpemnemy coxpamsetcs.
PasenctBo B Bupasenmm (12.17) mpogomxaer coxpaHATBCA M 1A
BCeX pefep Tex LBETKOB, KOTOPHE OLLIX cpes3anbl, 66pa3soBaB HmCEBHO-
BepmuEH rpada G;,. Taxam obpasoM, ecim ncepfoBepmmHa A3 Gy,
6rua moMedYeHa KaK BHEIIHAA B albTepHHEpYOmeM fepese T B CTapoM
rpage Gf, To A1A BekoToporo pebpa a; = (z;, zy), BXOJAAMEro B IBe-
TOK, IIOCIe Cpe3aHHs KOTOpOro ofpa3oBaiachk 3Ta ICEBIOBEpINEHA,
Beca 7; @ T, ymenbmartca Ha A. Ho A, naa muoskectsa Bepmur S,
COOTBETCTBYIOMIETO DTOM NCEBAOBEPIIMHE, YBEIAMYATCA HA 2A, Tak 4TO
paBeHCTBO B Bupaskenn: (12.17) mo-npe:xueMy coxpaumres misa peGpa
a;. Amanormuso o6cromT geno auA peGep Tex IBETKOB, KOTOPHE
«DOPO/KEATY TCEeBAOBEePHHUHK B Gy, NOMEUEHHLE KAK BHYTPECHHHE
BepmEHH B fepeBe I' B ctapoM rpage Gj.

IIpennososxum temeps, aro B (12.22) A = A, m 4ro pe6pom, AaB-
muM 310 38a4ende A, B (12.19), aBusercs af. llocie A — mamenenus
BeKTOpa BecoB [m;, A,] — pe6Gpo af GymeT YROBAETBOPATH COOTHOIIE-
unio (12.17), opmuem mmeer MecTo paBeHCTBO, TaK 4To 3T0 pebpo
Oyner BxomuTh B HOBHEA rpad G,. TakmMm o6pasoM, mCmOIB3YS af,
MoskHO flepeBo I (KoTopoe, KaK OTMEYaJ0ChH BhiMIe, HO-IPERHEMY
Oymer aapTepHADPYIOMHUM B HOBOM rpade G,) 1u60 pacHmpHTH, JuGO
cfiejiaTh ayTMEHTAJBHHM B 3aBHCHMOCTHA OT TOTO, SABJIAETCA JH KOHIe-
Bas B:pmuHa pebpa af, He nmpmmamie;kamas AepeBy 7', sKCIOHUPO-
BaHHOM HIM HeET.

Ecam B (12.22) A = A, u af — pebpo, mapmee 3To 3HAUeHHE
B (12.20). To moGammerme a¥ k mepesy 7 mnpmBemeT K 06pa30BAHMIO
1{BETKA.

Haroren. ecnim B (12.22) A = A;, To BHUYHTAaHOe BeJHIUHH
2A u3 A, B mponecce M3MEHEHHsI BEKTOPa BECOB [1;. A,] cles1aeT B COOT-
BeTcTBOE ¢ (12.21) HekoTopoe A, (ckaskeM, A*) pasmmM Hydw. IlycTs
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Octatok| ¢ 1 ¢ [0cTaToK
Aepesa Aepesa

pr
BuyTpex-
HAA ncesfoBepwnHa

(a)

OcTaTok
aepesa

OctatoK
Aepesa

(6)

OcTaToOK ¢ [Ocratok
AepeBa Aepesa
~
I\ \ 'I \
\\ \ N ] I’
Aoy
\b-—_—-
““~He B HOBOM
Aepese
(e)

Puc. 12.15. (6) BuyTpeBHAA mCceBAoBepiIMHA pPACHyCKaeTCH
I CTAaBOBHTCA KpaHHHM uBeTKOM B*.
(8) OGpasoBanme HOBOro jepesa.

Z* — BHYTpeHHAA NCceBAOBepIIAHa TeKymero Aepesa I', cooTBeT-
cTByomas Af, @ B* — kpainmit npeTor, NABMMHA Iocke Cpe3aHHESA
z*. llcepoBepmmra z* rpada Gy, MOKeT Temeph pacisectd, o6paso-
BaB OBeTok B*, m aro mact mpyro# rpad G,,. (3ameTmM, onHaKoO,
qr0 3TOT rpad G;_, He Oymer TeM s;Ke caMHIM rpadoM, U3 KOTOPOTO
6511 noayven rpad Gy-, mocie cpesaHHA I(BeTKA, TAK KaK PaCHyCTHB-
MUHCA NBETOK, NpeBpaTABMHAR Gy-, B Gy.,, He GYNET TeM 3Ke CaMHIM
KpailHIM OBETKOM, KOTODHIE mocxe cpezanud paix G;.,.) llyers Gi_y —
cHennaXbHHIA OCTOBHHIE moxrpad moBoro rpaga Gs.,. Tar xar mias
Bcex pedep w3 B* B (12.17) mMeeT MecTo paBeHCTBO, TO OYeBHAHO,
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910 Bce aTH pebpa BxofgAaT M B Gj_y. Ecam B* cocTomr, CKaskeM, E3
2q + 1 pebep, To B B* 1erko mosy4dars mapocoderaHue @3 q pebep,
Kak 9T0 mokaszaHo Ha pme. 12.15. Ilocae Toro kKak usetroxk B* pacmy-
CTHICA, OH pasdHBaeT TeKymee AJIbTePHEpYIOmee JepeBo HA JBe
KOMIIOHeHTH, OffHA H3 KOTOPHIX «KacaeTCA» [BeTKa B BepIIUHE I,
a Jpyras — B BepIINHE Z,. EcaIn mcunoas30BaTh TOIAbKO pebpa m3 B*,
TO MOKHO YKa3aTh [Be IeNd (OIHY C UETHHIM H APYI'YI C HEYeTHBIM
qucIoM pebep) Me:xAy BepIIMHAME &, H Z,. Jlo6aBisiga Ty uemns,
YV KoTopoii JeTHoe dmcao pebep, K Texymemy jaepery I', CBA3LIBaeM
T cuoBa B onHo gepeso (cM. pume. 12.15 (8)). Hosoe ansrepumpyoomee
AepeBO MOKHO 3aTeM PacHIZPATH A0 TeX IIOP, NOKA OUATH HE BOBHUK-
HYT IpMBejeHHble Beime caydam A, B uam B.

AnropurMm 3aBepmaer pafoTy, Korga Ha HEKOTOPOM 3Tame f B rpa-
de G; Gymer momyueno cosepmenHoe napocoderanme. COOTBETCTBYIO-
muit rpad Gy, pacmupsercsa A0 HadaabHOro rpada G, myreMm pacmy-
CKaHOA [BETKOB B MOpPAAKE, 00PaTHOM HOPAAKY MX CPEe3aHHA, H 1O-
CTPOCHHS INAPOCOYETAHMA B KajKAOM DACIYCTHBIIEMCH I[BETHE —
TaK ke, Kak Ha mare 8 anropurma 3HIIC us paap. 2.4.1.

HKorpa wmoaygeno cosepmennoe mapocouerarne, oEO OymeT Makch-
MaJBHBIM COBEpIIEHHHM NaPOCOYeTAHWEM, TAK KaK TOTAA MBI HMeeM
pemerne (1. e. Bektop [E;]) m mBolicTBemHHIA BekTOp BecoB [m;, A,
ynosierpopsanmuii orpanndenuam (12.17) n (12.18), a raxxe chopmy-
IVPOBAaHHEHM BHIe ycaoBuam (i) m (ii).

AnbTepHaTUBEEIM CIyd9aeM OCTAHOBKH ABJSETCA caydail B, xornma
He cymecTtByer Hukakmx orpaHmuenm# (12.19), (12.20) a (12.21).
B sTom crywae A mosker ObITh B3ATO KaK yrogHo Gonbimum, u cosep-
LIIEHHO OYeBH[HO, YTO B (G He CYMECTBYeT HHKAKOTO0 COBEPIIEHHOTrO
napocod4eTaHus.

Il puBenennwii Brime metoy pemenus 3MII 681 npepstosken IaMon/-
com [11]. On sBasercs opdexTmBrbIM anropursom (cM. pasmg. 3.3)
U CIYKHT TaKKe KOHCTPYKTMBHHIM JIOKAa3aTeJbCTBOM TEOPEMHl 5.

3.1.1. Onrcanwe anropmrma

I puceoerue navasvhbvizr snauenul

Illaz 1. IlpucBonts Bepmunam rpada G, Beca 7;, Tak 4ToOH 1A
Bcex pebep u3 G, 6ro BHOoaHeHo cootHomenume (12.17), korma Bce
A, = 0. Bsars G = G,.

Dopmuuposanue zpaga G’

Ifaz 2. O6pa3oBaTs cCHenEANBHEI 0CTOBHLIN noArpad G’ Tekymero
rpaga G.

ITocmpoerue Oepesa

llaz 3. Ecan B8 G’ He cymecTByeT HHKAKOTO aJbTE€PHUDYIOMETO
mepesa T', To CTPOHUTE HOBOE I€PEBO C KOPHEM B HEKOTOPOM 3KCIIOHUPO-
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BaHHOH BepmuHe U3 G'. Eciam akcnoHnpoBaHHEX BePIIAH HeT, HepeiTH
K mary 8. Ecazx B G' yie CymecTBYeT aJbTepHHpyOUIee KEPEBO, TO
npogomKarh ero moctpoenme. Ecam Ha T ofHapyRUTCA IBETOK,
To mepeiitn X mary 4. Ecam nepeso I craHeT ayrMeHTaJdbHBIM, TO
mepeiitm K mary 5.

Ecan gepeso T craHeT BeHrepcKuM, To nepeiitm K mary 6.

Ieemku na Oepese

Illaz 4. CpesaTs nBeTK: 1 06pasoBarh ncesgosepmuny. OGo3HaauM
noay4yusmnitca rpad gepes G, ero cnenuaJbHHH OCTOBHHI moxrpad
yepe3 G', a ocraBmeecs nepeBo ueped I. Ilepeiitm k mary 3.

Ayemenmaavroe depeso

Mgz 5. YayymuTe TeKymee mapocodeTaHye, «OOMEHABY BIOJb
ayTMEHTAIBHOR Ien¥ pefpa, mpHHANAEKAIAE MAPOCOTCTAHHIO H eMy
ge upHHagnexamme. «Ot6pocuts» mepeBo T m mepeiitm K mary 3.

Benzepckoe depeso

Ilaz 6. Boamcamre A,, A,, A; m A no dopmynam (12.19) —
(12.22). Ecan mer amxakmx orpanmdenmin (12.19) — (12.21), To ocra-
HOBHTBCA; B rpade HeT COBepIIeHHOTO HmapocodeTaHHA. B mpormsBHOM
clyYae H3MEHHTb BEKTOp BecoB [m;, A,], kak ommcano Brme. Ecam
A = A, mma A = A,, To coxpaEnTs TeKymee jgepeso 7' M mepelTH
k mary 2. Ecig A = A;, To mepeiitm K mary 7.

Iaz 7. «PacnycTaTH» NCEBAOBEePIIMHAY, JABWYIO Ag B COOTHOMEHHR
(12.21), B nBeTok B. OGo3nauum moayumBmuiica rpad depes G, a ero
COenHAaJBHHI OCTOBHHIA moarpad vepes G'. IloctponTs B B coBepmen-
goe mapocoderanme. [lepectpours anbTepampyomee xepeBo, Kobas-
asaa K peGpam w3 T meobxommmyn nenp W3 B, m oGosmaumth 3To
nmepeso camBoaoM I. Ilepeittm k mary 3.

Koney

Ilfaz 8. PacoyctaTs Bce HBeTKH B obpaTHOM mopsAgke (K mepBo-
HAadYaJbHOMY MOPAAKY CpesaHds I(BeTKOB), HAaXOfA COBepPIIEHHO®
mapocoveTaHme TO0CHe KarKKOTO PACOYCKAHHUA.

3.2, Ipumep

Mu xoTmM HafiTH coBepmeHHOe mapocodeTanHMe 1aA rpada G,
usobparkegnoro Ha puc. 12.16. HauneM ¢ npunmMCHBaEHA BepIIAHAM
z;, i =1, ..., 12, BecoB m;, 3amaBaeMuXx BexropoMm [m;}! =(9, 2,
11, 17, 3, 4, 8, 6,6, 5,3, 4), m monaran sce A,=0. Beca n; Bmﬁpanu
HaMH JOBOJBHO I POHM3BOJBHO.

CroenuaneHHA ocToBEuA wmoarpag G, rpada G, wusoGpasxen
Ha pumc. 12.17. IlycTh B KagecTBe KOpHA BHOpaEa BePHIEHA I,, 4 B G,
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Purc. 12.16. 'pad G, u3 mpumepa 3.2.

Ha mare 3 alroOpHTMa CTPOHTCA albTepHEpYyIomee Aepeso. Ha mare
O cpasy e B mapocoderasme orGmpaerca pebpo (z,, z,). Bubmpas
BePIUMHHE T3, I3 ¥ I, (B YKasaHHOM HOpANKe) B KadecTBe KOpPHEH
HOBHIX JepeBbeB, HEMENJeHHO NOJIYIMM AYIMEHTAJNLHHE IepeBBbA
¥ OpPAXOAMM K CETYandH, B KOTOpoi pefpa B 1apoCOIeTaHUH MOKA3AHKE
JKEPHEIME JHHEAME Ha puc. 12.17. BuGpas BepmuRy z,, B KagecTse
KOpHA HOBOrO [lepeBa, CTPOEM 3TO [epeB0 HA mare 3 aJropHTMa
10 Tex HOp, Noka He OyAeT JOCTHIHYTO COCTOAHHE, H300pajkeHHOE
Ha pEc. 12.18, B KoTopoMm ob6pasyercsa nserok. Ha mare 4 aToT nBeTOK
cpesaerca ¥ obpasyercs mceBAOBepIIMHA Zp,, a4 POCT AepeBa IIPONOJ-
JKaeTcd HA mare 3, mMOKa He JOCTATraeTcsA COCTOAHUE, IpefCTaBICeHHOE
na pumc. 12.19, B KoTopoM mepeBo cramoBuTCA BeHrepckmM. Cam rpad
(mocae cpesanms) 6ymer G,, a ero COeNUAIbHHA OCTOBHHA moArpad —
G;, KaK OKa3aHO COOTBeTCTBEeHHO Ha pmc. 12.20 (a) m pme. 12.20 (6).

X, LE] Xy é‘;l
|
s 7%
XGL XL., & %o
X1z J'Xli

Puc. 12.17. Coenmanemuil ocroBEmi mogrpad Gj.
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A Xy

I

i !

7/
7
7
7
X P

1 L4 I
Xs Xy s
Kopenb ®
tn

Puc. 12.18. AnsTepHupylomee jgepeso B G;. Kopens.

o)
CooTtsetcrayer
MHOYECTBY

Sx“xs'x4.x5,xs.x7 }

]

X

[+
Kopenp

Puc. 12.19. Benrepckoe faepeso B Gj.
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Ilar 6 anropmtMa gaet

A,=min[9-+6—10, 11 4+6—13, 44+3—5]=

[ — —

~——
pebpo (x,, xs)  DPeOPO (x5, xp) PEOBPO (X4, Xy4)
=2 CcOOTBETCTBYeT DPeGPY (Z13, Zy1),
1

Ay= o) [44-4—6]=1 coorBercTByer pebpy (Zs, Zi2),

A3= 00 orpaHm4eHEE OTCYTCTBYET.
Taxmm ofpasom, A = min [2, 1, o] = 1.

ITocie mameHeRHsT BeCOB HOBHE BEKTOP 71 NpEHEMaer BHA [m;]? =

= (8, 3, 10, 6, 2, 3, 7, 7, 6, 5, 3, 3), a Bec A;, COOTBETCTBYIOMHAA
HEYeTHOMY MHOKECTBY BepmEH S; = {zj, Z;, Zs, Zg, L}, paBen 2.

5 1 {

> Xy X, Xy

Yo g X0
Xig A A n

(a) (6)
Pmc. 12.20. (a) I'pad G,. (6) T'pad Gj.

Jliig HOBOTO BEKTOpA BeCoB [7;, A,] HOBHIA cIeNHMAIbHBIMA OCTOBARI
nofprpad G; rpada G, maobpaskem Ba pmc. 12.21; peGpo (x5, Zb,)
BXOAUT B cTrapwii moumrpad Gi.

Tax xax mepeso Ha pmec. 12.19 coxpausercs, T0o HOBoe BolIeAmee
pebpo mpuBopmT K 06GpasoBaHMIO IBETKA, COCTOAMET0 M3 HEYETHOTO
URKIa (Ty4, Zg, Zp). ITO cpasy ke ofHApYRuBaeTcs HA mare 3,
a Ha mare 4 I(BETOK CpPe3aeTCd; BO3HMKAET IICEBJ0BEPIIMHA Ly, U MOXY-
9JaeTcs HOBOe JiepeBo, HmoKasagHoe Ha puc. 12,22, Cam rpad rtemeps
6yner G,, a ero cmemmaJbHHIR OCTOBHHII moarpad — G;; stu rpadu
npejicTaBieHH COOTBETCTBeHHO Ha pmc. 12.23a m pme. 12.236.

Hepero, usobpaxkennoe Ha puc. 12.22, gBaseTcsa BeErepcKUM Jepe-
BoM B (7;, 1 Ha mare 6 BHYACIAETCA HOBOE 3HAUYCHME A I M3MEHEHHA
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BEKTOpa BECOB:
A;=min[846—10, 1046 —13, 74-5—9, 3+3—-5] =
PooDo (er®y)  DOOPO (ser %) DEOPO (rer 10) PEODO Cores ex)
=1 cootBeTcTByeT pebpy (Ziz, T11),

Ay=0c0 um Az=o0.

Xbl 'r.\’g
4 Yy
P
o @
Hosoe Tonbko e
uTo BOWECAUWee !
peépo s CoOTBETCTBYET MHOXECTBY
%2 i 8= {4y, %, X5, X6 X7 Xg, X2 }
Pumc. 12.21. HoBuif cnenmaibHHI Pnc. 12.22. AnsTeprEmpyomee
ocToBEHIT nmoarpad G; nna rpada AepeBo B G; u3s puc. 12.21.
G, m3 pmc. 12.20(a).
x X, o N
X 9%
LI
5, 2
o X0
X, i"u
@) (d)

Puc. 12.23. (a) T'pad G,. (6) Tpad G;.

CnepoBatensHo, A = 1. Wcmonways aro smauemme A, moaygaem
[ =(7,4,9,51, 2,6, 6, 6, 5, 3, 2), a Bec A,, cooTBeTCTBYIOMMHUHA
HeYeTHOMY MHOKeCTBY BepmuH So = {Z3, Z;, Z5, Zg %, Lz 1o},
paBeH Ay,=2.
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L) 4

Xy

X0

HoBoe Tonbko
41O BOWweawee

6
pedpo Puc. 12.24. Hoeuil coneguaiabHLI

octoBHHII moarpad G mua rpada G,
Xy 13 puc. 12.23(a).

Jas 3THX HOBHIX BecoB [1;, A,] HOBHI CHENMAABBEI OCTOBHEIN
noarpad rpada G, msobpaken na puc. 12.24. Ilocne BBenenEa HoBOrO
pebpa (z,,, z;;) ansTepumpylomee fepeso Ha puc.12.22 cramosurca
ayrMeHTaJBHHM, TaK YTO HoOBoe pefpo BXONHT B IapOCOYETAHHE.
910 nmepeBo «oTGpacHBaeTCA», W CTPOMTCA HOBOE JEPEBO C KOPHEM
B OflHOM M3 OCTABIIEXCA SKCOIOHWPOBAHHHIX BepmuH rpaga G, T. e.
B BepIIMHE I, MIH I,,. B niobom ciyuae pebpo (zry, x;0) Cpasy ke
momajaeT B mapocoYeTaHWe M IOJYYaeTCsA COBEpIIEHHOe Iapocodera-
HAe. OJTO COBepIIEHHO® Dnapocoyeranme rpada G, moxasaHo Ha
prc. 12.25 (a). Yro6n maiiTh cooTBeTCTBYIOmEe napocoderanme B G,
MH CHaYajla PacOyCTHM IBETOK b, H NOCTPOMM B HEM COBEPIIEHHOE
mapocogYeTaHde, KakK IokKasaHo Ha puc. 12.25 (6), a 3arem pacmycrum
IBeTOK b; M TOCTpOMM B HEM CoOBepuHIEHHOe DapocoueraHme (CM.
purc. 12.25 (8)). Ha aroM pucyHKe ;KUPHHIMH JUHHAMH H306pakeHo
MaKCHMaJbHOEe COBepImeHHoe napocoderanue rpada G,; Bec 3TOro
napocoderanus paseH 66. Tax Kak B cooTBeTCTBMM C TeopHeil IuHeH-
HOTO NIPOTPaMMHUpOBaHAA MakcEMyM Beamuunbt z u3 (12.11) pasem
MHEEMYMY BenmymHH u u3 (12.16), To MOKHO CHenaTH UPOBEDPKY.
Nockonery |S; =29, +1=5u | S, =29, +1=7,1709, =2
¥ ¢, = 3, Tak uTO

u=(7+4+4+94+54+14+24+64+64+6+5+3+2)+
+ (2x24-3%x2) = 66.

3.3. Hexoropsie BrquCIATEALHLIE pPE3YILTATHI

Anropnty mas 3HII, a cnenosartensso, u gag 3MII, asaserca
XOpomEM alTOPATMOM B TOM CMHCJIe, UT0 HeobXomumoe Jist Hero
Y@CI0 omepanuil ABASETCA NOJMHOMHAJIBbHOX (YHKOHEHX OT 9YmCia
n Bepmme rpada. [{ns 3HII Tpefyemoe mia BLIYACIEHHI Bpems
pacrter kak O [r%], XoTa Ha IpaKTHKE TOT POCT 3HAYMTENHHO MeEJJIeH-
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Xb Xy
2 @)
Y10
n
y X
X X
1(6‘ 9
Xy Yo ()
X2 *n
10
L)
7

(e)

Puc. 12.25. (a) Cosepmennoe napocoueranme B G,. (6) Ilapocoueranme ¢ pacmy-
cTuBmeiica BepmuHO# by. (B) MaxcumanbHOE mapocoueTaHme.
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ree [30]. TIporpamma [misa BHYMCIMTENHHOH MAIIMHBl, [PHBENEHHAS
B [30], maer sasmcumocts Bupa O [n? 7], a npyras mporpamma [29] —
sapucamocTs Buga O [r?:3]. 3umonnc m Mxoncon [29] npusenn tromu-
HHI pPe3yabTaT NJA 3ajadd O NapocodeTaHmm (HA CaMoM fele —
nns oOmeit 3agadm, obcyskpaBmieiicsa B pasn. o, ¢ 0; = 1 mm 2 m 1
Z ¢; £ 10) ¢ 300 pepmmuamu u 1500 pe6pamm, morpeGoBaBmeil gusA
pemenns okosno 30 cexkynn na UBM 360/91.

4. 3agaya 0 HA3HAYEHHMAX

B »ToM paspgele MBi pPacCMOTPHEM YaCTHHE CIydaii mapocogera-
BER — B AByHonbHEX rpadax [9, 18, 25]. 3aganm aBymoabmH rpad
G = (X*| X° A4), rmre X° m X® — HesaBHCHMEeE MHO;KeCTBa Bep-
muE # Kaxnoe pebpo a; = (z;, 1) € A ameerz; € X%, z, € X® u Bec
¢;. Mbt xoTEM HafTH coBepmIeHHoe mapocoderande rpada G ¢ MakcH-
MaIbHHM (WJIA MOHEMAJXBHEHM) BecoM. MWAAMA3agWOHBHEA BapUaHT
3TOH 3ajlaud XOpOIIO M3BECTEH B JIMTEPAType Kak sadaua o HasHaue-
nusz (3H), m om Gea morepm oOmEOCTE TacTo 06CY:KIaeTCA B CBA3N
¢ UOJIHKIMA JBYHZOJIHBHHRMH rpadaMm.

Oycrs | X® | = | X° | = n. PaccMaTpuBas mOMHKIR MBYNOIBHELR
rpadp K, ,, JTerko BHAETH, YTO 33ja9a O HAPOCOYETAHAHA IS 3TOTO
COeUaJBHOIO CJyYas MOKeT OHTh pemeHa ¢ IOMOIBIO METONOB,
mpelHa3HAYeHHHX [JA HCCIe[OBaHHA IOTOKOB B cerAx (m3 ri. 11),
H I03TOMY HeT HeoOXONMMOCTHA B IpHMeHeHWH OOMEro ajJropmTMa
mapocodeTaEdsi, H3I0KeHHOT0 B pasfA. J HacToAme# raase. [lycts
mobaBieH HCKYCCTBEHHHIA HCTOYHHK s ¢ myramm (s, z;), Vz; € X°,
EMEOMAMA eIHHEWIHYI0 OPONYCKHYIO CHOCOOHOCTH M HYJIEBYIO CTOH-
MOCTh (Bec), W MCKYCCTBEHHHA CTOK f ¢ myrama (zy, t), V zp € X°,
TaK:Ke IMEIOMUME eJUHATHYI0 NPONYCKHYI0 CIOCOOHOCTH B HYJIEBYIO
cromymocTh (Bec). Ecnm paccmarpmBath pebpa m3 4 Kak OpPHEHTHDO-
BaHHHE, T. €. KaK AyTA (Z;, Zy) ¢ eITEAAIHEIMA OIPONYCKHKMA COOCOGHO-
CTAMH, TO MAKCAMAIBHKHA HOTOK ¢ MAHUMAJIBHOR CTOMMOCTEIO (BECOM)
OT s K £ 6yJeT WMeTh 3HAYEHHE 1, & 10 ITAM AyraM OyJeT «IpOXORATHY
HeHyJdeBod noTOK (co 3mauenmeM 1)!) ¢ MEHEMaIBHOA CyMMapHOA
crommocThi0 (BecoM). dtm ayrE m3 A Oynyr Torxa o0pa3oBHBATH
B G CcOBepImIEHHOE DapOCOYeTaHHWE ¢ MMHUMAJIBHOH CTOEMOCTBIO (Be-
com). O4eBEAHO, UTO B CIyYae TaKof cHeqUWaJbHOW CTPYKTYPH rpada
MHOTHE mar® o0mero ajiropuT™Ma HAXOKIEeHHA HOTOKA MHHHAMAJIbHOR
cromMocTa (Beca) MOryT OHITh YOPOIIEHH C IeJbI0 IoJydeHHA Goiee
spderTuBHOR mponenypu miasa 3H.

1) OrMmeTnM, 9TO B COOTBeTCTBHH C ra. 11, ecan Bce mpouyckeme cmocoGHO-
CTH — NeJIkie, TO HOTOKH IIO JyraM TO)Ke OyayT menkle, T. €. B HameM ciaydae 0
g 1.
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C npyroit croponn, 3H Mo:kHO paccMATpHBATE KaK YacTHHE cay-
qait 3MII u pemars ee ¢ HOMOmMBI CHENHAJH3NPOBAHHOM BepcHHA
anmropur™Ma m3 pasn. 3.1.1. T'naBraA TpymHOCTB, CBA3aHHAA C 3THM
ofmuM ainropaTMoM — o0pasoBaHWe K CpesaHMe IIBETKOB,— B CJydae
3H orcyrcTByer, Tak KaK B JBYH0JbHOM rpade He MOKeT CymeCTBO-
BaTh INMKJIOB ¢ HeYeTHHM duciaoM pebep. Tak kak oOHYHO HPHHATO
paccmatpmBatk 3H xak sajmavyy MHEOMR3anuA, TO MH OOCIeXyeM
aTOMy O0H4YAa0 ® onWmeM MUHUMH3AOUOHHHI BapHaHT aJTOPHTMA
B3 pasa. 3.1.1, npuMeHAMEI TONBKO K ABYROAbHLM rpagam. Namene-
HOSA, KOTOpHE HY)KHO CHeJaTh B clydae 3afadd MaKCHMH3anHH,
TPUBHRANBHH.

4.1. Aaropary paa 3H (cayuait mmamMm3annmn)

OnuncamnHi 3fech anroput™ 0w upenno:xen Kénmrom [22], Srep-
Bapu [15] m Kynmom (23, 24] m maBecTer Kak genzepckull aszopum.

4.1.1. Omncanve aaropurMa

Il puceoerue HAMAALHBL 3HAYEHUL

IMaz 1. Bepmuuam m3 Muoxects X° u X° rpada G npmcBouTh
b
Beca Ji; W 7, COOTBETCTBEHHO, pHYeM TaK, 4ToGH s dioGoro peGpa
a; = (z;, Z)) BHIOIHAJIOCH HEPABEHCTBO i - < cj.

Dopmuposarue zpaga G’

Illaz 2. TlocTpouTs cmenuManbHEA ocTOBEMA moxarpad G’ rpada
G ¢ MaHEWMH TeKym@ME Becamu [i].

ITocmpoenue depesa

IlTaz 3. Ecan B G' Ber HEKaKoTo ajJbpTepHUpYyOmero aepesa I, TO
«BHIPAIIABATHY €r0, B3iB B KadYecTBe KOPHA HEKOTOPYID SKCIOHHPO-
BaHHYI0O Bepmuuy z; rpada G', npmmapiexamylo MHO;KecTBY X%;
€CJIM HKCHOHMPOBAaHHHX BEPIIMH HeT, To mepeiitm K mary 7. Ecam
aJBTePHEPYIOMEe AEPEBO YiKe CYMEeCTBYET, TO HPOJ0JIKATh «BHpaImmy-
BaTe» ero. Ecam nepeBo 7 okasKeTcs ayrMEHTAJBHHIM, TO NepeiTH
K mary 4, a eca:m BEHTepCKEM — K mary d.

Ayemenmanvroe depeso

lae 4. Ynyemurhs TeKymee NapocodeTaHHE, (B3AaUMHO IIOMEHSIB»
(Boons ayrMmeHTallbHOR Ienm) pefpa, NpHMHAJAeaIque eMy U eMmy
He IpHHaJJIeKamue.
«Or6pocnte» mepeso T m mepeiiTu % mary 3.

Benzepexoe depeso

Ulaz 5. [na peGep a; = (x;, z), He Jdeskamux B G’, ofiHa KoHIe-
Bad BepMIMHA KOTODHIX IPAHALNE/RUT TeKymeMy aepesy 7 m momeueHa
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KaKk BHEIIHAA, a JApyras KOHNEBadg BepIMIAHA He NpHHARIEKHAT T,
HaiTa

A = min [¢; —n§ —np].
@j

Hlage 6. Nna xaxpoit BepmEEHW z; rpada G, npmHamIeKameil
X% u sABisOmelicAs BHemHeHd BepmuHOi fepesa ', DOMEHATH Tf
Ha mf + A, a gas Raxmou BePIIMHEL T, rpad)a G, mpuHapgne;xamei
X" u ﬂBJIHIOmeHC}I BHYTpPeHHedl BepmuHOoi paepesa 7, 3aMeHHUTH
n? Ha nl—A.

Coxpanuts nepeBo I m mepedTmt K mary 2.

Honey

Ilgz 7. Texymee coBepmIeEHOE DIapOCOYETAHHAE ABJIACTCH MHBH-
MAaIBHEIM.

4.1.2. Marpruaas ¢opma aaropmTma

Yacro, Kora rpad ABIsAETCA MOJHEIM, ONEPAlMM BHUNIENIPABENCH-
HOTO QJITOPATMa peanmayiorcs Ha (n X n)-Marpmue C, ctpokm xoto-
poil cooTBeTcTBYIOT BepmuHam u3 X%, a cTon6un — BepmeHam u3 X .
Ha4anpHbe 31eMEHTH ¢;, SBIAIOTCA CTomMocTAME (Becamu) peGep
(ziv xh)'

Ha mare 1 aaropmrva HavaiasHH Bec nf Bepmmew z; € X®
6epercs paBHHM HaWMEHbIIEMY 3JIEMEETY CTPOKA i. Bec nf Brum-
TAETCS U3 BCEX IEMEHTOB CTPOKM i, M TAaK AEIAeTCS HJs BCEX CTPOK.
Bec n} Bepmmmm z, € X° Gepercs paBHEIM HauMEHLIIEMY JISMEHTY
B cronbue k monydmBmeiRcsa MaTpPHIB. 3aTeM N} BHIYMTAETCH W3 BCEX
aaeMeHTOB cToabna k, u aTo Jenaercs Qs Bcex CToAGNOB, B peax:m—
TaTe dero monyvaerca mosaa maTpmuma C' ¢ c¢jp = c;p — nd — nf =
= 0. Marpuna C’ masmBaerca pedyyuposanrnoti mampuyeii. Torga
ocToBHEIM nofprpagom G’ Gymer (n X n)-EBynoabHHE rpad ¢ gyramm
(x,, Zp), COGQUHAIOMUME TOJBKO T€ BEPIIMHH I; A Iy, AJIA KOTOPHX
cip = 0. CoBepmenHoe mapocoueranme rpada G’ fynmer cooTBeTCTBO-
BaTh TAKOMY BHOODY HyaeBmnx aaemenToB B MaTpune C’, Korga B Kam-
IOH CTPOKe M KaskJoM cToia0me BHIGDPAHO POBHO IO OTHOMY HYJIEBOMY
saementy C'.

IlocTpoenme adbBTEpHAPYIOMIEIO JepeBa B 3TOM IONYYABIIEMCH
ocToBHOM moArpade G' TPOHECXOAET C HOMOMBIO CJIENYIOMeH IpoNeny-
PHL pPacCTaHOBKH IIOMETOK B CTpoKax M croabmax Marpuns C'. Haug-
HeM NOCTPOeHHre IPOM3BOJBHOTO NAPOCOYeTaHHEA B G, oTMedas Hyle-
Brle 31eMeHTH B C’ Tak, 9106H HEKAKHe IBa OTMEUCHEEE HYJA He HAX0-
IWIACE B OJHOM H TOM Ke cToa0ume muz crpoke. (Ecaum mu ormerwinm
HYIb B nmo3unum (i, k), To aT0 03HaUaeT, 4to pebpo (z;, ry) BXoXAT
B mapocodeTande, @ HaoGopor.)
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Haiigem cTpoky s 6e3 OTMeUeHHEIX 2JIEMEHTOB U CeJIaeM IOMETKY
Ps = 0. Ecau Takoit cTpoKH HeT, TO TeKymlee mapocodeTaHHe Gymer
MEHAMAJBHEIM COBePUICHHKIM IapocodeTanweM. (Bepmmea z; — ecanm
TaKasg CYIECTBYeT — COOTBETCTBYeT Temeph SKCIOHMPOBAHHON Bep-
munre, BHOpaHHOH B KadecTBe KODHA AalbTePHHPYIOMEro aepeBa,
a p; ABJIAITCA 3KBHBAJEHTAMH IOMETOK, MCHOJB3yEeMHX AJA «XpaHe-
HOA» 3TOTO AepeBa !).) ITo Haxo HOHEMAThH TaK: JepeBO paccMaTpH-
BaeTCA KaK HEKOTOpas APeBOBHIHOCTH ¢ KODHEM, IIPHYEM €CJIH XYTa
(Za» ) BXOABT B 3Ty APEBOBHAHOCTH, TO (XPAHATCH PaBEHCTBOY
DPp = Zo. Jusa Kopusa mepeBa Mu Gepem p, = 0. (Cm. pasn. 2.2.1,
ra. 7.) HauspaeM ¢ Takodl CHTyanE®, KOrga ectb moMerka p, = 0
E KOrga Bce APYIHE CTPOKM K CTOXOmE He MOMEeYeHH.

(i) ITomeruTh Ka’KAHA HemoMedeHHHHE croiber k, copeprkammii
HeoTMedeHHH# 0 B mOMe9eHHOH CTpOKe i, MeTKo# p, = i. Ecam cyme-
CTBYeT HECKOIBKO BO3MOKHOCTeil, B3ATH J06YI0.

(ii) IlomMeTETH KakAyl0 HEUNOME4eHHYIO CTPOKY i, COAep:KamyIo
ormeuennuid 0 B moMedemHoOM cToibume k, Merkoit p; = k.

IloBTODATH HpoOLEcC PACCTAHOBKE MOMETOK (B COOTBETCTBHH C IIpa-
sanamu (i) m (ii)). ITH ABe onepanum HesBHO CTPOAT B G’ Jepeso,
IpuYeM 5To AePeBo AaeTcA SKBHBAleHTAMH IoMeTOK. CTOMT 3aMeTHTS,
9T0 BCE «BHEMHHE)» BePOIMHEL 3TOTO [epeBa COOTBETCTBYKIT CTPOKaM
u3 C’, a Bce «sHyTpeEHHe»— croabuam. IlpmMenenme omepanmii
(i) = (i) mponomKaercsa fo Tex mop, moKa He OyneT moMeweH cToJbern
t Oes OTMEYEHHHX 3JeMeHTOB (CKasKeM, METKOM p;) MIH Ipomecc pac-
CTAaHOBKH NOMETOK Helxb3d OydeT npojoixaTh. B mepBoM caydae

6yner naliflena ayrMeHTajbHaa uenb &, Py, Pty Pty - - -, S, THe
' = py, t" = py u 1. 8. duementst 0 (mynm) B mosmmuax (£, p:),
(pt, pr')s (pers Pt)s - - «, (+, §) Marpuus C' monepeMeHHO O0TMeHAIOTCA

uiId Her auA o0paszoBaBHWA Jdydmero napocoderanud. IlomeTkm p;
CTUpAIOTCH, U Npouece mpoxosxaeTca. Bo BTopoM caydae o6mapy:xu-
Baercs BeHrepckoe mepeBo. Ecam I* m K* — MHokecTBa Bcex IoMe-
9eHHHX, a [~ @ K~ — Bcex HEDOM@UEHHHX CTPOK M cT0JIONOB COOT-
BEeTCTBEHHO, TO HAXONHM

A =min [ciz].
eIt
REK™
(BametnM, 9TO cip = ¢; — ¢ — AL.)

Ob6nosaenue. n; = m; 4+ A pas i€l*, a,=na,—A gia kcK*,
ch=Cin—A paaicl* m k€K ,cin =)+ Amnai €I~ nk € K,
B OCTAJBHHX CAydYasx cj; He H3Mernsiorcs. Omnepammm (i) m (i)
Teneph CHOBA IPHUMEHANTCA K HoBod Mmatpmme C' um r1. A

1) Cum. npumedanue 2 Ha crp. 382.— Ilpux. ped.
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4.2. Tlpamep

Pemmm 3H pns moxmoro asymoawsEoro rpaga G = K, rhe
marpana C crommocreir (BecoB) TakKas:

1 2 3 4 5 6 7 8

13 21 20 12 8 26 22 11
12 36 25 41 40 11 4 8
35 32 13 36 | 26 21 13 37
34 54 7 8 12 22 11 40
21 6 45 18 24 34 12 48
42 19 39 15 14 16 28 46
16 34 38 3 34 40 22 24
26 20 S 17 45 31 37 43

0 3 AN W B W N =

Pepyumposamnoit Matpmneit G’ Gymer (8X 8)-marpuma, mpmBegen-
Hag HEe, IJeé BeKTOPH CJeBa Y MATPHANH ¥ BBEPXY — BECOBHIe
BeKTODH [n;] m [m,] cooTBeTcTBenHO.

m-| 5| 0 |-5s -4 0| 2]-1]3

1[‘
$ t 2 3 4 5 6 1 8
g8 {1 o }13 |17 | 8 | 0|16 |15 | 0
512 2 |3t |25 |4 [35 | 4| 0] o
14 {3 |16 (18 [ 4 {26 (12.| 5 | 0*{ 2 {| 7
120417 (42 (OO0 |0]] 8| 0|25 || 3
6 | S| 10 | 0% ([44 |16 [ 184|26 { 7 | 39
14 {6 | 23 5 1130 5 | 0%41{0]| 15-] 29 5
77| 4 |27 |l36 | 0% |27 |31 |16 | 14 || 4
10 | 8 11 |10 1 {35 |19 {28 |30
1
p;
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Haunem co caydaitno BHGpaHHOTO ImapocoveTaHHMA, T. e. CIydai-
HO BHOepeM HEKOTOPOe MHOKECTBO HYJlell, HMKaKme NBAa 3JIEMEHTa
B KOTOPOM HE JIeKaT B OJHOM CTpoKe Miu cronbme. Bubpannse HyIn
OTMEYeHH 3Be3ouKod. B cTpoxe 4 HeT OTMeUeHHHX 3JIEMEHTOB,
1 OHA IOJYYaeT IOMETKY Pcrps = 0. Crenylomme momeTkm pacmoia-
ralTCA B TAKOM OPAAKE Deron6 3 = 4, Perps = 3, Pcron6 7 = 3, Perpz =
= 7. OKoHYaTeIbHKE BEKTOPH mOMETOK |p;] ¥ [p,] mokasans cnpaBa
or Marpuou C' m moa wmeii.

Hanpme mnomeuats mewero. Temepb Mm mmeem I* = {2, 3, 4},
K*={3,7,1I-={1,56,7,8 n K- = {1, 2, 4, 5, 6, 8. Ilocae
BHIUMCIeHHsA A, KoTopoe paBHo 1, m mnociie uamenenusi BecoB [m;}
A [n;,] nonysaem Hosylo mMatpuny C’' = [¢;p — 1y — my), H3oGpasken-
HYI0 HEDKE:

m—=| 5 0 | -1 0 0 2 |- 3
L
| 1 2 3 4 5 & 1 8
8§ | 1 0% | 13 13 4 0 16 | 15 0
5 2 2 31 21 36 35 4 0 o*
14 (3§16 | 18 0 [ 22 12 5 0* | 20
4 |1 21 | 46 o*| 0 4 |12 4 |29 3
6 | S 10 0| 40 | 12 18 | 26 7 139
14 [ 6 | 23 5 | 26 1 o«| 0 [15 |29
7 8 | 31 36 0* | 31 35 |20 |18
6 | 8 15 | 14 0 | 11 39 123 [ 32 |34 0
1
p;
8 4 “-p,

PaccraHOBKA IIOMETOK IIPOJ0JIFKAETCH , TAK UTO Peron6 4 =4 B Peronts =
= 2. Tak Kax ctoxber; 8 He mMeeT OTMeIeHHHX RYJeil, To HalileHa
ayIMeHTaJbHASA Ienb, NOKAa3aHHAA CTPeJKAaMHA B BHIIENPHBEeHHOR
marpmne. «MeHssA» OTMEYeHHHE M HEOTMeUeHHEE HYJIH BJOJAb 3TOX
Uend, mojydaeM HOBoe, YJIYy4lIeHHOe, IIapocodYeTaHHe.

Ilpu BTOpO# HTepanuu IOMETKH CTHPANTCA H B KayecTBe CTPOKE
Ge3 OTMeYeHHHIX 3JIeMEHTOB BHOHpaercsi CTpoKa 8, KoTopas oOTMe-
YaeTCH KaK Perps = 0. Bonbue moMeToX paccTaBmTh HeNb3sH, A OKa3H-
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BaeTcA paBHEIM 1, 7,5 3aMensAeTcA Ha 6 @ HoBag Marpuma C’ nama
HEmxke. (3aMeTHM, 4TO IPHA BTOPOA HTEpAanWM BEHTEPCKOe MepeBo
AABJIAETCA HAa CaMOM jeJe eNHHCTBeHHOH W30JMPOBAHHOK — B TepPMH-
Hax Tekymero rpaga G’ — BepmmHOH, COOTBETCTBYIOmE# CTpoke 8.)
3aTeM Dporecc pPacCTAaHOBKE NOMETOK HPOAOJIKAeTCH M HONYYaloTCH
BexTOpH [p;] 7 [p,], npusenensre mHKe.

n, — 5 0| -1 0 0 2 | -1 3

T
i 1 2 3 4 5 6 1 8
8 | 1| o} 13|13 | 4| 0|16 ]15] 0
502 23t ]2t |36 |35 | 4| [0+[0]f]|7
14 | 3] 16| 18 | o] 22 | 12 5 [g}) 20
8 | 4 | 21 | 46 {@ 0 4 |12 4 |29 0
6 |51 10| o] 4 |12 [18 |26 | 7 |39
4|6 [23| s |26 | t | 0} 0 |15 |2
3 07| 8 {31 |36 | 0|3 |35 [2 |18
518 | 1615 1 |12 |40 |24 |33 |35
t
p;
4 | 4 3| 2 |ep

Onate momesats Gosabme Hedero, A OKasmBaeTcA paBHHM 4, Beca
In;] m [m,] uamemsiorca m mmwe paercs mosasa marpuma C’ (Cu.
crp. 411).

IlpomomkaeTca mpomecc pAacCTAHOBKH IIOMETOK, W 3TH IOMETKH
{c y4eToM HNOPANKA MX PACCTAHOBKHA) TAKOBH: Peront 5 = Perons 7 = 4%
Perps = 9, Perp3=1, Peroxs 6=0. Tak Kak cronbern 6 me mMeer orme-
9JeHHHIX 3JeMEHTOB M OH IOMedYeH, TO Hal/leHa ayrMeHTaJbHAS Ielb,
nmokazanuasa crpearkamu B Matpune C'. «Mamensasa» Bpons sTol menm
OTMedeHHHIE ¥ He OTMeUeHHEIE HYJIH, 0JIY9aeM COBEPHIEHHOe Iapoco-
YeTaHme, HABJIAIONEECS TOITOMY NAPOCOYETAHMEM C MAHEMAIbHOH
crouMocThi0 (Becom). PebGpa atoro mapocoueranumsa TtakoBs: (1, 1), (2,

8), (3, 7), (4, 5), (5, 2), (6, 6), (7, 4) =m (8, 3), anoanas crommocTs (Bec)
paBHa 76 (114 DpoBepKE 3aMeTHM, 4TO O I; -} ) 7 = 76).
i K
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n, - 5 0 0 0 0 2 0 3
L

] 1 2 3 4 5 6 7 8
! 0* ! 13 12 4 0 16 14 0

4 2 3 32 21 37 36 0* 1 7
13 3 17 19 o* | 23 13 6 0 21

4 22 47 0 1 5 13 4 30 0
6 5 10 0* ! 39 12 18 26 6 39
14 | 6 23 5 25 1 0* 0 14 29
3 7 8 3 35 0* | 3 35 19 18
5 8 16 15 0 12 40 24 32 35

1

4

4 3 « D,

5. O6maa 3agaua mocTpoeHns OCTOBHOro moarpadga
€ IpeNHCAHHLIMM CTEIeHAMA

Has sapamHOro rpaga G = (X, 4), AyraM KoToporo NpEONCAHH
CTOMMOCTH, o0was 3adava OHIa cHopMyIHpPOBaHA BO BBEJAGHHH KaK
3afiaya HAXO:KAGHHA OCTOBHOIO nmoarpada G;, MO OTHONIEHHIO K KOTO-
POMY CTelleHW BepIIWH I; PABHH 3aJaEHBIM UeJHM 9icjIaM §; I cyM-
Ma cromyocTeidl peGep B Gp MaKcmMaabHa (Mnu MuauManbHa). Bo BBe-
JeHHEO oTMedasnoch, 9ro 3MII saBasercsa yacTHEM caydaeM 3Tol 0Owell
sadayu. Temepp MH moka)keM, 4To o0mast sagada caMa MosKeT OHITH
pemesa kak 3MIl ¢ mcmoaszoBammem aaroput™Ma m3 pasm. 3.1.1.

Hcxons us rpada G, moctpoum rpad G. Ecau Tpebyercs, 4To6H
§; 6H.10 CTemeHBI0 BePUIMEH Z; B rpade G, To B G GYAYT CONOCTAaBIEHH
pepmuse r; §; Bepuun zi, 2%, .. ., .3:?". Raxnomy pebpy a; = (z;,
z;) rpada G 6yayT COOTBETCTBOBATH B G JIBe JONOTHUTEIBHEE Be PITAHEI
r; u s;, pebpa (zf, 1), @« =1, ..., §;, Bce co cromMoCTAMA -;— Cins

1
pebpa (s;, zg), B=1, ... 0 co cromvocTAMu 5 Cin M pebpo
(r;, s;) co crommoctsio 0.
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Temeps coBepmeEHO 0dYeBHAHO, YTO 00mas B3ajgada AJiA rpada
G cooTBeTCTBYeT 3ajade o HasHaweHmAX AuA rpada G. Ecim pe6po
(rj, s;) TesRET B mMapocovYETAHAH G, To aTo osmagaer, uTo pebpo (z;,
r;) me npmEagiexur rpadpy Gj. Ecam nsa pebpa (zf, r;) 7 (s;, xg)
Jie;KaT B DapocodeTaHHA rpaga G, 10 a10 03Hagaer, aTo pebpo (z;,zx)
npruagiexaT Gp. CymecTByeT B3aBWMHO OZHO3HAYHOE COOTBETCTBHO
Me;KIy DapoCOYeTAHEAME B G M OCTOBHHIME IOATpadaMm C JOMYCTH-
MEME cTemensME B rpade G. Ho Tak Kak 9@ciI0 BepmuH B G HAMHOTO
Goabme 7, BHMeENpABeeEHOe mpeobpasosarne rpada G B G ¢ Brame-
JIHTENBHOE TOYKHM 3penmsa HeapdextuBro. Ha camom mene me obsasza-
TeJBHO CTPOMTH sABHO rpad G m, Boamoskuo [13], Tak MopmduEuEpoBaTh
auarop®TM u3 pasf. 3.1.1, 9ro on 6yjeT onmeprpoBaTh HETIOCPEJICTBEeHHO

¢ mepBOHAYANBHNM rpagoM G, Ho Bce Gymer oTHOCHTBCH K rpady G

5.1. Tpamcnopraas 3anaga

O6maa 3ama’sa [ ABYHoabHOTO Tpaga G = (X° | X°, A)
IMPOKO W3BECTHA KaK TpaHcmoprtEas samada (T3) [8, 16 18, 25,
4, 21] m apaserca oGobmemmem 3H, o6cy&<nanmencn B pasxk. 4.
TpaucnopTEaf 3ajgaga HDOJYYHIa CBOE HA3BAHWE H3-3a CJeNyOMEeR
ee mHTepuperanud. lIMeercd N MCTOYHHKOB (OYHKTOB CHAaGReHEA)
m M croxoB (myekToB morpebaenms). IlpomsBommTensHOCTH i-TO
HCTOYHHKA cHa0keHWMA paBHA o;, NoTpebieHme k-ro CTOKa paBHO
Pr, mpuaem

=

a;= 2, P

i=1 h=1

[

Tpebyercs HaATH TAKYI0 CXEMY TPAHCIOPTEPOBKM IPy3a OT MCTOYHH-
KOB K CTOKaM, KOTOpas EMeeT MEHUMAJBLHYI0 CTOEMOCTH, €CIH CTOH-
MOCTb TPAHCIODTEDOBKH EJWHANH IPY3a OT i-r0 UCTOYHAKA K k-My
CTOKY paBHA C;y.

Ecnn o; 7 B — nmexanie umena, To T3 MokHO Takme paccMaTpHm-
BaTh KaK 06wy aadauy o napocovemanuu B IBYA0JIbHOM rpade A CHA-

"ajia DocTporTh rpad G, xak Geno o0bACHEHO paHee, a 3aTeM PEMIATH
nas atoro rpaga 3H. Ilpm ansrepmarmsmom mogxome T3 MommO
paccMaTpPHBATh KaK 3afady O IOTOKe B CETH, TOYHO TAaK ke, KaK 3TO
nexanocs masg 3H B pasm. 4.

Berny npakrmueckoit BaxkgocTH T3 MH gajuM MaTpHunylo $opMy
BEeHTeDCKOI0 AJrOpATMA MJIA 3TO¥ 3afa9@. JTOT AJTOPATM OYeHB
IOXO0K Ha ajJropuT™ m3 pasn. 4.1.2 nmna 3H m npmeopmres 3gech Ges
TaJbHEAMAX IOACHEHUWH.
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5.1.1. Benrepcknii aaropatm gaa T3
Il pucsoenue Hauasvrwblx sHauEHUL

Illaz 1. Hauunan ¢ matpune ctommocteit C, mocTpomTs peaynmpo-
BanHyl Martpuny C'.

Hazxoscdenue ayemenmanvhoil yenu

ITaz 2. IloMeTuTH CTPOKY S, AJAA KoTopol a, 5= 0, moMerkoi
ps = 0. Ecam TakEx CTPOK HET, mepedTH K mary 9.

ITaz 3. IloMeTHTs KakAHIA HeOOMEeYeHHHN cTojGerm k, comepixa-
muit 0 B momeuernoit crpoke i (T. e. mMelomelt cjp = 0), moMeTxoit
Pr = i. Ecim cymecTByeT HECKOABKO BO3MOKHOCTEH, BHGpaTh J106yI0,

Illgz 4. IloMeTHTH Ka:KAYI0 HENOMEYCHHYIO CTPOKY i, COMepKa-
myi0 OTMeYeHHHI JJIeMEHT B LOMeYeHHOM croxbme &, moMeTKoH
pi = k.

lllaz 5. TloBTopaTs mark 3 ® 4 Ho Tex mop, moka JjmbGo He Oyder
nomedeH croualer t ¢ f; = 0, B cayduae dero mepeddTm k mary 6, aubo
JajlpHeHmand pacCTAHOBKA IIOMETOK HEBO3MOKHA, B CJydYae dero
nepedtTm k mary 8.

Ayemenmayus

Illaz 6. Haiity ayrMeHTaIbHYIO Henb P MeKAy s 4 { ¥ B3ATH B Kage-
CTBEe & MHHUMAJIBHOE N3 CIeAYIONUX THCEeN:
min [eg, §;] ®  min [ef).
(i,R)BP
u OT™MeYeH
Ilaz 7. TlomepemenHo npubGaBAATE +-&¢ @ — & (AMEHHO B TaKOM
popsAfKe) Ko BceM aneMentaM (i, k) B aapTeprUpylomeir nemm P.
OTMETHTH Te 3JEeMEeHTH, K KOTOPHM & uprGaBiIAIOCH, B YHALATH
OTMETKH Y BCeX 9JIEMEHTOB, 3HAYeHHE KOTOPHX NOCJIe BHYATAHHA
€ CTAJ0 PABHHIM HYIIO.
YMeHbIIUTE &g HM f}; HA € YAAIATh BCe OOMETKH M BePHYTHCA
K mary 2.

H smenenue mampuys

lllaz 8. Brumcauts A = min l[ciy]; momomurs ¢ = cif —
€I+
, REK=
—A,ecnai €I ukCK uci, =cizx -+ A, ecar i€ I-uk ¢ K*; octaBuTh
cip, 0e3 H3MeHeHHS B OCTAJBHHX caydaax. CoxpauuTs DOMETKH
B BePHYTHCA K mary 3.

ITez 9. Haitneno ouruMaipHOe pemen®e. I'pysn TpaHcmopTH-
PYIOTCA TONHKO IO OTMeYeHHHIM peGpaM M, eciam ajeMeHT (i, k) oTMme-
9eH, Cj; JaeT BeJWYUHY Ipysa, TpaHCUOpPTEpyeMoro umo pebpy (z;,
.‘th).
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Cienyer 3aMeTHTh, 9TO B BHINEOPHBEJEHHOM AJTODPHTME MATDHIE
C’ cnysxur neyM neasam. HeoTMedeHHEIe BlIeMEHTH 10T HpeBaPHATEI -
BHe crouMocTH. (Hexorophe u3 31X 2J1eMeHTOB MOTyT GHITH HYJISMA. )
Bce sxe oTMedeHHEE 3J6eMEHTH MMEIOT HYJEBHE CTOMMOCTH, HO MECTa,
Ifle OHM DacHoJ0KeHH, MCIOJB3YI0OTCA HA CAMOM Jiejle AiA XpPAaHEHHHA
BeJIAYMH IPYy30B, TPAHCIOPTAPYEMHX IO COOTBETCTBYIOIHM peGpam.
9ro mabaBiaseT oT HEOGXONEMOCTHA MCIONb30BAHAA OTREIBHON MaTPHIEL
AN XPaHEHAA TPAHCIOPTADPYEMHX BeJMYHH.

5.2, Ilpumep

Pemuam T3 ¢ mmxenpmBoguMOit MaTpPHIEH CTOMMOCTeH, Ifie BEKTO-
PH, PacUmoJOoKeHHHE CIeBa OT MATPHENH MK HAJ Heil, JalT BeJIHYAHE
TPe/JIOKEHAA O; B cupoca B COOTBETCTBEHHO HCTOUYHHKOB H CTOKOB.
(Bexropn BecoB [n;] m [n,] amecs me mysknm.)

B |2 3 3 s 2
%, 1 2 3 4 5
2 11
0 0
0

BrmenpusegeEras MaTpHna peAymEpYeTCA K ClelyIomei:

B |2 3 3 5 2

Ilocne HeckoabkEX npuMenenuit maros 2, 3, 6 1 7 ¢ HemocpencTBEH-
BeHHEIM oOEapy:KeHHeM ayrmMeHTaabHOHM mem® Matpmma C’, BexTOpER
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o; ¥ B, ¥ DOMETKE GyAyT TaKUMH:

B, |0 0o 0o o0 2

% 1 2 3 4 5
112 3 1 1 3 0
222 4 3 2 0
303 1 3 3* 1
p;

1 P

Bramcaennoe A pasuo 1, a HoBasa matpmna G’ Taxosa:

B |0 o o o 2

by

1 1 1 2| n

IloMeTKM NeNalOTCA B CHEAYIOMEM HOPANKE: Pcrons 3 = Peronbs =
=1, Perpa=3 (1H 4), perp2=4, Peroass=2, moCIe Hero moMeueR
croabery 5 ¢ f; = 2 m majifleHa ayrMeHTalbHAs Nenb (LOKa3aHHAA
Bume). Buumcaensnoe € paBHO 2, m mocle mara 7 MaTpHOa TaKoBa:

B |0 o o o O

o 1 2 3 4 S
0 1 3 0 2¢ 2
2| 2% s o 2
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Ha mare 2 amropmT™ 3aKaHYmBaeT cBoKW paloTy, Tak KakK Bce
a; = 0 ¥ pemesde B BHIENPEBEJeHHON MAaTpPHUIe NOKA3AHO OTMEYEH-
BEEME 3nementamd. [uasa oroit T3 MmEuUManbHas CTOMMOCTH paBHA

3X3+2X54+2X2+2X2+3 X 3+3 X 4=48.

6. 3agaya o NMOKpLITHH

3amaua o moxkpuTEE HamMenbmei momuocta (3[IHM) Gruta cdop-
MyJIEpOBaHa BO BBEJIEHHH, W OHA COCTOUT B HAXOKIEHAH TAKOLO
muo;xectBa E peGep rpada G = (X, A), 910 umcno pebGep B E Mm-
HEMaJbHO W Ka)kAaA BepmEua W3 G ABIAeTCA KOHIEBOH BepmUHOR
mo KpaiiHeir Mepe opnmoro pefpa m3 E. Temeps, ocHoBHWBasACH HA Cle-
Iyromeit Teopeme, MR mokakeM, 9ro 3ITHM m 3HIIC sxsuBanenTHH.

Teopema 6. Ecau E* — naumenvee nokpumue u ecau das kaxtdol

¥t
gepuwunsl x; co cmenenwvio di > 1 ydaaumbs ece pebpa, unyudenmmuuvie
Z;, 3@ UCKAIOYeRUeM 00H020, MO Ocmasuieecs MHoxucecmso peGep M*
6ydem HauboAbUUM NAPOCOYLEMAHUEM.

Hoxrasameavcmeo. Tak Kak B BHIZEIPHBEJeHHOA KOHCTPYKIEH

d?I*gl, TO HUKaKWe fBa pebpa B M* me 6yayr cmesxmeiMa & M*
ABnserca mapocoderanmeM. IloaToMy [HoCTaToYHO IOKAa3aTh, 4TO
M* — paubonpmee napocogerarme. JlonyctaM, ato | M* | e Makce-
MaJbHO. Torma mo Teopeme 1 cymecTByer HeKOTOpas ayrMeHTalAbHAsA
menb U3 KaKOH-BEOYAb 9KCHORMPOBAHHOM BEPIUWEH Z; (T. €. BePIIAHK
cdM = 0) x npyroil SKCHOHMPOBAHHOM BepmuHe Z,. TaKk Kak di"™ =
= d = 0, 1o oTCIO%a BEITEKaeT, 9TO L0 Kpaiimeit Mepe ofHo pebpo,
Befyllee OT Z; K ApPYyroit BepmuBe (5= ), MOKHO YHAIATH, M TO ’Ke
OTHOCUTCA K BepmuHe Zy. IlycTs ommo m3 ypamemmx pebep, MHIm-
HOeHTHHX Z;, Oy/leT a;, a OXHO W3 yRaJeHHHX pebep, AHIEAEHTHHIX
Zy, Oyner a,. Ilyecrs P — ayrmemransmas nens (¢ 2p -~ 1 peGpamm)
oT z; K ry. Ecnm Temeps ymanmrs ua E* pebpa ma M*, npunapiesa-
mue nenn P, # g8a pebpa a, ¥ a4, TO 0OCTABIIEECA MHOIKECTBO (CKaskeM,
E) Bce eme OyaeT mOKpHTHeM, TaKk KakK Kakiad sepmuHa u3 P Gyner

KOHIeBO# /1A HeKoToporo pebpa m3 muoxectsa E*. Ho E momyueno
yRanendeM u3 E* p 4 2 pebep u nodbasnenmem p + 1 pebep; ciaemo-

BaTeabHO, | E | << | E* |. 310 OpOTHBOPEYAT NPENMOJIOKEHHIO O TOM,
910 £*¥ — HaWMeHbmee HOKpHTHE. 3HauAT, M*, nocTpoeHHOE B COOT-
BETCTBHH C TeOpeMoi, sABisgeTcd HamOOJBIIEM UAPOCOYETAHUEM.

Crenyomas TeopeMa aHAJOrEYHA TeopeMe O W TOYHO Tak 3Ke
noxasmBaercs [30].

Teopema 7. Ecau M* — naubosavwee napocouemarnue zpaga
G u 0an KaxeOol skcnoHuposanHol eepwuny x; dobasumv pebpo,
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UHYudenmnoe ;, Mo noaywueweecs MHoxecmseo pebep E* 6Gydem
HauMeHvwuM noxpumuexn 2pagpa G.

O6masn 310, xorma Kamgomy pebpy NpHEIMCaHA HEKOTOPas CTOH-
MOCTB, 33ech o6cy:xmaTbca He Gydzer. Ona MosmeT GHTH pemeHa ¢ HO-
MOIBIO a7iTOPHUTMa, 0UeHb moxo:Kero Ha anropET™ Axa 3MIIL. Iloapo6-
guit axropar™ aas 3I10 man Yair [30].

7. 3agaum

1. Haitrm pamGoasmee napocoderanme rpada, H3o6pakeHHAOro
ga pac. 12.26. [locTpouTs 3aTeM HamMeHbIIee NOKPHTHE 3TOro rpaga.

] 2 3 4
]
S 6
7 8 9
10
P 12 13 [ 14
15 16
17 18 19
20 21 22
Puc. 12.26.

2. Haiitu MakcEMalbHOe mapocodeTanme rpaga, maoGpa;KeHHOro
ga puc. 12.27, roe umcaa y pefep ABJIAIOTCA CTOMMOCTAMH (BECaMH).

3. Iloxasats, uro B nByAoasHOM rpade G = (X° U X°, A)
cOBepHIeHHOe NAapOCOYeTAHME CYMECTBYET TOrda ¥ TOJBKO TOTAA,
Korga pas Kamgoro S X, |[S |<<|T (S)]|. (dror pesyasrar
m3BecTeH Kak TeopeMa HKémmra m Xomma [5].)

4, JIna rpada, maobpaskennoro Ha puc. 12.28, najite Kako#-1E60
ocToBHHE moxarpad G,, CTeDeHE BepmIUHE KOTOPOTO 3afalOTCA BEKTO-
pom [§;1 =14, 2, 1, 2, 3, 1, 3, 2].
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10 X, 12 X3
17 15
n Xg 10 L
8 2 10 13
N o)
Xg 10 Xg 8 X0
Puc. 12.27.
Xa X3 ::4
X Xe Xs
.3
X9 Xg X7
Pnc. 12.28.

5. Ilokasars, 4TO B MaTpuue, HMelmedl HECKOIBKO HYJEBHX
M HECKOJBKO HEHYJEeBHX 9JIeMEHTOB, MHHHMAJBHOE YHCJIO JOHAH
(1. e. CTPOK ™ cTOJA6IOB), COAEeP/HAMMX BCe HYIH, PABHO MAKCHMAJb-
HOMY YHCIY HyJe#, pacIojio;keHHHX B PA3HHIX CTPOKAX H Pa3HEIX
cronbrax. (JTOT pe3yJNbTAT M3BecTeH KaK TeopeMa Hémmra.)

6. Haittn pemennme 3H ¢ MEEEManBHOE CTOMMOCTHIO, I'lle MATpHANa
C paBna

117 8112191416
215 |13{18 15|10 | 4
C3l41681259
4718 7114 941 |13
S| 7116)11 |14 610
618 9[13] 5115| 7
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7. OnpepenuM MEaEMakcHylo 3H Kak 3ajauy HaXo:KNeHHAA TAKOro
HasHaveHHA ¢ MaTpunei C, 4To6H MaKCHMAIILHAS CTOEMOCTD DJIEMEHTA
3TOTO Ha3HadeHHA Omjia MMHEMaabHOH. PemmnTts MmEmMakcHyio 3H
gasa marpunn C w3 sapmaum 6.

8. PemuTs HE;KENPHBeeHHYI0 TPAaHCIOPTHYIO 8apady, rae (4 X
X 5)-mMaTpHua ABadercA Marpmneir cromMmocreir C, BekTop-cTonGer
ABJIAETCA BEKTOPOM cHaOkeHHA (IpENJIOKeHDiA), a BEKTOP-CTPOKa —
BeKTOpOM cupoca (morpeGHOCTEIR).

3 4 2 7 6

17 18 12 9 14
15 13 18 15 10
14 16 8 12 5
18 7 14 9 11

~ h OO

(3amewarnue. CBecTm 3afady K IKBHBAJEHTHOM 3ajfade, B KOTOPOK
cyMMa norpeGHOCTe paBHA CyMMe IpefJIo;keHHUi.)

9. PaccMoTpuM TpPAaHCHOOPTHYIO 3ajady € MaTpune# cromMocrei
C, npuBefeHHOH# HH:Ke, W BeKropamm cHal:wemma ® noTpeGHOCTelt

[2,]! = [10,15,20]
(81 = [5,12,13,15]

1 2 3 4

1 25 10 2 30 !
C=2 5 15 20 10
3 ]100 65 0 2

OnTtEMalabHOE penienue 3TOil 3amav®m Aaercs nepeBo3KaMu, NMOKa-
3aHHHIMH B BEPXHHMX JeEBHX YyIJaax c.nenylomeﬁ MaTpHNOEL:

1 2 3 4

1 2 8

10
[cik] =2 6 9

(%]
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CromMocTh 3TOr0 pemeHds paBHa 241, a BealwdYmEa TpaHCOOPTHDYe-
MEX I'DY30B paBHa 45 eq@uuuaM. PaccMOTpEM HOBYIO 3afady C TOH sKe
caMoil MaTpHIe# cTOMMOCTe#, HO ¢ BeKTopaMu cHad:keHEA W mOTpel-
HOCTEH

[ai]ZZ [107 157 21]’
(Br12=16, 12, 13, 15].

OntuManbHOE pemeHHe JaeTcA HepeBO3KAMHA, INOKA3AaHHKIMH B HEIK-
HAX NpPaBHX yraax BumenpuBenerHoi Marpunu [§;,]. CromMocts
BTOTO pemeHns paBHA 239, a BeIWYMHA TPAHCIOPTAPYEMEIX I'DY30B —
46 emmEHOaM.

O6bAcHATH, mOYeMy [If NAaHHOH MATPHIBL CTOMMOCTedl MO/KHO
TPAHCUOPTHPOBATH (OJBIIYI0 BeIWIAHY IPY30B UPHE MeHbINEH DOJHOH
CTOUMOCTH, U ocobeHHO OGpPATHTH BHEMAHHME HA TO, 49TO XYTH, BAOIb
KOTOPHX IPOM3BOJHUTCS NEPEBO3Ka, ocTalTcsA unpe;xpmMu (cum. [28)).
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Mpunomenue 1

METO[bl MOUCKA,
MCNONb3VIOUWMUE OEPEBO PELUIEHUHA

1. IlpuHunn nomucka, MCNOaAb3yOIMHE KepeBo pemeHmil

OcHOBHO# DpHUHNMO, HAa KOTOPOM OA3HPYIOTCH METOAH HOMCKA
C JlepeBoM pemieHHH, COCTOMT B pa30WeHUN HadaJbHOH 3amadm P,
Ha HeKOoTopoe 4Mciao moxsanas Py, P,, ..., P, (B meroM mpeacras-
JAMEX BCK 3amady P,) ¢ mocaegyomeidl UONKTKOA paspewums
KayRIVI0 M3 3TEX Ooj3agad. Bupa:kenme paspewuumsv MeI OOHEMaem
TaK:

anGo (i) paiiTH onTHMalJBHOE pemeHme,

ambo (ii) moKazaTh, 4TO 3HAUYEHHE ONTUMAJBHOIO PEINIeHUs XYike,
4eM A NOJYYeHHOTO N0 3TOTO HAMIYYNIErQ0 PeIneHusd,

ambo (iii) mokasaTh, YTO mOA3ajfada He ABIAETCA ONYCTUMOM,

JdT10 pasbmenme ommcmBaercs Jdepesom ua pme. 1.1, mpuuem Bep-
IMUHE U300pakaloT moxsajgadu.

Cmelcn pasbmenus szagasm P, Ha HEKOTOpoe 9HCJIO HOA3amad
COCTOHT B TOM, YTO HJH 3TH IOA33aJa9¥ HPOIIe PA3PEmHATH, UIA OHHA
HMEIOT MeHBINME pasmep, WJIH 00Jagal0T CTPYKTYpOil, He OpHCymeil
nepBoHavYandbHo# 3amave P,. Ho, Boofme roBopsa, Bce eme MoiKeT
OKa3aThCH, 9TO Hof3ajgaty FP; Hedb3sd pa3pemmTh, W ITA HOA3aZada
caMa pasbmBaerca Ha HOBHe Nof3amasd P, P;,, .... P;. Kak 3T0
nokazago ma pmc. I1.2. Iro paszbuenue (HaspiBaeMoe TaKike eeme.ie-
HueM). IOBTOPAETCA IS Ka;KI0M moN3ajaud, KOTOpaA He MOsKeT OHThb
paspemeHra.

Ha mo6oM aranme monmoe MHOKecTBO moA3anad, TpeGyOMEX pas3pe-
WeHMsA, OpPeICcTaBIAETCA MHOKECTEOM KOHIEBHX BepmdH (T. e. Bep-
MUH cTeneHH 1) Bcex nemei, MCXOQAMEX W3 KOPHA [AepeBa pelIeHHM.
(Hoperp atoro nmepeBa m3obpa:kaeT HaualbHYH 3agady P,.) IT1a
BEPIIMHE HA3LIBAIOTCA gucAvUMU BepmEHaMH, n Ha puc. 1.2 ato
Py, ..., Py, Py, ..., Py, Piy, ..., Py

Ecam mouck mcuepnam, To 04eBmaHO, 9TO MHO/KECTBO IOf3afad,
Ha KoTopue pas3bmra sagada, MOJN/KHO NpPEJCTABIAATH BCIO 3agady.
TakmM oGpasom, ecnum zamasa P; pasbmra Ha r momsagad P, . . .
cew Py, TO

{Pi}U{Pi}U - .- U{Py}={P4}, (IL.1)

rie {P} oGosHadaeT MHOAKECTBO BCeX JONYCTUMBIX pemenmil 3ajagm P.
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Tak xak coornomensne (11.1) mon:xuo OHTH NPUMEHEHO K Ka:KIOMY
pas6HendI0, TO

{Po}= U{P(j)| P(j) —Bucsagan BepmmuHa nepesa}. (11.2)

B caywaax xorga TpebyercA mepebpaTh Bce pemreHHA 3ajaud
P, (a He TONBKO HallTM OHTHMAJBHOE peleHHe), yKeJaTeJbHO YMETh

Puc. I1.1. Pa3Guenne 3anaun P, Puc. I1.2. /lepeBo 11ocsie BETBICHUA
Ha noa3ajav. B BepmuHe P;.

pepe6UpaTh pemeHHS ¢ NOMOMBI0 BHINENpPHBeIeHHOTo pasbuenms
3aJa9d HA NOA33Ja4M W nepebUpaTh pemeHHA Ka:K[{oH M3 3THX WIOA-
s3agad. B 3ToM caydae Hy;kHO H30exarb NyOGJMpoBaHEUA NOCTPOEH-
HHIX pemenmii, T. e. HyxHO pasbuBarp 3afgavy P; Ha moAsagaud
P, ... P rtak, urobn

{PidN{Pi}= 2 (IL.3)

AnA MOOHX ABYX moAsafad P; u P,-q, AJA KOTOPHX S 5= q.

Cootnomenue (I1.3) ompeneinser coGcTBeHHOe pasOuenme 3afadl
P;. Xora ycaome (I1.3) ue saBaserca HeoOXORHMHM A NOJHOIEH-
HOrO HOMCKA C [ePeBOM pemeHH#, OHO TeM He MeHee EMeeT Goabmme
BLITOIBI C BHIYUCJIMTENBHOE TOUKHM 3pEHHMA, TAK KaK

(a) nnda sagaum onrmMusanu| P, onTEMajJbHOE PeIIeHMe ABISAETCA
pemeHdAeM OXHOH ¥ TOJABKO ONHOM IOA3ajlauyM. UpeJCcTaBIAeMoil
BACAYell BepIMHHOIA, )

(6) nmas samadm DoaHoro mepeGopa o0belEHBeHHE MHOKECTB
pemeHmil TOR3aja¥, HpPeNCTABJIAEMEX BHCHYHMH BepIHMHAME, HaeT
MHO;KECTBO BCEX pemeHHd s3amadm P, Gea gyGaupoBaHHEA.

2. Hexoropeie npumepnl BeTBJIEHUs

Paccmorpum sagasy P; ¢ n mepeMeHHHIME, B KOTODOH HeKoTopas
mepeMeHHasA § MOKeT DPHHAMATE TOJBKO HeTHpPE BO3MOKHHIX 3HAYE-
HHUA, CKakeM, a, b, ¢ 7 d.
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(a) Boamosxno pasbmenme P; ma wermpe mopsamaum P;, P;,, Py
m P;,, opmueM I noxsagaum P; Mb nojnaraeM £ = a, 1A Py,
oonaraeM § = b, gua P;; — E =c¢ m paa P;, — &£ = d. Raxnan

&= E+a

Prc. I1.3. Tpu B0o3MOMKHHIX cmocofia BeTBIEHAA B Bepmume P;.

®3 mopsamad P, . ... P;, comepxur n — 1 mepeMmeHHHX H, cilefosa-
TeIBHO, JoOIyCKaeT O©OoJiee IIpoCTOe pemeHHme, dYeM 3afgada P;
(pmc. I1.3 (a)).

(6) Boamoskao npyroe pasbmenme P; ma aBe noxsapaum P; m P,
rae oasa P; Mu monaraeM & = a, a gaa P;, nonaraem £ = a, T. e.
t pasHO b, ¢ mam d (pme. 11.3 (6)).

(8) Eme opnHo BoaMo;kHOe pa3bmenme P; ma ABe moxzamaum Pj
2 P;,,tnenaa P;, £ = a mum b, a qua Pi, £ = ¢ nuaum d (puc. 11.3 (8)).

Bce Tpm BeTBIeHES SABIAITCA AOOYCTEMLIMEA M YIOBIETBOPHAIOT
ycaosmio (I1.3). Kakomy m3 HEX 0T[aTh OpefmoYTeHHEe — 3ABHCHT
OT UPUPOIH pemaeMod 3afadW, OpPEIEM BO3MO;KHOCTE TEOA (a) HIA
(6) mcmoapayloTcsa dYame OCTAaJIbHHX.

3. Tunbl NeuCKa, MCNOJb3YIOINEro J€peB0 pemieHuil

13 BHmIeCKa3aHHOTO BHAHO, 9TO JI00Af MOX3ajada, MpelCcTaBise-
Masd BHUCAYeHd BEPIMMHOM ¥ He NONJAKINAACA PA3DPEIIEHHID, MOKET
OnlTh B J1060d MoMenT pasbura ma Menbmme moasapgavd. Ho cyuge-
CTBYeT TOJBKO [Ba OCHOBHEIX THNA HOHCKA B 3aBHCHMOCTH OT TOTO,
KaK BHOHpaeTcs Cilefyomas BHUCAYaA BepmUHA [JIA OPONOJKEHHS
mporecca BeTBIEHUS.

3.1. Houck mo rayomme

Ilpm 3ToM THIE DOWCKA BETBIEHME OCYIIECTBJISAETCA B TOCHeAHeH
OOJNyJYeHHORE MOf3ajiade J0 TeX Iop, MOKA He Gyfer mopoxaeHA IOf-
3a7a49a, KOTODYI0 MOJKHO paspemmrh. B 2TOM MecTe IejaeTcd mar
go3spawjeHus, T. e. Oepercsa IpeAUmOCHeNHAA HOPOKAeHHAA HOA3ajada
M BeTBJeEHe IPOROJIKAETCA B COOTBeTCTBYIOmeH Bepmuse. IIpu atom
TAIE IONCKA 3aaYd, IoJAyIaeMble HAa Ka/KJIOM 9Tane, XpaHATCA B cmeke
BMecTe ¢ caMoil BepxHedl 3agadeif, BRIOpDaHHOH AJA HCCIENOBAHHA
(paspemermsa mam pasbmenma). BEOBP modydaemsle 3ajadm IoMeIna-
I0TCA B BepX 3TOTO CTeKa, a KOrJa IoA3ajada paspemeHa, OHa yHRa-
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4
9
8 7
6 &
54
3
2 i
CneayoEE / 3agaua pewena
BETBNCHME HIUMHATD
3gece
Puc. M.4a. [lepeBo momncka Puc. I1.46. lepeBo momcKa
mo ray6ume. 10 IMHpHEHE.

3ajiaua pemena.

JIAeTCA OT cTeKa. BHUI fepeBa pemeHMi Opm aTOM THIE IOMCKA, KOTAa
paspemaercA nepBaf moAsafada, mokasan Ha puc. I1.4a, rme mops-
OOK HPHOPHTETAa HCCAENOBAaHUA HOJydYaeMHIX NO/I3a7ad NOKa3aH HyMe-
panmei.

3.2. Mouck no mupu=e

Ilpm momcKe mo mupHUEe BeTBJIEHHE HPOMCXOMUT OT YPOBHA K YPOB-
HIO, TaK 9TO eCJM HAa ypoBHe 1 Hauanbmas 3afada P, pasbmBaerca
Ea nopx3apmagm Py, P,, ..., Py, TO Kax[as U3 2THX NMOA3aMaY HCCJe-
IyeTca paHbIe, deM 3afaué ypoBHA 2. 3ajgadm ypoBHA 1, KoTophe
He MOryr OHTH pa3pemeHH, pa36mBaTCA Ha NOA3afaYd YPOBHA
2, B ONATH BCe OHE HCCIEAYIOTCA Jo HCCIefoBaHMA KaKoH-1ubo mox-
3ajadd, MOTyIleil BOSHMKHYTh Ha YpoBHe 3, U T. A. BuA fAepesa peme-
HEil TIpE 3TOM THIe TOHMCKA NoKazaH Ha puc. I1.46.

4. Tlpumenenme rpamuiy

Ecam samaua P, NOQJIEKAT peIIeHHWI0 KaK 3afada ONTHMH3ANHAH,
To Ge30THOCHTEIHFHO K THOY HOACKA 3TOT MOMCK 3aBePIMAeTCA TOJBKO
Torga, Koraa OyAyT paspelleHH Bce OOA33a9M, HpeCTaBJIAeMEHe
BACAYMME BepmuEaMu. [ yCKOpeHHMs mpomecca paspemieHds AJas
KasKfo# M3 BHCAYAX BepIIHMH BHYHUCIAKTCS HIDKHEE HIH BEepXHHE
rpaEmns (1A ciyvaeB MHHEMH3aOMH MIM MaKCHMHASANUM COOTBET-
CTBeHHO). OTH TPaHENH [AaloT HamMeHbmee (mam Hauboibmee) Bo3-
MO;kXHOe 3Ha4YeHHe ONTHMAJIBHOTO PemeHAA TOM IoA3afadH, KoTopas



496 IPHJIOKEHUE 1

COOTBETCTBYET pacCMaTpHBaeMo#l BHcAdYe#d Bepmmue. Taxum obpasom
(nas 3aga9dm MEHMMU3ANWAH), €CIM OKAKeTCA, YTO HEMGKHAS TpaHHUNa
IJs BepIIMHEI, COOTBETCTBYIomeit 3amaue P;, Goabme, 9eM BeJIHYMHA
HAWIYYIIEro OTBETA, IOJYYEeHHOTO paHee UPH LOUCKe, TO B P; Her
Eeo6X0AMOCTH IPOA3BOAMTD JlaldbHelmee BeTBIeHHEe, Tak Kak B {P;}
HeT pelmeHmd, Jydmero, 4eM TeKyInuid Hamaydmmuit orBer. B coorBer-
cream ¢ ToxkoBagueM (II) tepmuma «paspemenme 3agaum» m3 pasg. 1
moasafgaga P; oKarkeTCA aBTOMAaTH4eCKH paspemeHHOH.

9. (DyHRIUM BETBIEHHUA

Kax npu noncke no riy6ree, TAak 0 IPH DOHCKE IO INMPUHE BHOOD
OYepefHO#l BEePIIHHH JJIA BETBJIEHUA He GBI NOJHOCTHIO OmpefeseH.

[Ipm Domcke mo riayOmHe, KOTAa HoOcJIe BeTBJIEeHHS 3afada P;
pasbuBaerca Ha mopaamasm P;, ..., P;, odepenHOe BeTBIEHHE,
Kak ysKe TOBOPHJIOCH, IPOM3BOJAUTCA B ONHOM M3 ITHX TOJBKO 9TO
noposKIeHHEX moa3afnad. Ho Mu me ykazaam, B KakKo¥ MMEHHO, W JIO-
§asd U3 HAX MOKeT PAcCMATPHBATHCA KaK «IOCIENHsS HOPOKICHHAIN.,
Ilpu momcke no mMUpHHE, KaX y:xke GHI0 CKa3aHOo, BCe MOJ3aJa4u NaH-
HOTO YPOBHSA JOJKHE HCCIE0BATECA 00 MCCIeJOBAHUA 3aMad CIAERYIO-
mero ypoBH#A, HO He OHI yKasaH HOPAJOK HUX HCCJIETOBAHUSA.

Dynryus eemeserus — 370 QYHKIAA, KOTOpAA IMO3BOJAET
«BBIYACIHUTHY, KAKAA U3 Jonycmumsx BepIUIAH TOJIKHA HCOONB30BATHCA
OpU clIefyomeM BeTBJAeHHH. [{1A BepmMHEI, COOTBETCTBYIOmEH MOA-
3anase P;, 3Ta QYHKUMA ABIAETCA HEKOTOPOH Mepoil BepOATHOCTH
TOTO, YTO OUTHEMAJBHOE PelieHme BCel 3amavd P, ABIAETCA peleHHeM
ana Pj; CoBepmeHHO OYeBHIHO, 4YTO BepHIAHA, COOTBETCTBYOMAA
noxsafgade ¢ GOJNBIDMMA MIAHCAMA HA ONTHEMAJbHOE pelleHue, JOJIKHA
I0Jb30BATHCA IPABOM IPEMMYMECTBEHHOTO BHOOpPA HIpH OYepesHOM
BeTBIeHUU. MOKHO YKasaTh HECKONBKO 9BPUCTHYECKUX Mep ITO#
BEPOATHOCTH, IPAYEM OJ[HA W3 II0JE3HHX Mep CBA3aHA IPOCTO ¢ BRIIHAC-
JeHmeM [Jif BepIIMH HUMKHWX HAX Bepxaux rpammng. Jlas Taxoi
Mepsl Bepm#HA ¢ 0OoJlee HHM3KOM HU:kHeH rpammmeir (Oas caydas
MAAAMH3AUHY) CYUTAETCSA HMelome#d GOIbIYI0 BePOATHOCTE.

Ilocne BBelenmsa MoHATAA QYHKIMHK BeTBJEHWS CPa3y ke BO3HH-
KaeT MBICJIb O IPYr'OM THIe MOMCKA ¢ XePeBOM pemeHni (B JOHOJHEHTE
K ONMCAHHKM paHee DOMCKAaM I0 riy6umue m muprHe). MO/KHO MCIOIB-
30BaTh QYHKOUIO BeTBJICHHA U TaK, YTOOK OHA ROAHOCMLIO OLPENeNsaia
BeGOD clenymwmel fasa BerBiennsa Bepmuunl. Hanpumep, ecau snage-
HEAMA (YHKIAUA BeTBJICHHS SABISOTCA TPAHMIL BepmEAH (HWKHEE
W BepXHHe), KaK YIOMEHAJIOCH BHIIE, TO BCEIZIA MOKHO IPOU3BONHUTH
BeTBJIeHHEe B TOH BHCAYed BepmMHE, HUKHAA TpaHANA KOTOPOHR
HamMeHbniad., JTOT THIO HOMCKA ABJAAETCA, BooGmie roBops, rabpumpoM
WOUCKOB IO riiy0UHe M MHpPHHE, XOTA B JHATEpaType OH JACTO HAZH-
BaeTCAd MOKCKOM IO DIMpPHHE.
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